
PFIG-1Partition Functions and Ideal Gases
You’ve learned about partition functions and some uses, now we’ll explore 
them in more depth using ideal monatomic, diatomic and polyatomic gases!

Before we start, remember: 
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What are N, V, and T?

We now apply this to the ideal gas where: 

1.

 

The molecules are independent. 
2.

 

The number of states greatly exceeds the number of 
molecules (assumption of low pressure).



PFIG-2Ideal monatomic gases

electransatomic εεε +=
Where can we put energy into a monatomic gas? 

Only into translational and electronic modes! ☺

The total partition function is the product of the partition 
functions from each degree of freedom:

),(),(),( TVqTVqTVq electrans=

Translational atomic 
partition function

We’ll consider both separately…

Electronic atomic 
partition function

Total atomic 
partition function
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Recall from QM slides…

So what is qtrans ?



PFIG-4Let’s simplify qtrans …
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Recall: 

All three sums are the same because nx

 

, ny

 

, nz

 

have same form!
We can simplify expression to:



PFIG-5qtrans is nearly continuous
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We’d like to solve this expression, 
but there is no analytical solution 
for the sum!

No fears…

 

there is something we can do!

Since translational energy levels are spaced very close together, the 
sum is nearly continuous function

 

and we can approximate the sum as 
an integral…

 

which we can solve!

Work the 
integral

Note limit change

 

…
only way to solve but adds 
very little error to result

a3
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With q we can calculate any thermodynamic quantity!!

In Ch 17 (BZ notes) we showed this for the average energy …

here…

As we found in BZ notes!
(Recall: this is per atom.)
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Next consider the electronic contribution to q:

Again, start from the general 
form of q, but this time sum 
over levels rather than states:

Degeneracy 
of level i

Energy 
of level i

We choose to set the lowest electronic energy state at zero, such that all 
higher energy states are relative

 

to the ground state.

ε1

 

= 0
For monatomic gases!



PFIG-8Can we simplify qelec ?

...)( 32
321 +++= −− ee egeggTq eeeelec

βεβε (18.1)

The electronic energy levels 
are spaced far apart, and 
therefore we typically only 
need to consider the first 
term or two in the series…

terms are getting small rapidly…

General rule of thumb:
At 300 K, you only need to keep terms 
where εej < 103

 

cm-1  (e-βε

 

> 0.008)



PFIG-9A closer look at electronic levels…
(18.1)

...)( 32
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General trends, 

1.

 

Nobel gas atoms: 
εe2 = 105

 

cm-1

 

(at 300K, keep ___ term(s))

2. Alkali metal gas atoms: 
εe2

 

= 104

 

cm-1

 

(at 300K, keep ___ term(s))

3. Halogen gas atoms: 
εe2

 

= 102

 

cm-1

 

(at 300K, keep ___ term(s))
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elecq
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In general
 

it is sufficient to keep only the first two terms for 

elecq

However, you should always keep in mind that for very high 
temperatures (like on the sun) or smaller values of εej (like in F) that 
additional terms may contribute. 

If you find that the second term is of reasonable magnitude (>1%

 

of 
first term), then you must check to see that the third term can be 
neglected. 



PFIG-11Finally…
 

we can solve for Q!
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For a monatomic ideal gas
 

we have: 

with
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We can now calculate the average energy, 

!
),(),,(

N
TVqTVNQ

N

= ),(),(),( TVqTVqTVq electrans=

Plug in qtrans and qelec …

Electronic 
contribution 
typically small 
(i.e., negligible)

So … or

molar energy
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Molar heat capacity for a monatomic ideal gas:

Could also find heat capacity:
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Plug in qtrans and qelec …

Only function of V

So… or

molar pressureLook familiar??



PFIG-15Ideal Monatomic Gas: A Summary
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diatomic molecules

elecvibrottransdiatomic εεεεε +++=

In addition to trans. and elec. degrees of freedom, we need to consider:

1.

 

Rotations
2.

 

Vibrations
Rigid Rotator Model
Harmonic Oscillator Model

z

xa

bc

(( ((

Total Energy Translational
Energy

Rotational
Energy

Vibrational
Energy

Electronic
Energy



PFIG-17Diatomic Partition Function
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Q. What will the form of the molecular diatomic partition function be given: 
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Q. How will this give us the diatomic partition function? 

Ans.

Now all we need to know is the form of vibqtransq , , , and .

transqStart with : This is the same as in the monatomic case but with m = m1

 

+m2

 

!



PFIG-18Diatomic Gases: elecq
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Figure 18.2

We define the zero of the electronic 
energy to be separated atoms at 
rest in their ground electronic 
energy states. 

With this definition, 

ee D−=
1

ε

And…

Note the slight difference in qelec 
between monatomic and diatomic 
gases!



PFIG-19Diatomic Vibrations, qvib
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Using relationship: For 1<= − υβhex



PFIG-20Vibrational
 

Temperature, θvib
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It is common to define a 
vibrational

 

temperature, What are the units of θvib ?

We can write qvib in terms of θvib …
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What is the difference in 
these three sets of data?

Figures 18.3 and 18.6
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PFIG-24Diatomic rotations, qrot

We use the rigid rotator approximation. (Which is…?)
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Plug into qrot . . .

Like the vibrational…

 

we define a rotational temperature: 

qrot becomes:
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Part of Table 18.2
This series does not have a simple 
closed form. 

Q. How did we get around this problem for εtrans
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At room temperature (or higher),                     is a good approximation for 
most molecular rotations…

 

We will assume we are in this high temperature 
limit to find and .
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Rotational energy: 

Molar heat capacity:
A diatomic has 2 
degrees of rotational 
freedom, each 
contributes R/2 to 
molar heat capacity.
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PFIG-28Rotational Symmetry Number 
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Due to quantum mechanical considerations beyond the scope of this course, 
we need to add a symmetry number

 

to the rotational partition function, 

2
1

=
=

σ
σ Heteronuclear

 
diatomic

Homonuclear
 

diatomic

Symmetry number

Up to now our derivations were for which case? What 
would need to change for the other case?
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PFIG-31Polyatomic Vibrations
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Remember…

 

for polyatomic vibrations we divide the motions into normal 
modes and express the coordinates as independent harmonic oscillators…

What is α

 

for H2

 

O?

What will the form of the partition function be? 

Polyatomic vibrational
 

energy

Heat capacity
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PFIG-33Polyatomic Rotations
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Linear polyatomics: The result is the same as that for a diatomic rigid rotator. 

Nonlinear polyatomics: For each of the 3 degrees of rational freedom (A, B, 
and C), we have a separate moment of inertia and a separate rotational 
temperature, 
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PFIG-34qrot for polyatomic rotations
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From QM, get energy levels (remember, the equations differ for each case!):

for the spherical top: 

2. Plug into: 

3. Assume θrot << T & approximate sum as integral: 

4. Work the integral…
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PFIG-35Rotational contribution to U and CV
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PFIG-36Summary: Polyatomic Gas
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PFIG-37Comparison with Experiment
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PFIG-38What did we learn?

•
 

From statistical models, we can learn about thermodynamic 
quantities. 

•
 

We can connect the microscopic and the macroscopic through Q. 

•
 

We can find Q through the molecular partition function, q, provided 
our system follows Boltzmann statistics (i.e., # energy levels greater 
than # of states). 

•
 

From Q we can calculate thermodynamic quantities such as U or CV

 

. 

•
 

You have some insight into why different materials have different 
thermodynamics properties (e.g., think of how quantum mechanical

 energy levels vary for different materials. 

What’s next? …
 

Classical thermodynamics and the laws 
that govern macroscopic thermodynamic quantities. 



PFIG-39Key Equations
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