DIVIDED DIFFERENCES & INTERPOLATION/EXTRAPOLATION

Here is the divided difference table for f based on g, x1, z2, 3, 4.

X fﬂ:f() f[v] f[w] f[?w] f[HH]

Zo f (o) flwo, z1]  flzo, w1, 2] flzo, w1, 22, 23] flw0, 21, T2, 3, 4]
| f(x1) | flrn oo flon, ze,m3)  flon, 22, 23, 24]

L2 f(x2) flxa, ws]  flag, w3, 4]

I3 f($3) f[$37 $4]

Ty f(x4)

flziva] — floi]

, and generally,

Here flz;] = f(x:), flwi, wi1] =

Tiv1 — T
Tit1y -y Tink] — FlTiy oo, Tigne )
flas, .. win] = My, @i = flo itk 1]. Remarkably, this depends only on the
Tipp — L4
values x;, ..., r; —mnot their order.
The interpolating polynomial based on the points zg, x1, . . ., , and which corresponds to

the Newton advancing difference formula may be constructed by inserting a row at the top,
thus:

vi | [l =10

f[’] f[”] f[”’] f[””]

$0] f[%%,xl] f[$7$07$17$2] f[$,$07$1,$2,$3]

xo, 1, T2]  flTo, x1, 22, 23]  flro, 21, 2, 23, 24

flro,za] f|

f[$1,932] f[$1,1'2,1'3] f[$1,272,933>174]
flwa,xs] f]

[flas, x4]

Lo f(
I f(
L2 f(xz $2,$3,$4]
T3 f(

f(

Xy

The “f[z,...]” divided differences satisfy

flo.mo, .. mi] flo,mo, .. x) = f[w,wow.,wif;}_;{[wo,m ~~~~~ 4]

f[l’(],.ﬁ(}l, e ,IL’Z']

so for ¢ from n down to 1,
f[LU, o, - - - ,LIZ‘Z‘_l] = f[ﬂ?o, L1y .. LIZ‘Z] + (SL’ — LIZ‘Z)f[LU, o, - - LIZ‘ZL
for i = 0, flz] = flzo] + (z — x0) f[z, o]. Backtracking we get [2]
f(@) = f(xo) + (x — o) 2o, 1] + (2 — o) (® — 1) f20, T1, 2]+

ot (= zo)(x—x1) (= xp) flTo, Ty -y )
+(z —zo)(x — 1)+ (v — ) fl, oy - -, T
This formula uses the divided differences in a row (in this case, the top row) of the table.

In a practical application, this value would be calculated assuming that the final term, the
“error term,” is zero.



The equivalent interpolating formula can also be calculated from the divided differences
that lie on the bottom diagonal. These divided differences satisfy

flwics, v, oxn] flrioy, .. 20, 0] = f[th’xmxgg:gfi;l’xi’m’x"}
flziy ..z, 2]
so for ¢ from 1 to n,
flzs, s xn,x] = fleioy, zg, o x| + (2 — 221 flwia, - o @, 2.

Then f(z) = f(x,) + (x — zy,) flan, z].

Here is an alternative explanation of the second way of deriving the interpolating polyno-
mial based on the reference [1] by Conte and de Boor, whose notation has also been used

here. The Newton interpolating polynomial based on the points z,, x,_1, ...,z is given by
pn(z) = Zf[x,-, - H (x — ;).
i=0 j=it+1
Here H (x —x;) denotes the product of all factors (z —z;) fori+1 < j <n. (An “empty”
J=i+1
product is 1.) The calculation may be done by the algorithm:
Set vo = flxo, ..., Ty);
fori=1,...,n do:
set v; = f[SL’Z, e ,l’n] + (LU — LIZ‘Z‘)UZ'_l.

The result is v, = p,(x). This is the interpolating polynomial of degree < n: p,(z9) =
f(x0)>pn(xl) = f(l’l)a s apn(xn) = f(xn)

You can check that applying this algorithm with n = 3 and x = x4 is equivalent to recon-
structing f(x4) from the following table (actually we use just the last values in each column).

i f[]:f() .f[>] f[??] f[>>>] f[????]
Zo f (o) flwo, v1]  flwo, w1, 22]  flwo, 21,20, 23]  fl2o, 21, T2, T3, 4] = 0
x| flon) | flz,xe]  flan, 2, 73]
zo | f(x2) | [lze, x3]
T3 f(xs3)
Ty
Thus, this algorithm is equivalent to taking x,.; = z, assuming f[zo, z1,...,ZTn, Tny1] = 0,

and using the divided differences to reconstruct f[z,,1]. Then p,(x) = flr,41].
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