
Solution of First-Order Linear Recurrence Relations

Given sequences 〈an〉 and 〈bn〉, we shall solve the first-order linear recurrence

yn = anyn−1 + bn (n = 1, 2, 3, . . .)

for yn, given the initial value y0. We’ll assume that each an 6= 0.

Backtracking/unwinding/unfolding, we get

yn = anyn−1 + bn

= an(an−1yn−2 + bn−1) + bn = anan−1yn−2 + anbn−1 + bn

= anan−1(an−2yn−3 + bn−2) + anbn−1 + bn= anan−1an−2yn−3 + anan−1bn−2 + anbn−1 + bn

= . . .

Thus,

yn = anan−1 · · ·an−kyn−k+1 + anan−1 · · ·an−k+1bn−k + · · · + anbn−1 + bn

= . . .

= anan−1 · · ·a1y0 + anan−1 · · ·a2b1 + anan−1 · · ·a3b2 + · · ·+ anbn−1 + bn.

Let Ak = a1a2 · · ·ak. Then
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where Ak = a1a2 · · ·ak.

Example: The average number Cn of comparisons made by quicksort applied to n items in
a random order satisfies nCn = (n + 1)Cn−1 + 2n for n > 0 and C0 = 0. Thus,

Cn =
n + 1

n
Cn−1 + 2 for n > 0.

This is a first-order linear recurrence with an =
n + 1

n
, bn = 2, and An =
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so
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= 2(n + 1)(Hn+1 − 1).
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