SOLUTION OF FIRST-ORDER LINEAR RECURRENCE RELATIONS

Given sequences (a,) and (b,), we shall solve the first-order linear recurrence

yn:anyn—l‘l‘bn (nz 1,2,3,...)

for y,, given the initial value 3. We’'ll assume that each a,, # 0.

Backtracking/unwinding/unfolding, we get
Yn = QpYn—1 + bn,
- an(an—lyn—2 + bn—l) + bn = AnAp—1Yn—2 + anbn—l + bn

= anan—1<an—2yn—3 + bn—2) + anbn—l + bn: ApQp—1An—2Yn—3 + anan—lbn—2 + anbn—l + bn

Thus,

Yn = QpQn—1 " An—kYn—k+1 + ApQp—1 " an—k—i—lbn—k + -+ anbn—l + bn

= ApGp—1- Q1Yo + ApQp_1 - - Q2by + apap_1 -~ -asby + - -+ a,b,_1 + by,.
Let Ay, = ajas - -+ ar. Then

A, A, A, A,
Yn = Anyo + A_lbl + A_gb2 +--+ mbn—l + A—nbna
or
b b b,
yn:An<y0—|—A—ll+A—22+ —l—A—n) where A, = ajas - - - ag.

Example: The average number ), of comparisons made by quicksort applied to n items in
a random order satisfies nC,, = (n + 1)C,,_1 + 2n for n > 0 and Cy = 0. Thus,

1
C, = nt Ch_1+2forn>0.
1 S k41
This is a first-order linear recurrence with a,, = i, b, =2, and A, = % =n+1,
n
k=1

SO

C, (CO+Z ) n+1(0+Zki1>—2(n+1)(ﬂn+1—l)



