
FRACTAL DIMENSION OF GENERALIZEDMULTINOMIAL COEFFICIENTS MODULO A PRIME:PRELIMINARY REPORTJOHN M. HOLTEAbstra
t. Given a sequen
e (un) of positive integers generatedby u1 = 1; u2 = a; un = aun�1 + bun�2(n � 3), de�ne the gener-alized fa
torial by [n℄! = u1u2 � � �un and the generalized d-nomial
oeÆ
ient by C(n1; : : : ; nd) = [n1 + � � �+ nd℄!=([n1℄! � � � [nd℄!). As-sume that the prime p does not divide b. Let r = minfn : pjung.Theorem 1 (Asymptoti
 abundan
e of residues):#f(n1; : : : ; nd)j0 � n1; : : : ; nd < rpk and C(n1; : : : ; nd) � �(mod p)g �1p�1�r+d�1d ��p+d�1d �k as k !1 for � = 1; : : : ; p� 1.Theorem 2 (Fra
tal dimension): Let sk = rpk .The Hausdor� dimension of \k [ f[n1=sk; (n1 + 1)=sk) � � � � �[nd=sk; (nd + 1)=sk)j0 � n1; : : : ; nd < sk; p - C(n1; : : : ; nd)g islog �p+d�1d �= log p.Lu
as's Theorem and Pas
al's Triangle Modulo pA remarkable theorem of E. Lu
as [19℄ expresses the binomial 
oef-�
ient �Nm� modulo a prime p in terms of the binomial 
oeÆ
ients ofthe base-p digits of N and m: If N =PNjpj and m =Pmjpj where0 � Nj; mj < p, then�Nm� �Y�Njmj� (mod p):Alternatively, if we letB(m;n) = �m + nm � = (m+ n)!m!n! ;then we have the re
ursive formulaB(m;n) � B(m� p; n� p)B(m mod p; n mod p) (mod p)where m � p is the integer quotient of m by p, and m mod p is theremainder. Then if m =Pmjpj and n =Pnjpj where 0 � mj; nj <Date: 11 January 2001. 1



2 JOHN M. HOLTEp, then B(m;n) �YB(mj; nj) (mod p):This theorem implies that the residues of Pas
al's triangle modulop have a self-similar stru
ture; see, e.g., [21℄, [2℄, [9℄, [10℄, [18℄, [26℄,and [1℄. For example, if p = 3, then the matrix [B(m;n) mod p℄ for0 � m;n < 9 is given as follows:2666666666664
1 1 1 1 1 1 1 1 11 2 0 1 2 0 1 2 01 0 0 1 0 0 1 0 01 1 1 2 2 2 0 0 01 2 0 2 1 0 0 0 01 0 0 2 0 0 0 0 01 1 1 0 0 0 0 0 01 2 0 0 0 0 0 0 01 0 0 0 0 0 0 0 0

3777777777775 �
241B 1B 1B1B 2B 0B1B 0B 0B35 (mod p);

where B = 241 1 11 2 31 3 635 � 241 1 11 2 01 0 035 (mod p);so this matrix is the tensor (or, Krone
ker) produ
t B 
 B mod p,Generally, as noted in [20℄, modulo p we have that [B(m;n) mod p℄for 0 � m;n < pk will be B
k, the k-fold tensor produ
t of B =[B(i; j) mod p℄ where 0 � i; j < p. Note that matrix indi
es start atindex pair (0; 0).If su
h an array of binomial 
oeÆ
ients is 
olor 
oded (or gray-s
ale
oded), the resulting patterns are quite stunning. See the a

ompany-ing �gure for an example.Wolfram [26℄ and Flath and Peele [7℄ have determined that the\fra
tal" dimension of geometri
 representations of the pattern of thenonzero residues of Pas
al's triangle is given by log �p+12 �= log p. Thepurpose of this paper is to prove similar fra
tal dimension results, aswell as density results, for a large 
lass of generalized multinomial 
o-eÆ
ients. Multinomial Coeffi
ients Modulo pL.E. Di
kson [4, p. 273℄, [5℄ generalized Lu
as's theorem to multi-nomial 
oeÆ
ients. From here on, let d denote a �xed integer that isgreater than or equal to 2. LetM(n1; n2; : : : ; nd) := �n1 + n2 + � � �ndn1; n2; : : : ; nd � = (n1 + n2 + � � �nd)!n1!n2! : : : ; nd! :



GENERALIZED MULTINOMIAL COEFFICIENTS MOD p 3

0 5 10 15 20 25

0

5

10

15

20

25

Figure 1. Binomial 
oeÆ
ients mod 3If ea
h ni =Pj nijpj where 0 � nij < p, thenM(n1; n2; : : : ; nd) �Yj M(n1j ; n2j; : : : ; ndj) (mod p):The re
ursive formula is:M(n1; n2; : : : ; nd) �M(n01; : : : ; n0d)M(n1;0; : : : ; nd;0) (mod p);where ea
h n0i = ni � p and ni;0 = ni mod p.



4 JOHN M. HOLTEA graphi
al illustration of Di
kson's theorem is shown in the a

om-panying �gure.

Figure 2. Multinomial 
oeÆ
ients mod 2Generalized Multinomial Coeffi
ientsGeneralized d-nomial 
oeÆ
ients 
orresponding to a given sequen
e(uk) are de�ned analogously to M(n1; : : : ; nd) by repla
ing n! by the



GENERALIZED MULTINOMIAL COEFFICIENTS MOD p 5produ
t of u1 through un, [n℄! := nYj=1 uj;and then de�ningC(n1; n2; : : : ; nd) = (n1 + n2 + � � �+ nd)!n1!n2! � � �nd!(assuming any zero fa
tors in the numerator and denominator are �rstpaired and then 
an
elled).In this paper we assume that the sequen
e is de�ned by a se
ond-order re
urren
e relation as follows:u0 = 0; u1 = 1; un = aun�1 + bun�2 for n = 2; 3; 4; : : :where a and b are integers.When a = 2 and b = �1, then uk = k and the generalized d-nomial
oeÆ
ients be
ome the ordinary multinomial 
oeÆ
ients: C(n1; n2; : : : ; nd) =(n1+n2+ � � �+nd)!=[n1!n2! � � �nd!)℄. When a = 1+ q and b = �q, thenuk = 1 + q + q2 + � � � + qk�1 and the generalized 2-nomial 
oeÆ
ientsare the Gauss q-binomial 
oeÆ
ients. When a = 1 and b = 1, thenuk = Fk, the kth Fibona

i number, and the generalized 2-nomial 
oef-�
ients be
ome the �bonomial 
oeÆ
ients.Residues of Generalized Multinomial Coeffi
ientsWells [22℄ [23℄ has proved a generalization of the Lu
as theoremfor generalized 2-nomial 
oeÆ
ients. An alternative version is givenin [13℄, and its proof may be generalized to provide the extension ofDi
kson's theorem to generalized d-nomial 
oeÆ
ients that we need forthe purposes of our density and fra
tal dimension 
al
ulations.De�nition 1. Let r denote the rank of apparition of p; thus, r =minfn 2 N : un � 0 (mod p)g. Let t denote the (least) period ofhun mod pi, if it exists. Let s = t=r.Notation: If r <1, then for ea
h nonnegative integer n, letn0 = n mod r;n0 = n� r;n� = n mod t;n00 = n� � r = n0 mod s:The following lemmata may be proved by generalizing the ideas in[13℄



6 JOHN M. HOLTELemma 1. Addition formula:un1+���+nd = dXi=1 uni  Yj<i bunj�1! u1+Pj>i nj :Lemma 2. Redu
tion formula: For n1 � 1; : : : ; nd � 1,C(n1; : : : ; nd) = dXi=1  Yj<i bunj�1! u1+Pj>i njC(n1; : : : ; ni � 1; : : : ; nd):Lemma 3. r-step re
urren
e mod p:C(n1r; : : : ; ndr) � dXi=1 urPj 6=i njr+1 C(n1r; : : : ; (ni�1)r; : : : ; ndr) (mod p):Lemma 4.C(n1r; : : : ; ndr) � urPi<j ninjr+1 M(n1; : : : ; nd) (mod p):De�nition 2. For n1; : : : ; nd � 0 and 0 � n1;0; : : : ; nd;0 < r, letA(n1; : : : ; nd;n1;0; : : : ; nd;0) denote the (unique) solution of the modulo-p re
urren
e relationA(n1; : : : ; nd;n1;0; : : : ; nd;0) �dXi=1  Yj<i bunjr+nj;0�1! u1+Pj>i(njr+nj;0)A(n1; : : : ; nd;n1;0; : : : ; ni;0�1; : : : ; nd;0)satisfying the boundary 
onditionsA(n1; : : : ; nd;n1;0; : : : ; nd;0) � 0 (mod p)when ni;0 = �1 and 1 � nj;0 < r for j 6= i, for i = 1; : : : ; d, andA(n1; : : : ; nd; 0; : : : ; 0) � 1 (mod p):Note that if the �nal re
urren
e in this de�nition wereA(n1; : : : ; nd; 0; : : : ; 0) � C(n1r; : : : ; ndr) (mod p);then the solution would beA(n1; : : : ; nd;n1;0; : : : ; nd;0) � C(n1r + n1;0; : : : ; ndr + nd;0) (mod p)for 0 � n1;0; : : : ; nd;0 < r. As a 
onsequen
e of this note and linearity,C(n1; : : : ; nd) � C(n01r; : : : ; n0dr)A(n01; : : : ; n0d;n1;0; : : : ; nd;0) (mod p)(1)where n0i = ni � r and ni;0 = ni mod r.
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ause the sequen
e (uk mod p) has period t, we have n0ir � n00i r (mod t)for i = 1; : : : ; d, where n00i := (ni mod t) � r, when
eurn0j+nj;0 � urn00j+nj;0 (mod p) for j = 1; : : : ; dandu1+P j>i(rn0j+nj;0) � u1+Pj>i(rn00j+nj;0) (mod p) for i = 1; : : : ; d;so the 
oeÆ
ients in the re
urren
e formula for A are 
ongruent tothose with ea
h n0j repla
ed by u00j . Therefore,A(n01; : : : ; n0d;n1;0; : : : ; nd;0) � A(n001; : : : ; n00d;n1;0; : : : ; nd;0) (mod p);(2)and, sin
e unr+1 � unr+1 (mod p), we alos haveurPi<j n0in0jr+1 � urPi<j n00i n00jr+1 (mod p); (3)Combining equations (1) and (2), we getC(n1; : : : ; nd) � C(n01r; : : : ; n0dr)A(n001; : : : ; n00d;n1;0; : : : ; nd;0) (mod p):Then, by Lemma 4 and equation (3), we obtain a generalization ofDi
kson's theorem.C(n1; : : : ; nd) �M(n01; : : : ; n0d)urPi<j n00i n00jr+1 A(n001; : : : ; n00d;n1;0; : : : ; nd;0) (mod p):(4)De�nition 3. If r <1, then form1; : : : ; md � 0 and 0 � n1; : : : ; nd <r, de�neHm1;::: ;md(n1; : : : ; nd) = urPi<j mimjr+1 A(m1; : : : ; md;n1;0; : : : ; nd;0):Then Hn01;::: ;n0d(n1;0; : : : ; nd;0) � Hn001 ;::: ;n00d (n1;0; : : : ; nd;0) (mod p).Thus, equation (4) may be written in the form we shall use:Theorem 1.C(n1; : : : ; nd) �M(n01; : : : ; n0d)Hn001 ;::: ;n00d (n1;0; : : : ; nd;0) (mod p):This result simpli�es ni
ely when s = 1. Then ea
h n00i = 0, andH0;::: ;0(n1;0; : : : ; nd;0) � C(n1;0; : : : ; nd;0) (mod p) for 0 � n1;0; : : : ; nd;0 <r.Corollary 1. If p - b and s = 1, then, for n1; : : : ; nd � 0,C(n1; : : : ; nd) � M(n01; : : : ; n0d)C(n1;0; : : : ; nd;0) (mod p):Thus, in this 
ase, as in the Pas
al \triangle" 
ase, the pattern ofresidues exhibits self-similarity upon s
aling by p by Di
kson's theoremfor multinomial 
oeÆ
ients.



8 JOHN M. HOLTEExamplesThe following examples are borrowed from [11℄.Example 1: q-binomial 
oeÆ
ients. Take un =Pn�1k=0 qk to obtainthe q-binomial 
oeÆ
ients. For a numeri
al example, take q = 2 andp = 5. Then u1 = 1; u2 = 3; u3 = 7; u4 = 15; u5 = 31; : : : , when
er = 4, andC0 = 26641 1 1 11 3 7 151 7 35 1551 15 155 13953775 � 26641 1 1 11 3 2 01 2 0 01 0 0 03775 (mod 5);so C1 � B
C0 � 2666641C0 1C0 1C0 1C0 1C01C0 2C0 3C0 4C0 0C01C0 3C0 1C0 0C0 0C01C0 4C0 0C0 0C0 0C01C0 0C0 0C0 0C0 0C0
377775 (mod 5):Example 2: Fibonomial 
oeÆ
ients modulo p. Let a = b = 1so that un = Fn, and 
onsider the 
ase p = 3. Then r = 4, t = 8, ands = 2. The initial part of the table of �bonomial 
oeÆ
ients modulo 3is given in Table 1.By De�nition 3,H0;0 = 26641 1 1 11 1 2 01 2 0 01 0 0 03775 ;H0;1 = 26641 1 1 12 2 1 01 2 0 02 0 0 03775 ;H1;0 = 26641 2 1 21 2 2 01 1 0 01 0 0 03775 ;H1;1 = 26641 2 1 22 1 1 01 1 0 02 0 0 03775 :The stru
ture of the matrix of �bonomial 
oeÆ
ients modulo 3, in a
-
ordan
e with Theorem 1, is given in Table 2. Wells [25℄ provides adetailed des
ription of the pattern of these submatri
es from a \trian-gular" perspe
tive. The pattern of �bonomial 
oeÆ
ients modulo anyprime is given in [11℄.Theorem 1 and the example show that the in�nite matrix [C(i; j) mod p℄may be partitioned into r � r submatri
es whi
h form basi
, natural\tiling units." The pattern of the residues is obtained by superim-posing the self-similar array of binomial 
oeÆ
ients modulo p uponthe doubly periodi
 \tiling" of the plane by \hidden" r�r H matri
es.The binomial stru
ture is self-similar upon s
aling by the fa
tor p. Ther� r tiling stru
ture has period s both horizontally and verti
ally, and



GENERALIZED MULTINOMIAL COEFFICIENTS MOD p 91 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 2 0 2 2 1 0 1 1 2 0 2 2 1 0 1 1 2 0 2 2 1 0 1 1 2 0 2 2 1 0 1 1 2 01 2 0 0 1 2 0 0 1 2 0 0 1 2 0 0 1 2 0 0 1 2 0 0 1 2 0 0 1 2 0 0 1 2 0 01 0 0 0 2 0 0 0 1 0 0 0 2 0 0 0 1 0 0 0 2 0 0 0 1 0 0 0 2 0 0 0 1 0 0 01 2 1 2 2 1 2 1 0 0 0 0 1 2 1 2 2 1 2 1 0 0 0 0 1 2 1 2 2 1 2 1 0 0 0 01 2 2 0 1 2 2 0 0 0 0 0 2 1 1 0 2 1 1 0 0 0 0 0 1 2 2 0 1 2 2 0 0 0 0 01 1 0 0 2 2 0 0 0 0 0 0 1 1 0 0 2 2 0 0 0 0 0 0 1 1 0 0 2 2 0 0 0 0 0 01 0 0 0 1 0 0 0 0 0 0 0 2 0 0 0 2 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 01 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 01 1 2 0 0 0 0 0 0 0 0 0 2 2 1 0 0 0 0 0 0 0 0 0 1 1 2 0 0 0 0 0 0 0 0 01 2 0 0 0 0 0 0 0 0 0 0 1 2 0 0 0 0 0 0 0 0 0 0 1 2 0 0 0 0 0 0 0 0 0 01 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 01 2 1 2 1 2 1 2 1 2 1 2 2 1 2 1 2 1 2 1 2 1 2 1 0 0 0 0 0 0 0 0 0 0 0 01 2 2 0 2 1 1 0 1 2 2 0 1 2 2 0 2 1 1 0 1 2 2 0 0 0 0 0 0 0 0 0 0 0 0 01 1 0 0 1 1 0 0 1 1 0 0 2 2 0 0 2 2 0 0 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 01 0 0 0 2 0 0 0 1 0 0 0 1 0 0 0 2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 1 1 1 2 2 2 2 0 0 0 0 2 2 2 2 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 1 2 0 1 1 2 0 0 0 0 0 1 1 2 0 1 1 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 2 0 0 2 1 0 0 0 0 0 0 2 1 0 0 1 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 2 1 2 0 0 0 0 0 0 0 0 2 1 2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 2 2 0 0 0 0 0 0 0 0 0 1 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 1 0 0 0 0 0 0 0 0 0 0 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 1 2 0 2 2 1 0 1 1 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 2 0 0 1 2 0 0 1 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 0 0 0 2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 2 1 2 2 1 2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 2 2 0 1 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 1 0 0 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 1 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0Table 1. The Fibonomial 
oeÆ
ients modulo 3



10 JOHN M. HOLTE2666666666666666664
1H0;0 1H0;1 1H0;0 1H0;1 1H0;0 1H0;1 1H0;0 1H0;1 1H0;0 � � �1H1;0 2H1;1 0H1;0 1H1;1 2H1;0 0H1;1 1H1;0 2H1;1 0H1;0 � � �1H0;0 0H0;1 0H0;0 1H0;1 0H0;0 0H0;1 1H0;0 0H0;1 0H0;0 � � �1H1;0 1H1;1 1H1;0 2H1;1 2H1;0 2H1;1 0H1;0 0H1;1 0H1;0 � � �1H0;0 2H0;1 0H0;0 2H0;1 1H0;0 0H0;1 0H0;0 0H0;1 0H0;0 � � �1H1;0 0H1;1 0H1;0 2H1;1 0H1;0 0H1;1 0H1;0 0H1;1 0H1;0 � � �1H0;0 1H0;1 1H0;0 0H0;1 0H0;0 0H0;1 0H0;0 0H0;1 0H0;0 � � �1H1;0 2H1;1 0H1;0 0H1;1 0H1;0 0H1;1 0H1;0 0H1;1 0H1;0 � � �1H0;0 0H0;1 0H0;0 0H0;1 0H0;0 0H0;1 0H0;0 0H0;1 0H0;0 � � �� � � � � � � � � � � �� � � � � � � � � � � �� � � � � � � � � � � �

3777777777777777775Table 2. Submatri
es of the �bonomial 
oeÆ
ientsmod 3so the period is t at the element level. When s = 1, there are p � 1di�erent nonzero r� r submatri
es, one for ea
h nonzero residue valueof B(m0; n0) mod p times C0. In the general 
ase, there are also s � sdi�erent Hm00;n00-matri
es. In fa
t, there are (p� 1)s2 di�erent nonzero\tiles" [13℄.In the 
ase of the the �bonomial 
oeÆ
ients modulo 3, the exhibitedmatrix shows these seven submatri
es:1H0;0; 1H0;1; 1H1;0; 1H1;1; 2H0;1; 2H1;0; 2H1;1:The missing 
ase, 2H0;0, must be sought farther out. The pla
es of themissing 2H0;0 are (5; 11); (11; 5); (5; 13); (13; 5) : : : in Table 2.A density plot of the initial 37 array of Fibonomial 
oeÆ
ients mod-ulo 3 is shown in the a

ompanying �gure.Example 3: 3-Fibonomial CoeÆ
ients When d = 3 and the se-quen
e (uk) is the Fibona

i sequen
e, then the generalized d-nomial 
o-eÆ
ients are the 3-Fibonomials. The self-similarity of the 3-dimensionalarray of 3-Fibonomials not 
ongruent to 0 modulo p is suggested in thea

ompanying �gures.S
aling-up Re
ursion FormulaDe�neC�1;::: ;�d(n1; : : : ; nd) �M(n01; : : : ; n0d)H�1+n001 ;::: ;�d+n00d (n1; : : : ; nd) (mod p):Using Theorem 1 and the fa
t that sjp�1, we may dedu
e the followingre
ursion relation.
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Figure 3. 2-Fibonomials mod 3Proposition 1. If for ea
h i, ni = ni;kpk�1r + n(k)i where 0 � n(k)i <rpk�1, thenC�1;::: ;�d(n1; : : : ; nd) �M(n1;k; : : : ; nd;k)C�1+n1;k;::: ;�d+nd;k(n(k)1 ; : : : ; n(k)d ) (mod p):
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Figure 4. 3-Fibonomials mod 2Asymptoti
 Abundan
e of ResiduesAlso de�neC (k)�1 ;::: ;�d = [C�1;::: ;�d(n1; : : : ; nd)℄ (0 � n1; : : : ; nd < rpk);C (k) = C 0;::: ;0;f (k)�1;::: ;�d(�; �1; : : : ; �d) = #f(m1; : : : ; md) : 0 � m1; : : : ; md < pk;C�1;::: ;�d(m1r +m1;0; : : : ; mdr +md;0) � �H�1;::: ;�d(m1;0; : : : ; md;0)for 0 � m1;0; : : : ; md;0 < rg;f (k)(�; �; : : : ; �d) = f (k)0;::: ;0(�; �1; : : : ; �d):
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Figure 5. 3-Fibonomials mod 3: nonzero residuesThe quantity f (k)(�; �; : : : ; �d) is our fo
us for now. It is the numberof �H �1 ;::: ;�d blo
ks in the initial rpk � � � � � rpk blo
k of C(n1; : : : ; nd)values.Lemma 5.f (k)�1;::: ;�d(�; �1; : : : ; �d) = f (k)(�; �1 � �1; : : : ; �d � �d):



14 JOHN M. HOLTELemma 6. For 1 � � < p and 0 � �1; : : : ; �d < s,f (k)(�; �1; : : : ; �d) = X0��1;::: ;�d<p�1+:::+�d<p f (k�1)(M(�1; : : : ; �d)�1�; �1��1; : : : ; �d��d):Letting I = (�; �1; : : : ; �d) and J = (~�; ~�1; : : : ; ~�d), de�neQIJ = #f(�1; : : : ; �d) :0 � �1; : : : ; �d < p; �1 + : : :+ �d < p;M(�1; : : : ; �d)�1� � ~� (mod p);�1 � �1 � ~�1 (mod s); : : :�d � �d � ~�d (mod s)gand Q = [QIJ ℄:Lemma 7.XJ QIJ = �p+ d� 1d � and XI QIJ = �p+ d� 1d �:A

ordingly, let P IJ = �p+ d� 1d ��1QIJ :Then P := [P IJ ℄is a doubly sto
hasti
 matrix, and so its stationary ve
tor is the 
on-stant ve
tor 
onsisting of (p� 1)sd entries all equal to 1=((p� 1)sd).Lemma 8. Every entry of Q d+1 is positive, and so is every entry ofPd+1. If s = 1, all entries of Q and P are already positive. Conse-quently, the matrix Q is primitive, and the �nite Markov 
hain havingP as its transition matrix is regular.Lemma 9. Regarding f (k) as a row ve
tor with indi
es I = (�; �1; : : : ; �d),we have f (k) = f (0)Qk :Theorem 2. For 1 � � < p and 0 � �1; : : : ; �d < s,f (k)(�; �1; : : : ; �d) � 1(p� 1)sd�p+ d� 1d �k as k !1;and hen
e limk!1 log f (k)(�; �1; : : : ; �d)log pk = log �p+d�1d �log p :



GENERALIZED MULTINOMIAL COEFFICIENTS MOD p 15For � = 0 we have thatX�1;::: ;�d f (k)(�; �1; : : : ; �d) = pdk��p+ d� 1d �k = pdk 1� 1d! dYj=1 p+ j � 1p !is the number of zero blo
ks in C (k)Proof. The �rst part of the theorem follows from the previouslemmas by applying Perron-Frobenius theory. The last statement fol-lows from another part of Di
kson's theorem [3℄, [5, p. 273℄ whi
hgeneralizes Kummer's theorem [17℄. This result states that the expo-nent of the highest power of p that divides the multinomial 
oeÆ
ientM(n1; : : : ; nd) is the same as the number of 
arries that o

ur whenn1; : : : ; nd are expressed in radix p| ni = Pk�1j=0 nijpj|and added.This number will be zero pre
isely when ea
h sum Pdi=1 nij < p, andthe number of d-tuples (n1; : : : ; nd) for whi
h this o

urs is �p+d�1d �k.Therefore the number of nonzero blo
ks M(n01; : : : ; n0d)Hn001 ;::: ;n00d in C kis �p+d�1d �k. �Corollary 2. LetRk(�) = #f(n1; : : : ; nd) : 0 � n1; : : : ; nd < rpk; C(n1; : : : ; nd) � � (mod p)g;the number of C(n1; : : : ; nd)'s in the initial rpk � � � � � rpk blo
k 
on-gruent to � modulo p. Then the asymptoti
 density of residue �, where1 � � < p, isRk(�) � 1(p� 1)�r + d� 1d ��p+ d� 1d �k as k!1;and so the logarithmi
 density, or box-
ounting dimension, of the setof generalized binomial 
oeÆ
ients that are 
ongruent to � islimk!1 logRk(�)log(rpk) = �p+d�1d �log p :Proof. Letg(�; �1; : : : ; �d) = #f(i1; : : : ; id)) : 0 � i1; : : : ; id < r;H�1;::: ;�d(i1; : : : ; id) � � (mod p)g;the number of entries in the r�� � ��r array H�1;::: ;�d that are 
ongruentto � modulo p. ThenRk(�) = X1�~�<p X0��1;::: ;�d<s f (k)(�~��1; �1; : : : ; �d)g(~�; �1; : : : ; �d);



16 JOHN M. HOLTEso Rk(�) � X1�~�<p X0��1;::: ;�d<s �p+d�1d �k(p� 1)sdg(~�; �; �)= �p+d�1d �k(p� 1)sd X0��1;::: ;�d<s X1�~�<p g(~�; �1; : : : ; �d)= �p+d�1d �k(p� 1)sd � sd ��r + d� 1d �: �Hausdorff Dimension of C(n1; : : : ; nd) mod pA \fra
tal set" 
orresponding to the pattern of all nonzero residuesof the generalized binomial 
oeÆ
ients modulo a prime p is 
onstru
tedas a subset of the square [0; 1) � [0; 1) by \tremas" as follows. Flathand Peele [7℄ give an alternative, res
aled latti
e 
onstru
tion.While this report is still under 
onstru
tion, the Hausdor� dimensiondis
ussion is 
arried out in the 
ase d = 2, but it should be 
lear thatthe results of the previous se
tions may be employed in generalizingthe result to arbitrary d � 2.For ea
h k let Gk denote the 
lass of setsG(k)m;n = [0�i;j<ri+j<r �mr + irpk ; mr + i + 1rpk �� �nr + jrpk ; nr + j + 1rpk �with 0 � m;n < pk and p - B(m;n), and let Gk be their union.Theorem 1 and Lu
as's theorem imply that G(k)m;n is 
ontained in someset in Gk�1 and 
ontains a �nite number of disjoint sets of Gk+1, andGk+1 � Gk. A

ordingly our fra
tal set isG := \k2NGk:Theorem 3. If p is a prime that does not divide b, then the fra
tal setG 
onstru
ted above has Hausdor� dimensiondimH(G) = log �p+12 �log p :Proof. The proof uses (1) the fa
t thatdimH G � dimB G;where dimB G is the box-
ounting dimension of G, and (2) the massdistribution prin
iple [6, p. 55℄: if � is a measure on a set F and for
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 > 0; Æ > 0 su
h that�(U) � 
jU jsfor all sets U with jU j � Æ (where jU j is the diameter of U), thenthe Hausdor� measure Hs(F ) � �(F )=
 and s � dimH(F ). The box-
ounting dimension of G may be 
al
ulated [6, p. 41℄ by the formuladimB G = limk!1 logNÆk(G)� log Æk ;whereNÆ(G) is the smallest number of Æ-mesh squares that interse
t theset G, provided that the sequen
e (Æk) de
reases to zero and Æk+1 � �Ækfor some positive 
onstant �. Let us 
hoose Æk = 1=(rpk) (and � = 1=p).Then NÆk(G) = r(r + 1)2 �p(p+ 1)2 �k ;so dimB(G) = limk!1 logNÆk(G)� log Æk= limk!1 log� r(r+1)2 hp(p+1)2 ik�� log[1=(rpk)℄= limk!1 log r(r+1)2 + k log p(p+1)2log r + k log p= log �p+12 �log p :Now let � be the \natural measure" de�ned by repeated subdivision[6, pp. 13{14℄ that assigns weight �p+12 ��k to ea
h set in Gk and weight0 to the 
omplement of Gk. (At the next stage, the weight of ea
h G(k)m;nis evenly divided among the �p+12 � sets in Gk+1 
ontained therein.) Weshall see that there exist 
 > 0 and Æ > 0 su
h that�(U) � 
jU jd where d := log �p+12 �log pfor all sets U with diameter jU j � Æ. Let Æ 2 (0; 1). Suppose jU j � Æ.Let k be the integer su
h that 1=pk+1 � jU j < 1=pk. Note that then1=pk � pjU j and U meets at most four of the sets in Gk (be
ause U is
ontained in a square of side jU j with sides parallel the 
oordinate axes,and this 
ontaining square 
an interse
t no more than four G(k)m;n's).



18 JOHN M. HOLTETherefore, �(U) � 4 1�p+12 �k= 4(pd)k [be
ause d = log �p+12 �log p ℄= 4� 1pk�d� 4(pjU j)d;so �(U) � 
jU jd for all sets U with jU j � Æ where 
 = 4pd. By the massdistribution prin
iple, d � dimH G. But from before, dimB G = d,and we know dimH G � dimB G, so we must have dimH G = d =log �p+12 �= log p. �The generalization to arbitrary d � 2 is as follows.Theorem 4. Let sk = rpk.The Hausdor� dimension of \k[f[n1=sk; (n1+1)=sk)�� � ��[nd=sk; (nd+1)=sk)j0 � n1; : : : ; nd < sk; p - C(n1; : : : ; nd)g is log �p+d�1d �= log p.Referen
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