
RESIDUES OF GENERALIZED BINOMIAL COEFFICIENTSMODULO A PRIMEJOHN M. HOLTEDEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCEGUSTAVUS ADOLPHUS COLLEGE, ST. PETER MN 560821. Introdu
tionA remarkable theorem of E. Lu
as [10℄ provides a simple way to 
ompute thebinomial 
oeÆ
ient �Nm� modulo a prime p in terms of the binomial 
oeÆ
ients of thebase-p digits of N and m: If N = PNjpj and m = Pmjpj where 0 � Nj; mj < p,then �Nm� �Y�Njmj� (mod p):This paper will generalize the following alternative version of Lu
as's theorem: LetB(m;n) = �m + nm � = (m+ n)!m!n! ;then B(m;n) � B(m� p; n� p)B(m mod p; n mod p) (mod p)where m � p is the integer quotient of m by p, and m mod p is the remainder. Itfollows that if m =Pmjpj and n =Pnjpj where 0 � mj; nj < p, thenB(m;n) �YB(mj; nj) (mod p):As a 
orollary, pjB(m;n) if and only if mj + nj � p for some j.This theorem also implies that the residues of Pas
al's triangle modulo p havea self-similar stru
ture; see, e.g., [12℄, [2℄, [4℄, [5℄, [9℄, [17℄, and [1℄. For example, ifp = 3, then [B(m;n) mod p℄ for 0 � m;n < 9 is given as follows:2666666666664
1 1 1 1 1 1 1 1 11 2 0 1 2 0 1 2 01 0 0 1 0 0 1 0 01 1 1 2 2 2 0 0 01 2 0 2 1 0 0 0 01 0 0 2 0 0 0 0 01 1 1 0 0 0 0 0 01 2 0 0 0 0 0 0 01 0 0 0 0 0 0 0 0

3777777777775 �
241B 1B 1B1B 2B 0B1B 0B 0B35 (mod p);
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2 JOHN M. HOLTEwhere B = 241 1 11 2 31 3 635 � 241 1 11 2 01 0 035 (mod p);so this matrix is the tensor (or, Krone
ker) produ
t B
B mod p, Generally, as notedin [11℄, modulo p we have that [B(m;n) mod p℄ for 0 � m;n < pk will be B
k, thek-fold tensor produ
t of B = [B(i; j) mod p℄ where 0 � i; j < p. Note that matrixindi
es start at index pair (0; 0).Generalized binomial 
oeÆ
ients are de�ned 
orresponding to a given sequen
ehuni by repla
ing n! by the produ
t of u1 through un. This paper uses re
urren
e-relation te
hniques to dedu
e generalizations of Lu
as's theorem for generalized bino-mial 
oeÆ
ients based on a sequen
e generated by a se
ond-order re
urren
e relation(see Theorems 1 and 3). One resulting generalization is equivalent to the theorem(Theorem 4 below) obtained by Wells [13℄ by an intri
ate analysis. The new approa
hto the proof 
lari�es and explains the 
omplexities of Wells's formula.2. The Underlying Sequen
e huniDe�nition 1. Let a; b 2 Z. Let p be a prime. De�ne the sequen
e huni re
ursivelyas follows: u0 = 0; u1 = 1; un = aun�1 + bun�2 for n = 2; 3; 4; : : :(or u1 = 1; u2 = a; un = aun�1 + bun�2 for n = 3; 4; 5; : : : ).For example, when a = 2 and b = �1, then un = n; when a = 1 + q and b = �q,then un = 1 + q + q2 + � � �+ qn�1; and when a = 1 and b = 1, then un = Fn, the nthFibona

i number.De�nition 2. Let r denote the rank of apparition of p; thus, r = minfn 2 N :un � 0 (mod p)g. Let t denote the (least) period of hun mod pi, if it exists. Lets = t=r.From now on, 
onsider the prime p and the integers a and b �xed, and assume a andb are not both zero. We shall usually assume that p - b. If pjb, then un � an�1 (mod p),and so either pja and un � 0 (mod p) for n � 2 while u1 = 1 so that t is unde�ned,or p - a and r =1. In any 
ase, the re
urren
e relation un � aun�1 + bun�2 (mod p)de�nes a transformation �un+1un � � �a b1 0� � unun�1� (mod p)mapping f0; : : : ; p� 1g2 to itself. If p - b, then the transformation is invertible, and
onsequently it must be periodi
 with period t � p2, and, sin
e u0 = 0 and 0 repeats,r � t.The following basi
 addition formula, whi
h appears, e.g., in [7℄, may be provedby indu
tion.



RESIDUES OF GENERALIZED BINOMIAL COEFFICIENTS 3Lemma 1. (Extended re
urren
e) For m � 1 and n � 0,um+n = umun+1 + bum�1un:Many basi
 properties of the sequen
e huni follow immediately from this lemma.Corollary 0. Let z = minfn 2 N : un = 0g. Then z > 1, and if z < 1, thenfn 2 N : un = 0g = fz; 2z; 3z; : : : g.Proof. If z <1, Lemma 1 implies thatukz+n = ukzun+1 + bukz�1un;from whi
h the 
on
lusion easily follows by indu
tion if b 6= 0. If b = 0, then un = an�1for n > 0 where a 6= 0 (by the assumption above), so z =1. �Corollary 1. If p - b, then fn 2 N : un � 0 (mod p)g = fr; 2r; 3r; : : :g.Corollary 2. If p - b, then s (de�ned as t=r) is an integer.Corollary 3. If r <1, then for k = 1; 2; 3; : : : ,bukr�1 � ukr+1 � ukr+1 (mod p):Corollary 4. If p - b, then u1 = 1; ur+1; u2r+1; : : : ; u(s�1)r+1|or, equivalently, ukr+1for 0 � k < s|are all distin
t modulo p.Corollary 5. If p - b, then the sequen
e hunr+1 mod pi1n=0 has period s: unr+1 �un mod sr+1 (mod p).Corollary 6. If p - b, then sjp� 1.De�nition 3. The rank of apparition of k, denoted r(k), is the least index n forwhi
h k divides un: r(k) = minfn 2 N : kjung. (If k does not divide any un, thenr(k) =1.) Note that r = r(p).De�nition 4. The sequen
e huni is regularly divisible by p if, for every positive inte-ger i, fn 2 N : pijung = fkr(pi) : k 2 Ng.Corollary 7. (Wells) If p - b, then the sequen
e huni is regularly divisible by p.3. Generalized Binomial Coeffi
ientsDe�nition 5. Given huni, de�ne the generalized, or bra
ket, fa
torial [n℄! for n =0; 1; 2; : : : by [n℄! = nYj=1 uj:For m � 0 and n � 0, de�ne the generalized binomial 
oeÆ
ient C(m;n) byC(m;n) = �m + nm � = [m+ n℄![m℄![n℄! :If some fa
tors are zero, then it is to be understood that zeros in the numerator anddenominator are to be 
an
elled in pairs. By Corollary 0, if there are some zero



4 JOHN M. HOLTEfa
tors uj, their indi
es j are multiples of some z > 1, so the number of zero fa
torsin the numerator will either equal the number in the denominator or ex
eed it by 1.When a = 2 and b = �1, then un = n and the generalized binomial 
oeÆ
ientsbe
ome the ordinary binomial 
oeÆ
ients: C(m;n) = B(m;n). When a = 1 + q andb = �q, then un = 1 + q + q2 + � � � + qn�1 and the generalized binomial 
oeÆ
ientsare the Gauss q-binomial 
oeÆ
ients. When a = 1 and b = 1, then un = Fn and thegeneralized binomial 
oeÆ
ients be
ome the �bonomial 
oeÆ
ients.Obviously, the generalized binomial 
oeÆ
ients are symmetri
: C(m;n) = C(n;m).Also, they satisfy the following boundary 
onditions:C(m; 0) = 1 and C(0; n) = 1 for m � 0; n � 0:Lemma 2. (Basi
 Re
urren
e) For m � 1; n � 1,C(m;n) = um+1C(m;n� 1) + bun�1C(m� 1; n):Proof. um+1C(m;n� 1) + bun�1C(m� 1; n)=um+1[m + n� 1℄!un[m℄![n � 1℄!un + umbun�1[m� 1 + n℄!um[m� 1℄![n℄!=[m+ n� 1℄!(um+1un + bumun�1)[m℄![n℄!=C(m;n);be
ause unum+1 + bun�1um = un+m, by Lemma 1. �Corollary. If a and b are integers, then the generalized binomial 
oeÆ
ients are allintegers. 4. Generalized Binomial Coeffi
ients Modulo pWhen pjb, the generalized binomial 
oeÆ
ients modulo p are very simple. If pjb,then un � an�1 (mod p), and, by Lemma 2, C(m;n) � um+1C(m;n � 1) (mod p).Also C(m; 0) = 1 for m � 0. Therefore, for m;n � 0,if pjb; then C(m;n) � amn (mod p):Here 00 � 1.When p - b, the pattern of the residues is more 
omplex. There may be a self-similar pattern, as in the 
ase of binomial 
oeÆ
ients presented above. But the pat-tern may be more 
ompli
ated. For example, see Table 1 for the layout of Fibonomial
oeÆ
ients modulo 3.When p - b, a formula for the mod-p residues of C(m;n) may be derived in threesteps: (1) Show that C(m;n) � 0 (mod p) when m mod r + n mod r � r; (2) �nda re
urren
e for C 0(m;n), de�ned as C(mr; nr), and solve it; and (3) 
omplete thesolution by using the basi
 re
urren
e relation in Lemma 2. This pro
edure parallels
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oeÆ
ients modulo 3



6 JOHN M. HOLTEand extends that given in [6℄, whi
h may be 
onsulted for further details.Notation: If r <1, then for ea
h nonnegative integer n, letn0 = n mod r;n0 = n� r;n� = n mod t;n00 = n� � r = n0 mod s:Lemma 3. If p - b, thenC(m;n) � 0 (mod p) when m0 + n0 � r:Proof. This result is a 
onsequen
e of Knuth and Wilf's generalization of Kum-mer's theorem: A

ording to [8℄, C(m;n) will be divisible by p if there is a 
arrya
ross the radix point when m=r and n=r are added in base p; this happens whenm0 + n0 � r. �Lemma 4. (r-step re
urren
e) If p - b, then for every m � 1 and n � 1,C(mr; nr) � umrr+1C(mr; (n� 1)r) + unrr+1C((m� 1)r; nr) (mod p):Proof. For h = 1; 2; : : : ; r � 1, we have, by Lemma 2,C(mr; (n� 1)r + h) �umr+1C(mr; (n� 1)r + h� 1) + bu(n�1)r+h�1C((m� 1)r + r � 1; (n� 1)r + h)� umr+1C(mr; (n� 1)r + h� 1) (mod p);be
ause C((m� 1)r+ r� 1; (n� 1)r+h) � 0, by Lemma 3. Together with Corollary3, this implies thatC(mr; (n� 1)r + r � 1) � um(r�1)r+1 C(mr; (n� 1)r) (mod p): (1)Similarly, C((m� 1)r + r � 1; nr) � un(r�1)r+1 C((m� 1)r; nr) (mod p): (2)By Lemma 2 again,C(mr; nr) � umr+1C(mr; nr � 1) + bunr�1C(mr � 1; nr) (mod p):Equations (1) and (2) and Corollary 3 transform this result into the desired 
on
lusion.� Introdu
e C 0(m;n) = C(mr; nr). By Lemma 4,C 0(m;n) � urmr+1C 0(m;n� 1) + urnr+1C 0(m� 1; n) (mod p): (3)Also C 0(m; 0) � 1 and C 0(0; n) � 1 (mod p) for m;n � 0: (4)One may 
he
k that the unique solution of 
ongruen
e (3) satisfying the boundary
onditions (4) is given by the following formula. This step involves the Pas
al trianglerule, B(m;n) = B(m;n� 1) +B(m� 1; n).



RESIDUES OF GENERALIZED BINOMIAL COEFFICIENTS 7Lemma 5. If p - b, then for every m � 0 and n � 0,C(mr; nr) � B(m;n)urmnr+1 (mod p):De�nition 6. For i; j � 0 and for 0 � k; l < r, let Ai;j(k; l) denote the solution ofthe modulo-p re
urren
e relationAi;j(k; l) � uir+k+1Ai;j(k; l � 1) + bujr+l�1Ai;j(k � 1; l)for 0 � k; l < r together with the boundary 
onditionsAi;j(k;�1) � 0 (mod p) for 1 � k < rand Ai;j(�1; l) � 0 (mod p) for 1 � l < rand Ai;j(0; 0) � 1 (mod p):If (i; j) = (m0; n0) and (k; l) = (m0; n0), and if the �nal boundary 
onditionin this de�nition were Am0;n0(0; 0) � C(m0r; n0r), then these would be the 
ongru-en
es satis�ed by C(m0r + m0; n0r + n0) for 0 � m0; n0 < r. Be
ause um0r+m0+1 �um00r+m0+1 (mod p) where m00 = m0 mod s, and similarly for un0r+n0�1, these 
ongru-en
es imply that Am0;n0(m0; n0) � Am00;n00(m0; n0) (mod p); (5)and so C(m;n) mod p is given as follows.Lemma 6. If p - b, then for m � 0 and n � 0,C(m;n) � C(m0r; n0r)Am00;n00(m0; n0) (mod p):De�nition 7. If r <1, then for i; j � 0 and 0 � k; l < r, de�neHi;j(k; l) = urijr+1Ai;j(k; l):By Corollary 5 and equation (5), Hm0;n0(m0; n0) � Hm00;n00(m0; n0) (mod p).5. The Pattern of the ResiduesRe
all that n0 = n mod r; n0 = n � r; n� = n mod t, and n00 = n0 mod s, where ris the rank of apparition of the prime p in huni, t is the period of hun mod pi, ands = t=r. Lemmas 5 and 6 yield the following formula.Theorem 1. If p - b, then, for m;n � 0,C(m;n) � B(m0; n0)Hm00;n00(m0; n0) (mod p):This result simpli�es ni
ely when s = 1. Then m00 = n00 = 0, and H0;0(m0; n0) �C(m0; n0) (mod p) for 0 � m0; n0 < r. Thus, in this 
ase, as in the Pas
al \triangle"
ase, the pattern of residues exhibits self-similarity upon s
aling by p.Corollary. If p - b and s = 1, then, for m;n � 0,C(m;n) � B(m0; n0)C(m0; n0) (mod p);



8 JOHN M. HOLTEor, letting B denote the matrix [B(i; j)℄ with 0 � i; j < p and Ck = [C(m;n)℄ with0 � m;n < rpk, we have Ck � B
k 
C0 (mod p):Example 1: q-binomial 
oeÆ
ients. Take un =Pn�1k=0 qk to obtain the q-binomial
oeÆ
ients. If pjq, then un � 1 for n � 1, so C(m;n) � 1 (mod p) for m;n � 0. Soassume p - q. Then 1 + q + � � � + qr�1 = ur � 0 (mod p), so qr � 1 = qur � ur �0 (mod p), when
e ur+1 = ur + qr � 0 + 1 � 1 (mod p). Thus, (ur; ur+1) � (u0; u1),and so the period, t, equals r, and so s = 1. Therefore, the 
orollary 
overs the 
aseof q-binomial 
oeÆ
ients when p - q, yielding a result given originally by Fray [3℄.For a numeri
al example, take q = 2 and p = 5. Then u1 = 1; u2 = 3; u3 = 7; u4 =15; u5 = 31; : : : , when
e r = 4, andC0 = 26641 1 1 11 3 7 151 7 35 1551 15 155 13953775 � 26641 1 1 11 3 2 01 2 0 01 0 0 03775 (mod 5);so C1 � B
C0 � 2666641C0 1C0 1C0 1C0 1C01C0 2C0 3C0 4C0 0C01C0 3C0 1C0 0C0 0C01C0 4C0 0C0 0C0 0C01C0 0C0 0C0 0C0 0C0
377775 (mod 5):Individual residues may be 
al
ulated easily by the 
orollary. For example,C(222; 161) � B(55; 40)C(2; 1) � B(2; 1)B(1; 3)B(0; 0)C(2; 1) � 3�4�1�2 � 4 (mod 5):Example 2: Fibonomial 
oeÆ
ients modulo p. Let a = b = 1 so that un = Fn,and, for illustration, let p = 3. Then r = 4, t = 8, and s = 2. The initial part of thetable of �bonomial 
oeÆ
ients modulo 3 is given in Table 1.By De�nition 7,H0;0 = 26641 1 1 11 1 2 01 2 0 01 0 0 03775 ;H0;1 = 26641 1 1 12 2 1 01 2 0 02 0 0 03775 ;H1;0 = 26641 2 1 21 2 2 01 1 0 01 0 0 03775 ;H1;1 = 26641 2 1 22 1 1 01 1 0 02 0 0 03775 :The stru
ture of the matrix of �bonomial 
oeÆ
ients modulo 3, in a

ordan
e withTheorem 1, is given in Table 2. Wells [16℄ also gives a formula for these residues,one that is a spe
ial 
ase of her Theorem 4 given below, and she provides a detaileddes
ription of the pattern of these submatri
es from a \triangular" perspe
tive.Modulo p = 2, the Fibona

i sequen
e has r = t = 3, so s = 1 and, in a

ordan
ewith the 
orollary, the �bonomial 
oeÆ
ients modulo 2 exhibit a pattern similar tothat of the binomial 
oeÆ
ients, but with a di�erent C0. Wells [15℄ presents the



RESIDUES OF GENERALIZED BINOMIAL COEFFICIENTS 92666666666666666664
1H0;0 1H0;1 1H0;0 1H0;1 1H0;0 1H0;1 1H0;0 1H0;1 1H0;0 � � �1H1;0 2H1;1 0H1;0 1H1;1 2H1;0 0H1;1 1H1;0 2H1;1 0H1;0 � � �1H0;0 0H0;1 0H0;0 1H0;1 0H0;0 0H0;1 1H0;0 0H0;1 0H0;0 � � �1H1;0 1H1;1 1H1;0 2H1;1 2H1;0 2H1;1 0H1;0 0H1;1 0H1;0 � � �1H0;0 2H0;1 0H0;0 2H0;1 1H0;0 0H0;1 0H0;0 0H0;1 0H0;0 � � �1H1;0 0H1;1 0H1;0 2H1;1 0H1;0 0H1;1 0H1;0 0H1;1 0H1;0 � � �1H0;0 1H0;1 1H0;0 0H0;1 0H0;0 0H0;1 0H0;0 0H0;1 0H0;0 � � �1H1;0 2H1;1 0H1;0 0H1;1 0H1;0 0H1;1 0H1;0 0H1;1 0H1;0 � � �1H0;0 0H0;1 0H0;0 0H0;1 0H0;0 0H0;1 0H0;0 0H0;1 0H0;0 � � �� � � � � � � � � � � �� � � � � � � � � � � �� � � � � � � � � � � �

3777777777777777775Table 2. Submatri
es of the �bonomial 
oeÆ
ients mod 3equivalent of this result in an interesting 
ontext. The pattern of �bonomial 
oeÆ-
ients modulo any prime is treated in [6℄.Theorem 1 and the example show that the in�nite matrix [C(i; j) mod p℄ maybe partitioned into r � r submatri
es whi
h form basi
, natural \tiling units." Thepattern of the residues is obtained by superimposing the self-similar array of binomial
oeÆ
ients modulo p upon the doubly periodi
 \tiling" of the plane by \hidden" r�rH matri
es. The binomial stru
ture is self-similar upon s
aling by the fa
tor p. Ther� r tiling stru
ture has period s both horizontally and verti
ally, and so the periodis t at the element level.When s = 1, there are p � 1 di�erent nonzero r � r submatri
es, one for ea
hnonzero residue value of B(m0; n0) mod p timesC0. In the general 
ase, by Corollary 4,there are also s �s di�erent Hm00;n00-matri
es. This suggests that there may be (p�1)s2di�erent nonzero \tiles." In the 
ase of the the �bonomial 
oeÆ
ients modulo 3, theexhibited matrix shows these seven submatri
es:1H0;0; 1H0;1; 1H1;0; 1H1;1; 2H0;1; 2H1;0; 2H1;1:The missing 
ase, 2H0;0, must be sought farther out. The pla
es of the missing 2H0;0are (5; 11); (11; 5); (5; 13); (13; 5) : : : in Table 2.Theorem 2. Assume p - b. The number of di�erent nonzero r�r submatri
es of thein�nite matrix [C(i; j) mod p℄ is (p� 1)s2.Proof. The proof is trivial for s = 1, so assume s > 1. First we verify that the tiles�H�;� are distin
t for di�erent (�; �; �)'s with 1 � � < p and 0 � �; � < s. By De�-nition 6 and Corollary 3, A�;�(0; 0) � 1, A�;�(0; 1) � u�r+1 � u�r+1, and A�;�(1; 0) �bu�r�1 � u�r+1 (mod p), so by De�nition 7, H�;�(0; 0) � ur��r+1, H�;�(0; 1) � ur��+�r+1 , andH�;�(1; 0) � ur��+�r+1 (mod p). Note that p - ur+1. If �H�;� � ~�H~�;~� (mod p) where1 � �; ~� < p and 0 � �; �; ~�; ~� < s, or H�;� � �1H~�;~� (mod p) where �1 � ��1~�, then



10 JOHN M. HOLTEur��r+1 � �1ur~�~�r+1, ur��+�r+1 � �1ur~�~�+~�r+1 , and ur��+�r+1 � �1ur~�~�+~�r+1 (mod p), so u�r+1 � u~�r+1and u�r+1 � u~�r+1 (mod p), when
e, by Corollary 4, � = ~� and � = ~�, and therefore go-ing ba
k one �nds �1 � 1, i.e., � = ~�. This proves that the mapping (�; �; �) 7! �H�;�is one to one.It remains to show that, given (�; �; �) with 1 � � < p and 0 � �; � < s, one
an �nd (m;n) su
h that B(m0; n0) � � (mod p) and m00 = � and n00 = �. Letm = r(1 + ip) and n = r(� � 1 + jp2), 
hoosing i and j so that i � � � 1 (mod s),j � � � (� � 1) (mod s), and 0 � i; j < p. Sin
e p � 1 and p2 � 1 (mod s), byCorollary 6, we havem00 = (m � r) mod s = (1 + ip) mod s = (1 + i) mod s = �;n00 = (�� 1 + jp2) mod s = (�� 1 + j) mod s = �;and, by Lu
as's theorem,B(m0; n0) � B(0; j)B(i; 0)B(1; �� 1) � � (mod p):(Modi�
ation of this 
onstru
tion 
an yield in�nitely many o

urren
es of ea
h pos-sible tile.) � 6. Generalization of Lu
as's TheoremUsing Theorem 1, one may express Hm00;n00(m0; n0) in terms of C(m;n) for smallvalues of (m;n). The tri
ky part is to work around the 
ases when B(m0; n0) �0 (mod p). Here is one approa
h.Given (m;n), let � = m� and � = n� + �t, where � will be 
hosen later. ByTheorem 1, C(�; �) � B(�0; � 0)H�00;�00(�0; �0) (mod p): (6)Now, �0 = m� mod r = (m mod t) mod r = m mod r = m0;�0 = m� � r = m00;�00 = �0 mod s = m00 mod s = m00;�0 = (n� + �t) mod r = n� mod r = n0;� 0 = (n� + �t)� r = (n mod t)� r + �s = n00 + �s; and� 00 = ((n� + �t) mod t) � r = (n� mod t)� r = n� � r = n00: (7)Thus, equation (6) be
omesC(m�; n� + �t) � B(m00; n00 + �s)Hm00;n00(m0; n0) (mod p):Now if � is 
hosen so that p - B(m00; n00 + �s), thenHm00;n00(m0; n0) � B(m00; n00 + �s)�1C(m�; n� + �t) (mod p): (8)Theorem 3. Assume p - b. Let � = maxf0; m00 + n00 � (p� 1)g. ThenC(m;n) � B(m0; n0)B(m00; n00 + �s)�1C(m�; n� + �t) (mod p):



RESIDUES OF GENERALIZED BINOMIAL COEFFICIENTS 11Proof. By Corollary 6, sjp � 1. If s < p � 1, then a
tually s < (p � 1)=2, som00+n00 < p� 1, when
e � = 0 and p - B(m00; n00+�s). If s = p� 1 and m00+n00 < p,then again we have � = 0 and p - B(m00; n00+�s). Assume s = p�1 and m00+n00 � p.Now n00 + �s = n00 + �(p � 1) = �p + (n00 � �) and 0 � n00 � � < p � 1. By Lu
as'stheorem, B(m00; n00 + �s) � B(0; �)B(m00; n00 � �) (mod p), and this is not 
ongruentto 0 as long as m00 + n00 � � � p � 1. Thus, � = m00 + n00 � (p � 1) is a
tually theminimum value that works. Now, in every 
ase, equation (8) and Theorem 1 implythe desired 
on
lusion. �Thus, ex
ept when s = p�1 and m00+n00 � p, the residue C(m;n) mod p is givenby this simple, symmetri
 expression:C(m;n) � B(m0; n0)B(m00; n00)�1C(m�; n�) (mod p):Example 3. Consider the �bonomial 
oeÆ
ient C(6; 29) mod 3. It appears in the7th row and 30th 
olumn of Table 1. Sin
e un = Fn and p = 3, then r = 4; t = 8, ands = 2. Let m = 6 and n = 29. Then m0 = 2; m0 = 1; m� = 6, and m00 = 1, whilen0 = 1; n0 = 7; n� = 5, and n00 = 1. Here m00 + n00 � (p � 1) = 1 + 1 � 2 = 0, so� = 0. Now B(m0; n0) = B(1; 7) = B(1; 2� 3 + 1) � B(0; 2)B(1; 1) � 2 (mod 3) andB(m00; n00 + �s) = B(1; 1) = 2 and 2�1 � 2 (mod 3) and C(m�; n� + �t) = C(6; 5) �2 (mod 3), so C(m;n) � B(m0; n0)B(m00; n00)�1C(m�; n�) � 2 � 2 � 2 � 2 (mod 3).Theorem 3 may also be used to go ba
k and extend Lemma 4 to a full r-stepre
urren
e formula. The result is stated in the following tidy formula.Corollary. If p - b, then for m;n � r,C(m;n) � umr+1C(m;n� r) + unr+1C(m� r; n) (mod p):In terms of the r � r matri
es G i;j := [C(ir + h; jr + k)℄, where 0 � h; k < r andi; j � 0, and the diagonal matrix D = diagfu0r+1; u1r+1; : : : ; ur�1r+1g, the 
on
lusion ofthe 
orollary may be rewritten asG i;j � uirr+1D G i;j�1 + ujrr+1G i�1;jD (mod p):For binomial 
oeÆ
ients, ur+1 = p + 1 � 1 (mod p) and D = I, so G i;j � G i;j�1 +G i�1;j (mod p), the p � p generalization of the Pas
al triangle rule noted by Long[9℄. For �bonomial 
oeÆ
ients modulo 2, ur+1 = F4 � 1 (mod 2) and again D = I,so G i;j � G i;j�1 + G i�1;j (mod 2), as noted by Wells [15℄. For �bonomial 
oeÆ
ientsmodulo 3, whi
h were 
onsidered in Example 2, ur+1 = F5 � 2 (mod 3) and D �diagf1; 2; 1; 2g, so that G i;j � D G i;j�1 + G i�1;jD (mod 3), whi
h the reader may seeillustrated in Table 2. (Note �rst that D H i;j � H i;j�1 and H i;jD � H i�1;j (mod 3).)7. Wells's TheoremBy means of a bit of translation, Theorem 3 may be transformed into Wells'stheorem. Let N = m + n and, 
orrespondingly, N0 = N mod r, N 0 = N � r, and



12 JOHN M. HOLTEN 00 = N 0 mod s. Then C(m;n) = �Nm�and B(m0; n0) = �N 0m0�:Let N 0 = Pj�1Njpj�1 and m0 = Pj�1mjpj�1 be the base-p representations of N 0and m0. By the original Lu
as theorem,�N 0m0� �Yj�1�Njmj� (mod p):The result of Wells [14℄ is as follows.Theorem 4. (Wells) If p - b, then for N 00 � m00,�Nm� � �N 00m00��1Yj�1�Njmj��N 00r +N0m00r +m0� (mod p);and for N 00 < m00,�Nm� � 8>>>>><>>>>>:
 s+N 00m00 !�1Yj�1 Njmj!"t +N 00r +N0m00r +m0 # (mod p) if s < p� 1; sm00!�1Yj�1 Njmj!"(N 00 + 1)t+N 00r +N0m00r +m0 # (mod p) if s = p� 1where N0 = N mod r, N 0 = N � r, and N 00 = N 0 mod s.Proof. Let n = N � m. First assume m0 + n0 � r. Then [ Nm ℄ = C(m;n) �0 (mod p), by Lemma 3. Also N0 = m0 + n0 � r, so for Kr = N 00r; t + N 00r, or(N 00+1)t+N 00r, we have � Kr+N0m00r+m0 � = C(m00r+m0; (K�1�m00)r+n0) � 0 (mod p),again by Lemma 3, and so all 
ongruen
es in the theorem's 
on
lusion redu
e to 0 � 0when m0 + n0 � r. Next assume m0 + n0 < r. Theorem 3 and the theorem of Lu
asimply that�Nm� � �m00 + n00 + �sm00 ��1Yj�1�Njmj��m� + n� + �tm� � (mod p);where � = maxf0; m00 + n00 � (p� 1)g. Refer to the mixed-radix additionm = m000t+m00r +m0+ n = n000t + n00r + n0N = N 000t +N 00r +N0where 0 � m0; n0, N0 < r; 0 � m00; n00; N 00 < s, and 0 � m000; n000; N 000 < 1.Sin
e m0 + n0 < r, there is no 
arry out of the rightmost 
olumn. If N 00 � m00,then m00 + n00 = N 00 < s � p � 1, so � = 0 and m00 + n00 + �s = N 00 and



RESIDUES OF GENERALIZED BINOMIAL COEFFICIENTS 13m�+n�+�t = m00r+m0+n00r+n0 = N 00r+N0, so the �rst formula is 
orre
t. Now as-sume N 00 < m00. Then there is a 
arry out of the se
ond 
olumn, so N 00 = m00+n00�s.If s < p� 1, then m00+n00 < 2s < p� 1, so � = 0 and m00+n00+�s = s+N 00+0 andm�+n�+�t = m00r+m0+n00r+n0 = (s+N 00)r+(m0+n0) = t+N 00r+N0, and theformula for this 
ase follows. Finally, if s = p� 1, then � = m00 + n00 � (p� 1) = N 00and m00 + n00 + �s = s + N 00 + N 00s = s + N 00(1 + s) = p � 1 + N 00p, when
e�m00+n00+�sm00 � � �p�1m00 ��N 000 � � � sm00�, and m� + n� + �t = N 00r + N0 + 1t + N 00t, and the�nal 
ase follows. �Example 4. Let's �nd the value of the �bonomial 
oeÆ
ient [ 356 ℄ modulo 3. Thisis equivalent to Example 3. Here p = 3; r = 4; t = 8, and s = 2. Correspondingto m = 6 we have m0 = 2; m0 = 1, and m00 = 1. Similarly, for N = 35 we haveN0 = 3; N 0 = 8, and N 00 = 0. Also m1 = 1; m2 = 0; N1 = 2, and N2 = 2. HereN 00 < m00 and s = p� 1, so�Nm� � � sm00��1�N1m1��N2m2��(N 00 + 1)t +N 00r +N0m00r +m0 �� �21��1�21��20��(0 + 1)8 + 0 � 4 + 31 � 4 + 2 �� 2 � 2 � 1 � 2 � 2 (mod 3):This result is 
onsistent, of 
ourse, with the 
al
ulation based on Theorem 3.Referen
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