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ABSTRACT. Two sequences f,g : N — Rt are “asymptotically of the same order”—
written f(n) < g(n)—if f(n) = O(g(n)) and g(n) = O(f(n)), and f is “O-regularly
varying” —written f € ORgeq—if f([An]) < f(n) for all positive A. This paper
provides proofs of major theorems about such sequences that are accessible to un-
dergraduates. These theorems include a representation formula (f € OR,, iff 3
bounded sequences g, h such that f(n) = exp{g(n)+ Y ;_, h(k)/k}), a charac-
terization of OR,., analogous to the Bojanic-Seneta characterization of (ordinary)
regularly varying sequences, and a discrete version of the OR Karamata Tauberian
theorem/de Haan-Stadtmdiller theorem. One corollary states that for f nondecreas-
ing, f(1)+---+ f(n) xnf(n) iff f(2n)/f(n) is bounded.

1. INTRODUCTION

One purpose of this paper is to provide an introduction to the theory of regular
variation and O-regular variation that is accessible to undergraduate mathematics
majors who have not yet learned about measure theory or meager sets. Another pur-
pose is to provide, to the extent possible, a self-contained exposition of the theory of
O-regular variation in the discrete case, i.e., for O-regularly varying sequences. Ac-
cordingly, this paper is a series of exercises in what Graham, Knuth, and Patashnik [6,
p. vi] call “concrete mathematics,” a practical blend of CONtinuous and disCRETE
mathematics. The student reader is invited to participate in the development here
presented. In most cases, the numbered formulas should be viewed as assertions to be
verified. (Usually these are “quickies.”) The reader is also invited to provide proofs,
which vary in difficulty, of other assertions in the text.

The passages outlining the wider context of the the theory of regular variation are
written at the instructor level, but should still be somewhat accessible to the student.

2. ASsYMPTOTIC EQUIVALENCE AND REGULAR VARIATION

The student of calculus who sets up a Riemann sum for fol x? dxr naturally en-
counters a sum of the form

k:ll
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Evaluation of this sum for various values of p leads to formulas like

n n n
Z’“Q T 3 %

Several examples of this sort will lead the attentive student to the conjecture that

n
np+1
k-
k=1 p

Y

or
n 1
pat p+1
where
f(n) ~ g(n) (“f is asymptotic to g”) if and only if lim J) =1.
n—o0 g(n)

In fact, the conjecture is true for p > —1 and n € N. As a generalization of a
sequence of powers (n”), in 1930 Jovan Karamata introduced the notion of a regularly
varying sequence. In his original definition [8], a sequence of positive numbers (c(n))
is regularly varying if, for some p € (=1, 00),

3 elk) ~ ne(n) 1)

k=1

We shall write ¢ or ¢(n) € R, if c is a regularly varying sequence with “index” p. By
1933 he had adopted essentually the now-standard definition of a regularly varying
function: A positive function f defined on some ray [X, 00) is reqularly varying if

T
z—o0 f(x)
for some function . It is a theorem of the theory that 1(A) = A? for some finite p.

And it is natural, then, to define a sequence f: N:={1,2,3,...} - R" := (0,00) to
be reqularly varying if

=p()  (A>0)

f(n)
n—oo f()

This matter has been scrutinized by Bojanic and Seneta [2]. The study of regularly
varying functions and their generalizations has an extensive literature in real analysis,
now masterfully incorporated into the Encyclopedia of Mathematics by Bingham,
Goldie, and Teugels [1].

=) (A>0).
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3. WHEN Is f(1)+ -+ f(n) < nf(n)?

Two sequences of positive numbers (f(n))2, and (g(n))>, are asymptotically of
the same order, or have the same rate of growth—written f(n) < g(n) or f(n) =

©(g(n))—if
f(n) =0(g(n)) and g(n) =0(f(n)) as n— oo,
i.e., there exist constants c¢; and ¢, and an index ng such that
0<cr < f(n)/gn)<co<oo for n>ny.

It is easy to show that for positive sequences this is equivalent to the existence of
constants ' and (5 such that

0<Cy < f(n)/g(n) <Cy < oo for everyn € N.

A student frequently encounters sequences (f(n)) of positive numbers for which
the sequence of partial sums f(1) + --- + f(n) is asymptotically of the same order
as (nf(n)), or, in other words, for which the sequence of arithmetic means ({f(1) +
-+-+ f(n)}/n) is asymptotically of the same order as the original sequence.

For example, a student of computer science, in considering algorithms for sorting
arbitrary lists of n items, may learn that information theory tells us that this task
has complexity log, n!, and then it follows that

1

log, n! = Zlog2 k= / log, zdz + O(Inn) = nlog,n —n/In2 + O(Inn),
k=1

so that

n
Z log, k < nlog, n.
k=1
Polynomial sequences all exhibit this behavior. For example, as we have seen, if
peEN

n

1
Zk”w—-n-n”.
k=1 pt1

n
Z kP < n-n”.
k=1
Divergent p-series also exhibit this behavior for p < 1 (but not for p = 1):
n n _
Zk_prv/ xPdr ~ =n-n"P?
—1 1 -p+1

Fluctuating sequences (f(n)) may also exhibit this behavior. For example, if
f(n) =2+sinn, then 1 < f(n) < 3, so that

whence

n<> f(k)<3n,
k=1
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whence

LSS

37 nf(n) T 7
and so f(1) + ---+ f(n) < nf(n). More generally, if f(n) = n™P(2 + sinn) where
p < 1, then we still have f(1) +---+ f(n) < nf(n), but NOTE: we do not have
f()+---+ f(n) ~ enf(n) for any constant c.

On the other hand, convergent series of positive numbers never exhibit this be-
havior. For if f(1) +---+ f(n) < Cnf(n) for some C > 0, then f(n) > f(1)/Cn,
whence Y f(n) must diverge.

Also, sequences that increase geometrically do not exhibit this behavior: If r > 1,

then
k|

n

E 7«’627,
r—1

k=1

Stk
nrt n(r—1)7
and as n — oo, this approaches 0, so it is not bounded away from 0.

So, when is f(1) 4+ --- f(n) < nf(n)?

A complete answer to this question turns out to involve the O-regularly varying
sequences. In line with Karamata’s original definition (1) of a regularly varying
sequence, one might be tempted to define a O-regularly varying sequence f : N — R*
by the condition

SO

n
> f(k) < nf(n).
k=1
But just as (1) was restricted to p > —1, this proposed definition turns out to be too
restrictive. The standard definition of a O-regularly varying function is the following.
Definition 1. A function f : [X,00) — R" is O-regularly varying if

Accordingly, we shall define a O-regularly varying sequence as follows.

< o0

Definition 2. A sequence f : N — Rt is O-reqularly varying if

0 < fu(A) :==lim infM < f*(A) :=limsup f([An)) < 00

n—oo  f(n) n—00 f(n) ’

or, equivalently, f(|An]) < f(n). The set of all O-regularly varying sequences is
denoted OR;,.

In the next sections we shall see that only O-regularly varying sequences satisfy
f@)+---f(n) <xnf(n), and we shall determine precisely which ones do so.
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4. INCREASING SEQUENCES

Theorem 1. Assume that f is a positive, nondecreasing sequence. Then f(1)+---+
f(n) < nf(n) if and only if the sequence (f(2n)/f(n)) is bounded, or, equivalently,
[*(2) < o0.
Proof. For a positive, nondecreasing f we always have
SO 4+ fn)
nf(n)
so we need only show that there exists a constant C' > 0 such that
fA) 4+ fn)
nf(n)

for all n > 1 if and only if there exists a constant B such that f(2n)/f(n) < B for all
n > 1. First assume f(2n)/f(n) < B for n > 1. Write n = 2m or n = 2m + 1; then

m or m—+1 terms
N

<1 (2)

>C (3)

e Ny

fO+-+fln) fm+D+---+f(n)

nf(n) = (2m or 2m + 1) f(n) (4)
(morm+1)f(m—+1) )

— [2moor 2(m +1)]f(2(m + 1))
Z%-%::C>O. (6)

For the converse, assume (3). Choose integers p and ¢ such that p > ¢ > 1 and
1 —g/p < C?. Then, using (3) and (2) and monotonicity of f, check that

fQ)+--+f(pn)

C_ “wiom_ _ af(qn) {1 f(qn+1)+---+f(pn)} ™
TS e = prm \' T f0) -+ Fan)
af(gn) { (pn—gqn)f (pn)} _aflqn)  p—q
Spiem ' Cnflan) | T pfew) T pC ®)
where (p — ¢q)/pC < C. Therefore,
qf(gn) P—q_.
pfpn) = €= =P )
SO
;EJZZ; < p% =:E<oo and f(pn) < Ef(qn). (10)
If f(p*~'n) < E¥~1f(gn) for all n, then check that
f(@*n) = E*f(qn) (11)

for all n. By induction,
f(p*n) < E*f(gn) for all k and n.
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Choose integer k > log, 4¢. If n > ¢, then n =mq+r withm > 1and 0 <r < ¢ and

f@2n) _ fR(mg+7)) _ f2(m+1)g) _ f(4mg) _ f(p*m)
fn) — flmg+r) = f(mg) = f(mg) — flgm)
Thus, f(2n)/f(n) is bounded by B defined as the maximum of E* and the values of
f@en)/f(n)forn=1,...,¢q—1. O
A related result, proved long ago by Feller [5], [1, p. 65], is the following.

<Ef. (12

Theorem 2. If f is a positive, nondecreasing function, then finiteness of f*(\o) at
one point A\g > 1 tmplies that f is O-regularly varying.

5. POSITIVE SEQUENCES IN (GZENERAL

Theorem 3. Let f : N — R*. The following are equivalent:

(1) f() +---+ f(n) < nf(n);
(2) there exist sequences (g(n)) and (h(n)) bounded away from 0 and oo (or,
g(n) <1 and h(n) < 1) such that

f(n) = @expz @;

(3) there exists « > —1 such that n=*f(n) is “almost decreasing,” (i.e., there exist
M > 0 and ng € N such that n=*f(n) < Mk=*f(k) whenever no < k < n),
and there exists f > —1 such that n=? f(n) is “almost increasing,” (i.e., there
exist m > 0 and nf € N such that mk=° f(k) < n=? f(n) whenever nfy < k <

The proof is given via the following five lemmas showing that
Statement 1 = Statement 2 = Statement 3 = Statement 1.
Let f: N — R", and define b: NU {0} — R" as follows:

1ifn =0;
= {(n FDf 0+ DAFO) + -+ f)} itn e N "

Lemma 1. Forn € N,

" n—1 b k
kz:;f(k)Zf(l)engln{1+k(_+)l}

and
f(n) = f(1)b("n_ D expiln {1 + kb(—f)l} . (14)
Proof.
1+M:1+ flk+1) _f(1)+---+f(k+1)_ (15)

k+1 SO+ k) fQ)+--+ f(k)
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ln{1+ —} =In{f(1)+---+ f(k+ D} —In{f(1)+---+ f(k)}
(16)

iln{l—k w} = telescoping sum = In{f(1) +---+ f(n+ 1)} — In f(1).

pa k+1 (17)

The first conclusion now follows. By the definition of b(-) and the first conclusion, we
have, for n > 1,

n+1 n-+ k+1

Pt ) = 2@+ s} = X @ ep Yo {1+ ZE
= (19)

and the first and last terms are also equal when n =0. O
Lemma 2. If Y7 | f(k) < nf(n), then b(n) =< 1.

Proof. Assume

nf(n)
for n € N. Then
Cl S Zill f(k) — ZZ:I f(k) + 1 < 02’ (20)

n+1)f(n+1) (+1)f(n+1) n+1"—
SO
1 1 1
n+1 = b(n) ¢ n+1

For sufficiently large n—n > ngy, say— C; —1/(n+1) > C; —1/(ng + 1) > 0, so that
for n > ny,

< (). (21)

00 L > b(n) > 1 > 0. (22)

>
01—1/(n0+1)_ CQ
Thus b(n) < 1. O
Lemma 3. Ifb(n) < 1, then there exist sequences (g(n)) and (h(n)) such that g(n) <
1, h(n) <1, and

f(n) = @ expi @ forn e N. (23)
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Proof. For n > 3 let

h(n) :nln{1+ b("_Q)}

n—1
and let ~(1) and h(2) be arbitrary positive numbers. For n € N let
g(n) = f(1)b(n — 1) exp{—h(1) — h(2)/2}.
Then a simple calculation (exercise) shows that Equation (14) implies Equation (23).
Now suppose that 0 < b, < b(n) < b, < oo for n > 0. Basic calculus (exercise) shows

that In(1 + z) is increasing and z — z2/2 < In(1 + z) < z for z > 0. Therefore, for
n >3,

h(n)=nln{1+b(n_12)} §nln{1+

n —

h(n) >nln<1+ b >n b 1—1 b > by 1—Q > 0,

since 0 < b; < b(0) = 1, so that for n > 1 we have

} <n bu T < 2bu, (24)

and

0 < min{h(1),h(2),b;(1 — b;/2)} < h(n) < max{h(1), h(2),2b,}. (26)
Also for n > 1 we have
0 < f()be ?W=hD/2 < g(n) < F(1)bye "W1D/2 « 5. O (27)

Lemma 4. If f(n) is given by (23) where g(n) < 1 and h(n) < 1, then there exist
constants o and (3, both greater than —1, such that n~*f(n) is almost decreasing and
n=Pf(n) is almost increasing. If 0 < by < h(n) < h, < oo for all n, then we may
take « = hy, — 1 and B = h; — 1.

Proof. We shall show that there exist constants a and S and positive constants
m and M such that

n~*f(n) < Mk~ f(k)
and

mk~? f(k) <n”" f(n)
for 1 < k < n < oo. Alternatively, these inequalities may be written in the form we
shall call “Potter-type bounds” [1, pp. 25,72]:

m(%)ﬂ§%§M<%)a (n>k>1). (28)

Assume that 0 < ¢ < g(n) < g, < o0 and 0 < hy < h(n) < hy, < oo for n > 1.
Assume 1 < k < n. By hypothesis,

e T'L_ h - - n .

) _ ot/ OOT MOV ko) o, 5 R

f(k)  g(k)/k  exp > h(d)/g ng(k) i
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where
9« — 9(k) T
and
ntl "1 " h "1 "1
hl/ —dz<h Y =< i) <, —ghu/ —dz
k1 T j=ki1d e J j=kt1d kT
Then
n+1 "L h() n
1 < —~ < hyln —,
hl Ilk+ < Z ] S h Ilk
J+k+1
whence
nyk  (n+1\" "\ () _ (n\he
— < — < | = ;
(2k> < (k+1) Sexp ) i (k)
j=k+1
Take m = 27"g,;/g, and M = g,/g;; then
n h;—1 f(n) n hy—1
U I A M(—)
m(k) =) - \k

Let « = h, — 1 and B = h; — 1; then
mk=Pf(k) <nPf(n) and n7%f(n) < ME~2f(k). O

(30)

(31)

(34)

(35)

Lemma 5. If there exist constants o and B greater than —1 such that n=*f(n) is
almost decreasing and n= f(n) is almost increasing, then f(1) +---+ f(n) < nf(n).

Proof. The hypothesis implies that there exist positive constants m and M and
indices ng and nj such that n=*f(n) < Mk=*f(k) for ng < k < n and mk=?f(k) <

n=Pf(n) for nj) < k <n. Then for n > k > nf := max{ng, nj},
a B
ke fk) _ K

<
Mne = f(n) — mnf (36)
and nf(n) > m(ny) =P f(ng)n't? = cn'*? (say), where 1+ 8 > 0. Then
ninll ka n*nll f k n*nll kﬂ
Sk g f0) _ Tig -
Mnlte nf(n) mn1+h
and
(Dt FOE =) _ f) 4 0§ =1) _ )+ frh— 1)
nf(n) - cnlth - c (38)
Now
n N n N nlte (n8)1+a nlte
>k N/gx @~ e 1+a " 1+a (39)

n
k=nl
0
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and similarly for ZZ:ng k?, since both o and f3 are greater than —1. Therefore, there
are constants C; and Cy such that

fO 4+ flog = 1) + flng) +--- + f(n)

O=Ci= nf ()

< (Cy < o0 (40)

for all sufficiently large n. [

Corollary 1. Assume f : N — R" is nondecreasing and {f(2n)/f(n)|ln € N} is
bounded (above). Then f is a O-reqularly varying sequence.

Proof. Exercise.

Corollary 2. Let f : N — R. Then f € ORy., if and only if f satisfies Potter-type
bounds (28) for some «, B, m, M.

Proof. Exercise.

Corollary 3. Let f : N — R*. Then f(1) +---+ f(n) <X nf(n) if and only if there
exist constants o« > —1, > =1, m > 0, and M > 0 such that

mA < f.(N) < f1(A) < M
for every real A > 1.
Proof. Use parts 1 and 3 of Theorem 3 ....
Corollary 4. Let f : N — R". Let o be a real number. Then

S (R = 0" f(n)
k=1
iof and only if there exist bounded sequences g and h such that
f(n) = exp{g(n) + > _ h(k)/k}
k=1

where
hy :=liminf h(n) > —(o + 1).
n—00

Proof. Exercise.

Corollary 5. Let f : N — R™. Let p be a real number. Then f is reqularly varying
with index p if and only if there exist bounded sequences g and h such that

f(n) = exp{g(n) + Y _ h(k)/k}

where lim, o g(n) ezists and lim,_, h(n) = p.

Proof. Exercise.
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6. O-REGULARLY VARYING FUNCTIONS

A real analyst may regard the theory of regularly varying and O-regularly varying
sequences as simple special cases of the corresponding theory for functions of a real
variable. As an illustration of the connection, we may use Theorem 3 to show that
the function g(z) := f(|z]) is a O-regularly varying function. It takes a bit more
work to show the expected result that if g : [1,00) — Rt is a O-regularly varying
function, then (g(n))2°, is a O-regularly varying sequence.

Essentially all the results stated here are counterparts of theorems for O-regularly
varying functions. For example, the representation formula in part 2 of Theorem 3
almost has its parallel in the representation formula for O-regularly varying functions

VE f(z) = exp {77(35) "‘/j@dt}’

where 1 and £ are bounded and measurable functions. The completely parallel discrete
result is the following.

Theorem 4. Let f : N — R*. Then [ is O-reqularly varying if and only if there
exrist bounded sequences g, h such that

f(n) = exp{g(n) + > _ h(k)/k}. (41)

In order to relate the representation formula (41) to the representation formula in
Theorem 3, let us first rewrite the latter as

7n) = C exp (3 H () /).

n

Then show that

F(n) = explo(n) + 3 h(k)/K) (12)
where -

g(n) = InG(n) + ; % “lnn

and

h(n) := H(n) — 1,
and note that positive G(n) < 1 if and only if g(n) is bounded, and lim inf,,_,, H(n) >
0 if and only if liminf, , hA(n) > —1. Thus, f(1) +---+ f(n) < nf(n) if and only if
f has the representation (41) with g and A bounded and lim inf,,,, h(n) > —1.

The proof of the “if” part of Theorem 4 is a good, elementary exercise. The proof
of the “only if” part may be another matter. It may be deduced from the real-variable
theory, or the real-variable theory proof may be adapted to the discrete context. Then
one goes through the Uniform Convergence Theorem, the discrete version of which is
as follows.
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Theorem 5. Let f : N — RY. If f is O-regularly varying, i.e., for all A > 1,

. Sf(An)) flAn]
0<117£r_1>g)1f o) S]lgisoljp ) < 00, (43)

then for every A > 1, (43) holds uniformly in A € [1,A]:

e (] f([An])
0 <lminf int, f(n) Shﬁscgple[ﬁ] f(n)

< 0.

My adaptation of the proof of this result appeals to knowledge of Lebesgue mea-
sure. This is the only place in the development of the theory where I have needed
prerequisite knowledge at this level.

7. A CHARACTERIZATION THEOREM

Galambos and Seneta [3]| defined a sequence (0(n)) of positive numbers to be
reqularly varying if there exists a sequence («(n)) such that

0 ~ Ka(n) andn{l—%}—m (n — o0)

where K is a positive constant and p is a finite constant. This is the discrete coun-
terpart of the condition

TR (x)
R1 (.’L’)
for a regularly varying function R. Bojanic and Seneta [2], [1, p. 53] proved that this
definition is equivalent to the usual one.

The following theorem establishes the expected counterpart for O-regularly vary-
ing sequences.

Theorem 6. Let f : N — R*. Then f € OR,, if and only if there exists F : N — R*

such that f(n) < F(n) and n {1 - %} is bounded.

F

R(z) ~ KR;(x) where —p (z—00)

Proof. First assume that f € OR,.,, whence f = exp o(g+iNz) with g, h bounded.
Let F(n) := exp(h(n)). Since exp(g(n)) =< 1, we have f(n) < F(n). Check that

~

n{l_%}:n 1_% :n{l_exp<_$>} (44)

where, since h is bounded, |h(n)| < C (n € N) for some C, so that the above quantity
lies between n{1 — exp(+C/n)}, hence is bounded (a calculus exercise).

Next assume that f < F where n{l — F(n — 1)/F(n)} is bounded. Let h(n) :=
n{l— F(n—1)/F(n)} (n € N); F(0) := 1. Check that

RS & FACER VIR s ¥ PRI))
ro =1 F H{1 k} (45)

k=1
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and

IO 3L o] LR AREICH|

k=1
Use calculus (series) to show that, if |z| < 1, then

2
1—[a|

Since h is bounded by hypothesis—say |h(k)| < C for k € N for some finite C—choose
M > C, and show that

e

2 +1In(1 — 2)| < (47)

Let

n

G(n) = Z

k=1

Show that G(n) is bounded (compare with Y 1/k?) and In F(n) = G(n) + lNz(n) Let
g(n) == In{f(n)/F(n)} + G(n). Show that g(n) is bounded (recall the hypothesis

~

@m{l_@}‘.

f =< F) and In f(n) = g(n) + h(n), so that f is given by the representation formula
of a O-regularly varying sequence. [1.

8. A DISCRETE OR TAUBERIAN THEOREM

Tauberian theorems relate the asymptotic behavior of Laplace transforms of func-
tions to the asymptotic behavior of the functions. The Laplace-Stieltjes transform of
U :[0,00) — R is given by

O(s) = /0 " e qU(a)

where, for our applications, U is nondecreasing and right-continuous. Karamata’s
Tauberian theorem is the following [1, p. 37].

Theorem 7. Let U : [0,00) — R be nondecreasing and right-continuous. Let ¢ > 0,
and let R be regularly varying with exponent p > 0. Then U(x) ~ cR(z)/T'(p+1)
(x — 00) if and only if U(s) ~ cR(1/s) (s — 0+).

The discrete version of this theorem involves power series rather than Stieltjes
integrals, so the student need not have knowledge of such integrals. The version
stated in Feller [4, p. 423], is the following.

Theorem 8. Let u : Ny := NU {0} — [0,00), let U(n) := >, _, u(k) for n € Ny,
and assume that U(z) := 3" s u(k)z® converges for x € [0,1). ThenU(z) ~ R(z) as
x — 1— where R(x) is regularly varying at infinity with exponent p > 0 if and only if
Un) ~R(n)/T'(p+1) as n — oo.
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The de Haan-Stadtmiiller theorem ([7], [1, p. 118]) states a result like the Kara-
mata Tauberian theorem for O-regularly varying functions.

Theorem 9. Let U : [0,00) — R be nondecreasing. The following are equivalent:
(1) U € OR;
(2) U(1/) € OR;
(3) U(1/t) < U(t) (t — o0).

Our discrete version of the de Haan-Stadtmiiller/Karamata Tauberian theorem is
the following.

Theorem 10. Let u : Ny — [0,00), let U(n) ==Y p_,u(k) (n € Ny), and assume
that U(z) := Y o u(k)z® converges for x € [0,1). Let (z(n)), be a sequence in
(0,1) such that x(n) > 1 asn — o0 and 0 < ¢; < z(n)" < ¢y <1 (n € N) for some
constants ¢y and cy. Then the following are equivalent.

(1) Ue C)}%seq;

(2) U(z(n)) < U(n);

(3) ZJ(x(')) € ()]%seq-

For example, we may take z(n) = 1 — 1/n or z(n) = e /™.

The following lemma will come in handy.

Lemma 6. If f is a nonnegative integrable function defined on [1,00) that is nonde-
creasing on [1,£&] for some € > 1 and nonincreasing on (£, 00), then

Zf(%)%ﬁ/oof(x)dx—i-%goo (m,n € Nym > n).
k=m %

Proof. Exercise. Consider a lower sum approximation for f:;n f(z)dz.
Proof of the Theorem. Preliminaries: Show that

(1—2)> Uk)z* => u(k)a® — U(n)a""! (49)

k=0
and
lim Un)z™™ =0 (0<x<1). (50)
Therefore,
Ux) =) uk)zh=(1-2)) UFEs* (0<z<1). (51)
k=0 k=0
Show that

U(z) > 2"U(N) and U(N) <z VU(x) (N €Ny,0<x < 1). (52)
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Let’s start with an easy part, the proof that U(z(n)) < U(n) implies U € OR;,.
Since U is nondecreasing, by Corollary 1, it suffices to check that U(2n)/U(n) is
bounded. Use upper bounds on U(N) (for suitable N) and on z(n)" to show that

U@n) _ HUz(n)
< 53
U(n) >6 U(’I’L) ’ ( )
whence the desired conclusion follows.

Now let’s prove that U € OR,,, implies U(xz(n)) < U(n). On the one hand, by

(52), we have

U(z(n))

Un) >z(n)" > (neNy). (54)
On the other hand, by (51), we have
Uem) o EUE

0
where, since U is nondecreasing, U(k)/U(n) < 1 for £ < n, and since U € ORyq, it
satisfies the Potter-type bound

U(n) n
for some C and a. Now
U(x(n)) —xr(n n l‘nk —x(n S E a.’l:nk
T < () Y wtnt + 0 ())k:%lc(n) w60

Furthermore, since 0 < ¢; < z(n)" <cy <1l (ne€N)andlny <y—1 (y > 0), we
have

n{l —z(n)} < —nlnz(n) =—Inz(n)" < —In¢ € (0,00), (57)

and z(n)* = {z(n)"}*/" < /™. Now show that

U(z(n)) (=Ine) . o= (k)" km
<l+—F7-2C — 58
Un) — * n Z n) @ (58)
k=n+1
where, by Lemma 6, and letting s = — In ¢y,
o k 6] " 00
Z (—) ki < / 2% dy + 2 (59)
fentl N (n+1)/n n

where c3 is an upper bound on x%e **. Thence deduce that there is a finite upper
bound ¢4 such that

(z(n))
U(n)

0<01§

< ¢4 < 00. (60)

Therefore, U € OR;,,.
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Now the proof that U(-) € ORse, implies U(x(+)) € ORseq is easy. Since U(:) €
ORyeq implies U(z(n)) < U(n), (already shown), we have
!

Uz([An])) _ U(An])
U(z(n)) U(n)

~
—~

<1 (AeRY),

50 U(z(-)) € ORseq.

To finish, let’s prove that U (z(:)) € ORse, implies U(+) € ORs,. Again, it suffices
to show that U(2n)/U(n) is bounded. Let m,n € N with m > n. Use (51) and (52)
and the nondecreasing nature of U to show that

o0

7)< (1—z ZU (1—2) > z(k) ™ u(x(k))*. (61)
k=m+1
Proceeding as in the proof of (58), show that
—1 =~ (k" k/n
U(n)) < U(m) + 2D 1o (w(n) > (—) ™. (62)
n k=m+1 n
Letting s = — In ¢y, show that
3 (E) A < / oo gy o Max{zte™ "} (63)
k=m+1 n m/n n

Hence, if n and m/n are sufficiently large—say n > N and m/n > A—then

U(z(n)) < U(m) + %L{(x(n)) (64)
Therefore,
U(m

) 2
On the other hand U(2m) < y~?™U(y) where y = z(m) is allowed, and then y=2™ =
((z(m)™)~2 < ¢ Given m > AN, choose n such that An < m < (A + 1)n. Then
—2m

Uem) _ i) Uleln) ) g ()

U(m) ;U(z(n))
for suitable C' and ¢/, by the Potter-type bounds for L{( ( ))/U(x( )). Here m/n <
A+1,s0U(2m)/U(m) is bounded, and therefore, U € OR;e,. O

U(z(n)) (n> N,m > An).

wl\DI»—l
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