
The Probability a Shu�ed De
k Has NoConse
utive Cards of Equal RankJohn M. Holteholte�ga
.eduGustavus Adolphus College, St. Peter, MN 56082North Central Se
tion/MAA meeting, Minot, NDO
tober 29, 1994The following problem appeared in M500, the magazine of the BritishOpen University mathemati
s student so
iety, in 1991. (See [1℄.)PROBLEM 124.1|CARD SHUFFLEANNE BATESI have not been able to �nd a solution to the following problem. I havetried it out on a number of people, in
luding an eminent professor of AppliedMathemati
s. All he 
ould say was, \It is very diÆ
ult. You need a 
omputerto work it out, and it would take the 
omputer several hours." I still hopeto �nd someone who 
an produ
e a solution, i.e., a method of �nding theanswer. The problem is:If a standard pa
k of 52 
ards is shu�ed, what is the probability of �ndingtwo 
onse
utive 
ards with the same value, su
h as two threes, two queens,et
., anywhere in the pa
k?
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Binomial inversionOur solution will use a formula of Bizley [2℄. The key to this formula is thefa
t, easily 
he
ked, that the inverse of the matrix [ai;j℄ with ai;j = �ij� is thematrix [(�1)i�j�ij�℄. From this follows Bizley's binomial inversion formula:If, for all nonnegative values of s1; s2; : : : ; sn,U(s1; s2; : : : ; sn) = s1Xi1=0 s2Xi2=0 � � � snXin=0 s1i1! s2i2! � � � snin!F (i1; i2; : : : ; in);thenF (s1; s2; : : : ; sn) =s1Xj1=0 s2Xj2=0 � � � snXjn=0(�1)P s�P j s1j1! s2j2! � � � snjn!U(j1; j2; : : : ; jn):Bizley's solutionWe adapt the reasoning of Bizley [3℄ to the 
ase at hand. To start with,we treat the number of 
ards of ea
h rank, ai, as a variable, and we regardthe ai 
ards within the ith rank as indistinguishable. Let f(a1; a2; : : : ; a13)denote the number of permutations of the a1 + a2 + � � � + a13 
ards havingno adja
ent 
ards of equal rank. Now, the ai 
ards of rank i 
an be dividedinto gi groups having at least one 
ard in ea
h group in �ai�1gi�1� ways. Then,regarding ea
h group as a unit, we 
an arrange the P gi groups so that notwo groups of equal rank are adja
ent in f(g1; g2; : : : ; g13) ways. Then wemay write the total number of ways of arranging the a1+a2+ � � �+a13 
ardswithout restri
tion in two (equal) ways:(a1 + a2 + � � �+ a13)!a1!a2! � � �a13! =a1Xg1=1 a2Xg2=1 � � � a13Xg13=1 a1 � 1g1 � 1! a2 � 1g2 � 1! � � � a13 � 1g13 � 1!f(g1; g2; : : : ; g13):
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By binomial inversion,f(a1; a2; : : : ; a13) =a1Xr1=1 a2Xr2=1 � � � a13Xr13=1(�1)Paj�P rj a1 � 1r1 � 1! a2 � 1r2 � 1! � � � a13 � 1r13 � 1!(r1 + r2 + � � � r13)!r1!r2! � � � r13! :Now, again regarding the 
ards within a rank as distinguishable, we �ndthe number of arrangements with no two adja
ent 
ards having the samerank by multiplying by a1!a2! � � �a13!, and then we obtain the 
orrespondingprobability by dividing by the number of permutations of a1 + a2 + � � �+ a13
ards: p(a1; a2; : : : ; a13) = f(a1; a2; : : : ; a13) a1!a2! � � �a13!(a1 + a2 + � � �+ a13)! :Standard de
kFor a standard de
k, a1 = a2 = : : : = a13 = 4, and so the probability that notwo adja
ent 
ards have the same rank isp(4; 4; : : : ; 4) = f(4; 4; : : : ; 4)(4!)13=52!= 4Xr1=1 4Xr2=1 � � � 4Xr13=1(�1)52�P rj 3r1 � 1! 3r2 � 1! � � � 3r13 � 1!(P rj)!Q rj! (4!)1352!Simpli�
ationThere are 413 (approximately 65 million) terms in this sum, and so it mightseem very diÆ
ult to evaluate this result numeri
ally. But there are a
tuallyfewer than one thousand di�erent terms, and so it is not diÆ
ult at all. Given(r1; r2; : : : ; r13), let ti = #fj : rj = ig (i = 1; 2; 3; 4). The value of a termturns out to depend only on (t1; t2; t3; t4).3



Noti
e that P13j=1 rj = 1 � t1 + 2 � t2 + 3 � t3 + 4 � t4. So(�1)52�P rj = (�1)�P rj= (�1)P rj= (�1)1�t1+2�t2+3�t3+4�t4= (�1)t1+t3 ; 3r1 � 1! 3r2 � 1! � � � 3r13 � 1! =  31� 1!t1 32� 1!t2 33� 1!t3 34� 1!t4= 3t2+t3 ;and (P rj)!Q rj! = (t1 + 2 � t2 + 3 � t3 + 4 � t4)!1!t12!t23!t34!t4 :We'll de
ompose the sum a

ording to the (t1; t2; t3; t4) values. Sin
et1 + t2 + t3 + t4 = 13, we may sum over, say, (t2; t3; t4). Then(�1)t1+t3 = (�1)13�t2�t3�t4+t3= (�1)13�t2�t4= (�1)13(�1)�t2�t4= (�1)1+t2+t4 :Also, t1 + 2 � t2 + 3 � t3 + 4 � t4 = 13 � t2 � t3 � t4 + 2 � t2 + 3 � t3 + 4 � t4 =13 + t2 + 2t3 + 3t4, ea
h ti 2 f0; 1; : : : ; 13g, and t2 + t3 + t4 � 13. Finally,there are 13!=t1!t2!t3!t4! 13-tuples (r1; : : : ; r13) 
orresponding to a parti
ular4-tuple value (t1; t2; t3; t4), and sop(4; 4; : : : ; 4) =13Xt2=0 13�t2Xt3=0 13�t2�t3Xt4=0 13!(�1)1+t2+t43t2+t3(13� t2 � t3 � t4)!t2!t3!t4! (13 + t2 + 2t3 + 3t4)!2!t23!t34!t4 (4!)1352! :4



Solution of problem 124.1By means of a Mathemati
a program running on a NeXT workstation, thevalue spe
i�ed by the above formula was found to be about 0.0454763 in �vese
onds of 
omputing time. Thus the probability of �nding two 
onse
utive
ards with the same value somewhere in the pa
k is about 95.5%.A
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