
WHEN IS f(1) + � � �+ f(n) ASYMPTOTICALLY OF THE SAMEORDER AS nf(n)?JOHN M. HOLTENCS-MAA MEETING AT CARLETON COLLEGE, 17 APRIL 19991. Introdu
tionTwo sequen
es of positive numbers (f(n))1n=1 and (g(n))1n=1 are asymptoti
ally ofthe same order|written f(n) � g(n) or f(n) = �(g(n))|iff(n) = O(g(n)) and g(n) = O(f(n)) as n!1;i.e., there exist 
onstants 
1 and 
2 and an index n0 su
h that0 < 
1 � f(n)=g(n) � 
2 <1 for n � n0:It is easy to show that for positive sequen
es this is equivalent to the existen
e of
onstants C1 and C2 su
h that0 < C1 � f(n)=g(n) � C2 <1 for every n 2 N :One frequently en
ounters sequen
es (f(n)) of positive numbers for whi
h thesequen
e of partial sums f(1) + � � � + f(n) is asymptoti
ally of the same order as(nf(n)), or, in other words, for whi
h the sequen
e of arithmeti
 means (ff(1)+ � � �+f(n)g=n) is asymptoti
ally of the same order as the original sequen
e.For example, in 
onsidering algorithms for sorting arbitrary lists of n items, in-formation theory tells us that this task has 
omplexity log2 n!, and then it followsthat log2 n! = nXk=1 log2 k = Z n1 log2 x dx+O(lnn) = n log2 n� n= ln 2 +O(lnn);so that nXk=1 log2 k � n log2 n:Polynomial sequen
es all exhibit this behavior. For example,nXk=1 k3 = n44 + lower order terms;so that nXk=1 k3 � 14 � n � n3;1



2 JOHN M. HOLTEmeaning that the ratio of the two sides has limit 1 as n!1, when
enXk=1 k3 � n � n3:Divergent p-series also exhibit this behavior for p < 1 (but not for p = 1):nXk=1 k�p � Z n1 x�p dx � n�p+1�p + 1 � n � n�p:Flu
tuating sequen
es (f(n)) may also exhibit this behavior. For example, iff(n) = 2 + sinn, then 1 � f(n) � 3, so thatn � nXk=1 f(k) � 3n;when
e 13 � Pnk=1 f(k)nf(n) � 3;and so f(1) + � � � + f(n) � nf(n). More generally, if f(n) = n�p(2 + sinn) wherep < 1, then we still have f(1) + � � �+ f(n) � nf(n).On the other hand, 
onvergent series of positive numbers never exhibit this be-havior. For if f(1) + � � � + f(n) � Cnf(n) for some C > 0, then f(n) � f(1)=Cn,when
e P f(n) must diverge.Also, sequen
es that in
rease geometri
ally do not exhibit this behavior: If r > 1,then nXk=1 rk = rn+1 � 1r � 1 ;so Pnk=1 rknrn = r � r�nn(r � 1) ;and as n!1, this approa
hes 0, so it is not bounded away from 0.2. In
reasing Sequen
esTheorem 1. Assume that f is a positive, nonde
reasing sequen
e. Then f(1)+ � � �+f(n) � nf(n) if and only if the sequen
e (f(2n)=f(n)) is bounded.Proof. For a positive, nonde
reasing f we always havef(1) + � � �+ f(n)nf(n) � 1; (1)so we need only show that there exists a 
onstant C > 0 su
h thatf(1) + � � �+ f(n)nf(n) � C (2)



WHEN IS f(1) + � � � + f(n) OF THE SAME ORDER AS nf(n)? 3for all n � 1 if and only if there exists a 
onstant B su
h that f(2n)=f(n) � B for alln � 1. First assume f(2n)=f(n) � B for n � 1. Write n = 2m or n = 2m+ 1; thenf(1) + � � �+ f(n)nf(n) � m or m+1 termsz }| {f(m+ 1) + � � �+ f(n)(2m or 2m+ 1)f(n)� (m or m+ 1)f(m+ 1)[2m or 2(m + 1)℄f(2(m+ 1))� 12 � 1B =: C > 0:For the 
onverse, assume (2). Choose integers p and q su
h that p > q � 1 and1� q=p < C2. Then, using (2) and (1) and monotoni
ity of f , we getC1 � f(1)+���+f(pn)pnf(pn)f(1)+���+f(qn)qnf(qn) = qf(qn)pf(pn) �1 + f(qn+ 1) + � � �+ f(pn)f(1) + � � �+ f(qn) �� qf(qn)pf(pn) �1 + (pn� qn)f(pn)Cqnf(qn) � = qf(qn)pf(pn) + p� qpC ;where (p� q)=pC < C. Therefore,qf(qn)pf(pn) � C � p� qpC =: D > 0;so f(pn)f(qn) � qpD =: E <1 and f(pn) � Ef(qn):If f(pk�1n) � Ek�1f(qn) for all n, thenf(pkn) = f(p � pk�1n) � Ef(q � pk�1n) = Ef(pk�1qn) � E �Ek�1f(qn) = Ekf(qn)for all n. By indu
tion, f(pkn) � Ekf(qn) for all k and n. Choose integer k � logp 4q.If n � q, then n = mq + r with m � 1 and 0 � r < q, andf(2n)f(n) = f(2(mq + r))f(mq + r) � f(2(m+ 1)q)f(mq) � f(4mq)f(mq) � f(pkm)f(qm) � Ek:Thus, f(2n)=f(n) is bounded by B de�ned as the maximum of Ek and the values off(2n)=f(n) for n = 1; : : : ; q � 1. �3. Positive Sequen
es in GeneralTheorem 2. Let f : N ! R+ . The following are equivalent:1. f(1) + � � �+ f(n) � nf(n);2. there exist sequen
es (g(n)) and (h(n)) bounded away from 0 and1 (or, g(n) � 1and h(n) � 1) su
h thatf(n) = g(n)n exp nXk=1 h(k)k ;



4 JOHN M. HOLTE3. there exists � > �1 su
h that n��f(n) is \almost de
reasing," (i.e., there existM > 0 and n0 2 N su
h that n��f(n) � Mk��f(k) whenever n0 � k � n), andthere exists � > �1 su
h that n��f(n) is \almost in
reasing," (i.e., there existm > 0 and n00 2 N su
h that mk��f(k) � n��f(n) whenever n00 � k � n).The proof is given via the following �ve lemmas showing thatStatement 1) Statement 2) Statement 3) Statement 1:Let f : N ! R+ , and de�ne b : N [ f0g ! R+ as follows:b(n) = (1 if n = 0;(n+ 1)f(n+ 1)=ff(1) + � � �+ f(n)g if n 2 N . (3)Lemma 1. For n 2 N, nXk=1 f(k) = f(1) exp n�1Xk=1 ln�1 + b(k)k + 1�and f(n) = f(1)b(n� 1)n exp n�2Xk=1 ln�1 + b(k)k + 1� : (4)Proof. 1 + b(k)k + 1 = 1 + f(k + 1)f(1) + � � �+ f(k) = f(1) + � � �+ f(k + 1)f(1) + � � �+ f(k) :ln�1 + b(k)k + 1� = lnff(1) + � � �+ f(k + 1)g � lnff(1) + � � �+ f(k)g:nXk=1 ln�1 + b(k)k + 1� = teles
oping sum = lnff(1) + � � �+ f(n+ 1)g � ln f(1):exp nXk=1 ln�1 + b(k)k + 1� = f(1) + � � �+ f(n+ 1)f(1) for n � 0:The �rst 
on
lusion now follows. By the de�nition of b(�) and the �rst 
on
lusion, wehave, for n � 1,f(n+ 1) = b(n)n+ 1ff(1) + � � �+ f(n)g = b(n)n+ 1f(1) exp n�1Xk=1 ln�1 + b(k)k + 1� ;and the �rst and last terms are also equal when n = 0. �Lemma 2. If Pnk=1 f(k) � nf(n), then b(n) � 1.



WHEN IS f(1) + � � � + f(n) OF THE SAME ORDER AS nf(n)? 5Proof. Assume 0 < C1 � f(1) + � � �f(n)nf(n) � C2 <1for n 2 N . ThenC1 � Pn+1k=1 f(k)(n + 1)f(n+ 1) = Pnk=1 f(k)(n + 1)f(n+ 1) + 1n + 1 � C2;so C1 � 1n+ 1 � 1b(n) � C2 � 1n+ 1 < C2:For suÆ
iently large n|n � n0, say| C1� 1=(n+1) � C1� 1=(n0 +1) > 0, so thatfor n � n0, 1 > 1C1 � 1=(n0 + 1) � b(n) > 1C2 > 0:Thus b(n) � 1. �Lemma 3. If b(n) � 1, then there exist sequen
es (g(n)) and (h(n)) su
h that g(n) �1, h(n) � 1, and f(n) = g(n)n exp nXk=1 h(k)k for n 2 N : (5)Proof. For n � 3 let h(n) = n ln�1 + b(n� 2)n� 1 �and let h(1) and h(2) be arbitrary positive numbers. For n 2 N letg(n) = f(1)b(n� 1) expf�h(1)� h(2)=2g:Then a simple 
al
ulation shows that Equation (4) implies Equation (5). Now supposethat 0 < bl � b(n) � bu < 1 for n � 0. Basi
 
al
ulus shows that ln(1 + x) isin
reasing and x� x2=2 � ln(1 + x) � x for x � 0. Therefore, for n � 3,h(n) = n ln�1 + b(n� 2)n� 1 � � n ln�1 + bun� 1� � n bun� 1 < 2bu;and h(n) � n ln�1 + bln� 1� � n bln� 1 �1� 12 bln� 1� > bl �1� bl2� > 0;sin
e 0 < bl � b(0) = 1, so that for n � 1 we have0 < minfh(1); h(2); bl(1� bl=2)g � h(n) � maxfh(1); h(2); 2bug <1:Also for n � 1 we have0 < f(1)ble�h(1)�h(2)=2 � g(n) � f(1)bue�h(1)�h(2)=2 <1: �



6 JOHN M. HOLTELemma 4. If f(n) is given by (5) where g(n) � 1 and h(n) � 1, then there exist
onstants � and �, both greater than �1, su
h that n��f(n) is almost de
reasing andn��f(n) is almost in
reasing. If 0 < hl � h(n) � hu < 1 for all n, then we maytake � = hu � 1 and � = hl � 1.Proof. We shall show that there exist 
onstants � and � and positive 
onstantsm and M su
h that n��f(n) �Mk��f(k)and mk��f(k) � n��f(n)for 1 � k � n < 1. Assume that 0 < gl � g(n) � gu < 1 and 0 < hl � h(n) �hu <1 for n � 1. Assume 1 � k � n. By hypothesis,f(n)f(k) = g(n)=ng(k)=k � expPnj=1 h(j)=jexpPkj=1 h(j)=j = kg(n)ng(k) exp nXj=k+1 h(j)j ;where 0 < glgu � g(n)g(k) � gugl <1and hl Z n+1k+1 1x dx � hl nXj=k+1 1j � nXj=k+1 h(j)j � hu nXj=k+1 1j � hu Z nk 1x dx:Then hl ln n + 1k + 1 � nXj=k+1 h(j)j � hu ln nk ;when
e � n2k�hl < �n+ 1k + 1�hl � exp nXj=k+1 h(j)j � �nk�hu :Take m = 2�hlgl=gu and M = gu=gl; thenm�nk�hl�1 � f(n)f(k) �M �nk�hu�1 :Let � = hu � 1 and � = hl � 1; thenmk��f(k) � n��f(n) and n��f(n) � Mk��f(k): �Lemma 5. If there exist 
onstants � and � greater than �1 su
h that n��f(n) isalmost de
reasing and n��f(n) is almost in
reasing, then f(1) + � � �+ f(n) � nf(n).Proof. The hypothesis implies that there exist positive 
onstants m and M andindi
es n00 and n000 su
h that n��f(n) � Mk��f(k) for n00 � k � n and mk��f(k) �n��f(n) for n000 � k � n. Then for n � k � n0 := maxfn00; n000g,k�Mn� � f(k)f(n) � k�mn�



WHEN IS f(1) + � � � + f(n) OF THE SAME ORDER AS nf(n)? 7and nf(n) � n1+�mk��f(k) � n1+�m2n��0 f(n0) = 
n1+� (say), where 1 + � > 0.Then Pnk=n0 k�Mn1+� � Pnk=n0 f(k)nf(n) � Pnk=n0 k�mn1+�and0 < f(1) + � � �+ f(n0 � 1)nf(n) � f(1) + � � �+ f(n0 � 1)
n1+� � f(1) + � � �+ f(n0 � 1)
 :Now nXk=n0 k� � Z nn0 x� dx � n1+�1 + � � (n0)1+�1 + � � n1+�1 + �;and similarly forPnk=n0 k�, sin
e both � and � are greater than �1. Therefore, thereare 
onstants C1 and C2 su
h that0 < C1 � f(1) + � � �+ f(n0 � 1) + f(n0) + � � �+ f(n)nf(n) � C2 <1for all suÆ
iently large n. �Theorem 3. Let f : N ! R+ . Then f(1) + � � �+ f(n) � nf(n) if and only if thereexist 
onstants � > �1, � > �1, m > 0, M > 0, and n0 2 N su
h thatm�� � f(b�n
)f(n) �M��for every real � � 1 and integer n � n0.Proof. Use parts 1 and 3 of Theorem 2 ....((More to 
ome ...)) 4. O-Regular VariationNow 
onsider fun
tions of a real variable. A fun
tion f : [X;1)! R+ for somereal X is 
alled a regularly varying fun
tion if it is measurable andlimx!1 f(�x)f(x) = ��for some 
onstant � and all � > 0; it is 
alled an extended regularly varying fun
tionif it is measurable and there exist 
onstants 
 and d su
h that�d � lim infx!1 f(�x)f(x) � lim supx!1 f(�x)f(x) � �
for every � � 1, and it is said to be a O-regularly varying fun
tion if it is measurableand satis�es 0 < lim infx!1 f(�x)f(x) � lim supx!1 f(�x)f(x) <1



8 JOHN M. HOLTEfor every � � 1. Two su
h fun
tions f and g are asymptoti
ally of the same order|written f � g|if f(x) = O(g(x)) and g(x) = O(f(x) as x!1, i.e.,lim supx!1 f(x)g(x) <1 and lim supx!1 g(x)f(x) <1:These are de�nitions used in the theory of regular variation. This theory was inessen
e initiated by Jovan Karamata starting in 1930, and is now a well-developed partof real analysis; see [1℄ and [2℄. The results given here provide a dis
rete 
ounterpointto results usually worked out for fun
tions of a real variable.As an illustration of the 
onne
tion, we may use Theorem 3 to show that thefun
tion g(x) := f(bx
) is a O-regularly varying fun
tion. For another example,note the parallel between the representation formula in part 2 of Theorem 2 and therepresentation formula for O-regularly varying fun
tions f :f(x) = exp��(x) + Z x1 �(t)t dt� ;where � and � are bounded and measurable fun
tions.((More to 
ome ...)) A
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