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1. INTRODUCTION

Two sequences of positive numbers (f (n))n L and (g(n))s2, are asymptotically of
the same order written f(n) < g(n) or f(n) =0O(g(n)) if

Fm) = O(gln) and () = O(f(m) a5 = oo,
i.e., there exist constants ¢; and ¢, and an index ng such that
0<c < f(n)/gn) <ecy<oo for n>ng.

It is easy to show that for positive sequences this is equivalent to the existence of
constants C; and Cy such that

0<Ci < f(n)/g(n) <Cy<oo for everyn € N.

One frequently encounters sequences (f(n)) of positive numbers for which the
sequence of partial sums f(1) 4+ --- 4+ f(n) is asymptotically of the same order as
(nf(n)), or, in other words, for which the sequence of arithmetic means ({f(1)+- -+
f(n)}/n) is asymptotically of the same order as the original sequence.

For example, in considering algorithms for sorting arbitrary lists of n items, in-
formation theory tells us that this task has complexity log, n!, and then it follows
that

loan!:Zlong:/ logy zdx + O(Inn) =nlogyn —n/In2+ O(Inn),
— 1

so that
z:log2 k =< nlogyn

k=1
Polynomial sequences all exhibit this behavior. For example,

Z k3 = + lower order terms,

so that
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meaning that the ratio of the two sides has limit 1 as n — oo, whence

mn
E k3 =< n-nd.
k=1

Divergent p-series also exhibit this behavior for p < 1 (but not for p = 1):

n —p+1
n =
1

Zk’”w/m”dazw =n-n
Pt —p+1

Fluctuating sequences (f(n)) may also exhibit this behavior. For example, if
f(n) =2+sinn, then 1 < f(n) < 3, so that

whence

and so f(1) + - -+ f(n) < nf(n). More generally, if f(n) = n ?(2 + sinn) where
p < 1, then we still have f(1)+ -+ f(n) < nf(n).

On the other hand, convergent series of positive numbers never exhibit this be-
havior. For if f(1) 4+ ---+ f(n) < Cnf(n) for some C' > 0, then f(n) > f(1)/Cn,
whence > f(n) must diverge.

Also, sequences that increase geometrically do not exhibit this behavior: If » > 1,

then
Tn+1 o 1

n

g rkzi,
r—1

k=1

Shrt o

nrm n(r—1)°

SO

and as n — oc, this approaches 0, so it is not bounded away from 0.

2. INCREASING SEQUENCES

Theorem 1. Assume that f is a positive, nondecreasing sequence. Then f(1)+---+

f(n) < nf(n) if and only if the sequence (f(2n)/f(n)) is bounded.

Proof. For a positive, nondecreasing f we always have
F) + -+ f(n)
nf(n)

so we need only show that there exists a constant C' > 0 such that

F) -+ S ()
ni )

<1 (1)

>C (2)
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for all n > 1 if and only if there exists a constant B such that f(2n)/f(n) < B for all
n > 1. First assume f(2n)/f(n) < B for n > 1. Write n = 2m or n = 2m + 1; then

m or m+1 terms
.
75 N

fO+--+f)  fmn+ ) +---+ f(n)
nf(n) ~— (2mor 2m—+1)f(n)
(morm-+1)f(m+1)
~ [2mor 2(m +1)]f(2(m + 1))
1 1
> 3B = C>0.
For the converse, assume (2). Choose integers p and ¢ such that p > ¢ > 1 and
1 —g/p < C?. Then, using (2) and (1) and monotonicity of f, we get

[etim 4 f(qn) {1+f(qn+1)+"'+f(pn)}

(
c < __pfln)
Lo e pflen) fF)+ -+ flgn)

qf(qn) { (pn —qn)f (pn)} _aflqn)  p—q
Spfem 'Y Canflan) S " pfm) T pC
where (p — ¢q)/pC < C. Therefore,
qf(qn) p—q
pfom) =€ 0 T P70

SO

flon) _ q
flgn) = pD
If f(p* n) < E¥1f(gn) for all n, then
f(fn) = f(p-p""'n) < Ef(q-p""'n) = Ef(p"'qn) < E- B*' f(qn) = E* f(qn)
for all n. By induction, f(p*n) < E*f(gqn) for all k and n. Choose integer k > log, 4q.
If n > ¢q, then n =mqg+r withm >1and 0 <r < ¢, and

f@n) _ f@mg+r)) _ fRm+1)q) _ f(4mg) _ f'm) _
) Smatr) S foma) C fOm) S fam) S
Thus, f(2n)/f(n) is bounded by B defined as the maximum of E* and the values of

f@2n)/f(n) forn=1,...,¢q—1. O

= E<oo and f(pn) < Ef(qn).

<

3. POSITIVE SEQUENCES IN (GENERAL

Theorem 2. Let f: N — R*. The following are equivalent:
L F()+ o+ f(n) = nf(n);

2. there exist sequences (g(n)) and (h(n)) bounded away from 0 and oo (or, g(n) < 1
and h(n) =< 1) such that

f(n) = @expz @;
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3. there exists a > —1 such that n=“f(n) is “almost decreasing,” (i.e., there exist
M > 0 and ng € N such that n=*f(n) < Mk~ f(k) whenever ng < k <n), and
there exists 3 > —1 such that n=" f(n) is “almost increasing,” (i.e., there exist
m > 0 and nj € N such that mk=P f(k) < n = f(n) whenever ny <k <n).

The proof is given via the following five lemmas showing that
Statement 1 = Statement 2 = Statement 3 = Statement 1.
Let f: N — R*, and define b: NU {0} — R* as follows:

1ifn=0;
= {<n+ Dfn+DAf1) +-+ fm)} ifneN. ¥

Lemma 1. Forn € N,

3

and

Proof.
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In {1 + lf(——fl} = telescoping sum = In{f(1) +---+ f(n+ 1)} —In f(1).
-1

- b(k) S+ + f(n+1)
exp;ln{l—l-k_'_l}: ) for n > 0.

The first conclusion now follows. By the definition of b(-) and the first conclusion, we
have, for n > 1,

f(n-l—l)zs(f)l{f(l)—l----—l-f(n)}:Ti)(_i_l epoln{1+k—4_)1}

and the first and last terms are also equal when n =0. [

Lemma 2. If >}, f(k) <nf(n), then b(n) < 1.
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Proof.  Assume

0<Clgf(1)+'-'f(n) <Oy < 5o
nf(n)

for n € N. Then

S fk) Y f(k) 1

LS ROt ]) - Ot Tnr1 S

SO

Cy — ! SLSCQ* < Cs.

n+1 " b(n) n+1

For sufficiently large n n > ng,say C;—1/(n+1)>C; —1/(ng+1) > 0, so that
for n > ny,

1 1
> b(n) > —= > 0.

>
> Cl—l/(n0+1)_ 02

Thus b(n) < 1. O

Lemma 3. Ifb(n) < 1, then there exist sequences (g(n)) and (h(n)) such that g(n) =<
1, h(n) <1, and

f(n) = @ exp Z hik) forn e N. (5)

Proof. For n > 3 let

fmn:nm{1+mn—%}

n—1
and let h(1) and h(2) be arbitrary positive numbers. For n € N let
g(n) = F(1)b(n — 1) exp{—h(1) — h(2)/2}.

Then a simple calculation shows that Equation (4) implies Equation (5). Now suppose
that 0 < b < b(n) < b, < oo for n > 0. Basic calculus shows that In(1 + z) is
increasing and x — 2?/2 < In(1 + z) < x for # > 0. Therefore, for n > 3,

-2
h(n):nln{l—i-w}gnln{l—l- by }Sn bu1<2bu,

n — n—1 n—

by by 1 b by
>nln<g1 > l1——— 1-—
h(n)_nn{ +n—1}_nn—1< 2n—1>>bl< 2>>0,

since 0 < b; < b(0) = 1, so that for n > 1 we have
0 < min{h(1),h(2),b,(1 —b;/2)} < h(n) < max{h(1), h(2),2b,} < occ.

and

Also for n > 1 we have

0< fF()be "DD2 < g(n) < F(1)bye MDA <o, [
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Lemma 4. If f(n) is given by (5) where g(n) < 1 and h(n) < 1, then there exist
constants o and (3, both greater than —1, such that n=*f(n) is almost decreasing and
n=Pf(n) is almost increasing. If 0 < hy < h(n) < hy, < oo for all n, then we may
take o = h, — 1 and f = h; — 1.

Proof. We shall show that there exist constants a and [ and positive constants
m and M such that
n=e f(n) < M~ (k)
and
mk P f(k) <n " f(n)
for 1 <k <n < oco. Assume that 0 < g, < ¢g(n) < g, < oo and 0 < by < h(n) <
h, < oo for n > 1. Assume 1 < k < n. By hypothesis,

f(n) g(n)/n expd h()/i  kg(n) . z”: h(j)

T~ 9Bk et n() nek) L AT

where
O<&<M§—u<oo
g — 9(k) ~ g
and
n+1 n n n n
1 h 1 1
YRS SRR SIS ST 0 AT
k1 T i) S j=kt1 ! kT
Then
1 "L h(j
T o e
k+1 J k
j=k+1
whence ,
n o\ M n+1\" "L h(j) n
(2k> <k+1> Sexp ) 5 =\
J=k+1

Take m = 2 "¢, /g, and M = g,/g;; then
hi—1 hu—1
m(2)" SMSM@) |
k f(k) k
Let « = h, — 1 and = h; — 1; then

mk Pf(k)<n Pf(n) and n °f(n) < Mk *f(k). O

Lemma 5. If there exist constants a and B greater than —1 such that n=*f(n) is
almost decreasing and n~° f(n) is almost increasing, then f(1)+---+ f(n) < nf(n).

Proof. The hypothesis implies that there exist positive constants m and M and
indices njy and nj such that n=®f(n) < Mk *f(k) for nj < k <n and mk=? f(k) <
n P f(n) for nj < k <n. Then for n > k > ngy := max{n{, ng},

& B
k < f(k) k

<
Mn> = f(n) = mnb
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and nf(n) > n'"PPmk P f(k) > n'*Pm?n,” f(ng) = en't? (say), where 14 8 > 0.

Then
Sk Sl ) Sioh
Mn'te =  nf(n) — mn'ts

and

)+ +fng—1) _ f()+---+ f(ng— 1) <f(1)+"'+f(”0*1)

0<
nf(n) cn!th - c

Now
1+ (77 )1+a ,n1+a

Zk‘"‘w/x"‘dmw — 0 ~ ,
1+« 1+« 1+a

k=no 7o

and similarly for Zzzno k?, since both o and 3 are greater than —1. Therefore, there
are constants C; and Cy such that

S+ + fng — 1)+ f(ng) +---+ f(n)
nf(n)

0<(C; < <Oy <o

for all sufficiently large n. [

Theorem 3. Let f : N — RY. Then f(1)+ - -+ f(n) < nf(n) if and only if there
exist constants « > —1, B> —1, m >0, M > 0, and ng € N such that

f([An])
]L‘

n

m)\? < < MA@

for every real A > 1 and integer n > ny.

Proof. Use parts 1 and 3 of Theorem 2 ....
((More to come ...))

4. O-REGULAR VARIATION

Now consider functions of a real variable. A function f : [X, 00) — R* for some
real X is called a regularly varying function if it is measurable and

M@

for some constant p and all A > 0; it is called an ezxtended reqularly varying function
if it is measurable and there exist constants ¢ and d such that

AT AT
M < liminff( 7) < lim sup fA7) < )¢
BT SRR

for every A > 1, and it is said to be a O-reqularly varying function if it is measurable

and satisfies
0 < liminf f(A) < lim sup f(Az)
BT S P Tm)

< 00
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for every A > 1. Two such functions f and g are asymptotically of the same order
written f =< ¢ if f(z) = O(g(x)) and g(z) = O(f(z) as x — oc, i.e.,

li;n_}scgp ﬁg; < oo and li;n_}scgp jgtg;

These are definitions used in the theory of regular variation. This theory was in
essence initiated by Jovan Karamata starting in 1930, and is now a well-developed part
of real analysis; see [1] and [2]. The results given here provide a discrete counterpoint
to results usually worked out for functions of a real variable.

As an illustration of the connection, we may use Theorem 3 to show that the
function g(x) := f(|z]) is a O-regularly varying function. For another example,
note the parallel between the representation formula in part 2 of Theorem 2 and the
representation formula for O-regularly varying functions f:

@) =exo {uta) + [ arf.

where 1 and & are bounded and measurable functions.
((More to come ...))

< oQ.
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