
ASYMPTOTIC PRIME-POWER DIVISIBILITYOF BINOMIAL, GENERALIZED BINOMIAL,AND MULTINOMIAL COEFFICIENTSJOHN M. HOLTEAbstra
t. This paper presents asymptoti
 formulas for the abundan
e of bino-mial, generalized binomial, multinomial, and generalized multinomial 
oeÆ
ientshaving any given degree of prime-power divisibility. In the 
ase of binomial 
oef-�
ients, for a �xed prime p, we 
onsider the number of (x; y) with 0 � x; y < pnfor whi
h �x+yx � is divisible by pzn (but not pzn+1) when zn is an integer and� < z < �, say. By means of a 
lassi
al theorem of Kummer and the probabilisti
theory of large deviations, we show that this number is approximately pnD((�;�))where D((�; �)) := supfD(z) : � < z < �g and D is given by an expli
it formula.We also develop a \p-adi
 multifra
tal" theory and show how D may be inter-preted as a multifra
tal spe
trum of divisibility dimensions. We then prove thatessentially the same results hold for a large 
lass of the generalized binomial 
oef-�
ients of Knuth and Wilf, in
luding the q-binomial 
oeÆ
ients of Gauss and theFibonomial 
oeÆ
ients of Lu
as, and �nally we extend our results to multinomial
oeÆ
ients and generalized multinomial 
oeÆ
ients.Introdu
tionThe purpose of this paper is to present asymptoti
 formulas regarding the prime-power divisibility of binomial 
oeÆ
ients and their generalizations that follow from a
lassi
al theorem of Kummer and its generalizations. Spe
i�
ally, for a �xed primep and large n, we 
onsider initially how many binomial 
oeÆ
ients �x+yx � with 0 �x; y < pn are divisible by pzn (but not pzn+1) when zn is an integer and � < z < �,say. We will �nd that this number is approximately pnD((�;�)) where D((�; �)) :=supfD(z) : � < z < �g and D is a fun
tion we will determine expli
itly.First we will derive the exa
t answer by 
ombinatorial means for ordinary bi-nomial 
oeÆ
ients, and then, starting afresh, we will �nd the asymptoti
 result bymeans of the probabilisti
 theory of large deviations. In yet a third approa
h, we willshow that the fun
tion D represents the \p-adi
 multifra
tal spe
trum" of divisibilitydimensions. Then we will show that essentially the same results hold for a large 
lassof generalized binomial 
oeÆ
ients, as de�ned by Knuth and Wilf [32℄, by means oftheir generalization of Kummer's theorem; spe
ial 
ases in
lude the q-binomial 
oef-�
ients of Gauss and the Fibonomial 
oeÆ
ients of Lu
as. Passing from binomials to1991 Mathemati
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2 JOHN M. HOLTEmultinomials, we will apply Di
kson's generalization of Kummer's theorem to obtainan asymptoti
 prime-power divisibility result for multinomial 
oeÆ
ients. Finally, wewill subsume all these results under the rubri
 of generalized multinomial 
oeÆ
ients.Notation. Throughout this paper, p will denote a �xed prime. For any positiveinteger m, let ordpm denote the number of times p o

urs as a fa
tor of m. For real zand nonnegative integer n (and nonnegative integers x and y), let Nn(z) denote thenumber of (x; y) with 0 � x; y < pn for whi
h ordp�x+yx � = zn. We will soon see thatNn(z) = 0 unless z 2 �0; 1n ; 2n ; : : : ; 1	. If � is a set of real numbers, letNn(�) =Xz2� Nn(z) = #�(x; y) ���� 0 � x; y < pn and 1nordp�x + yx � 2 �� :Similarly, to deal with multinomial 
oeÆ
ients, letNn(�) = �(x1; : : : ; xm) ���� 0 � x1; : : : ; xm < pn and 1nordp�x1 + � � �+ xmx1; : : : ; xm � 2 �� :Summary of Results. In Theorem 1 we will present an exa
t formula for Nn(�). InTheorems 2 and 5 we will show that for every nondegenerate interval � � [0; m� 1℄,limn!1 1n logpNn(�) = supz2� D(z);where D is a 
on
ave \dimension" fun
tion that is �nite and 
ontinuous on [0; m� 1℄and symmetri
 about (m � 1)=2. See Figure 1. Moreover, Theorem 2 will givean elementary formula for D in the binomial 
ase. In Theorem 4 and the \MainTheorem" we will show that the 
on
lusion of Theorem 2 also holds for a wide 
lassof generalized binomial and multinomial 
oeÆ
ients. Meanwhile, a new, \p-adi
"multifra
tal formalism will be developed (see Se
tion 2, esp. Proposition 2), andTheorems 3 and 6 will establish that the fun
tion D gives the multifra
tal spe
trumof divisibility dimensions.
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Figure 1. The fun
tion D(z) for m = 2 and p = 2



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 31. Binomial Coeffi
ients1.1. Kummer's Theorem. The basis for evaluating ordp�x+yx � is the following 1852theorem of Kummer ([34℄, p. 116).Theorem A If p is a prime, then ordp�x+yx � is equal to the number of 
arries (or,the total of the 
arries) that o

ur when x and y are added in base-p arithmeti
.For example, 
onsider the highest power of 3 that divides �8841� = �41+4741 �. In base3 we have: Carries 1 1 0 1 041 Addend 1 1 1 2+47 Augend + 1 2 0 288 Sum 1 0 0 2 1There are 3 
arries, so ord3�41+4741 � = 3. (In fa
t, �8841� = 33 � 25 � 5 � 72 � 11 � 17 � 29 � 43 �53 � 59 � 61 � 67 � 71 � 73 � 79 � 83.)More generally, if 0 � x; y < pn, let fXkg and fYkg denote their base-p digits:x = Xn�1pn�1 + � � �+X1p+X0and y = Yn�1pn�1 + � � �+ Y1p+ Y0with 0 � Xk; Yk < p. Let fCkg denote the 
arries in their base-p addition:Carries Cn Cn�1 � � � C1 C0 = 0Addend Xn�1 � � � X1 X0Augend + Yn�1 � � � Y1 Y0Sum Sn Sn�1 � � � S1 S0:Let Zn = (C1+ � � �+Cn)=n, the average 
arry. Then Kummer's theorem tells us thatordp�x+yx � = C1 + � � �+Cn = nZn. Noti
e that we always have Zn 2 �0; 1n ; 2n ; : : : ; 1	.1.2. A Probabilisti
 Perspe
tive. Assume that the digits fXkg; fYkg are inde-pendent random variables uniformly distributed on f0; 1; : : : ; p � 1g. Then x =Pn�1k=0 Xkpk and y =Pn�1k=0 Ykpk are (uniform) random numbers in f0; 1; : : : ; pn � 1g,and Nn(z) 
an be expressed in terms of probabilities: If z = h=n, thenNn(z) = #�(x; y) ���� 0 � x; y < pn; ordp�x+ yx � = h�= Pr(nZn = h) � (pn)2 = Pr(Zn = z) � p2n:and, if � � R, Nn(�) = p2nPr(Zn 2 �): (1)



4 JOHN M. HOLTEKey observation: Be
ause Ck+1 depends only on Ck; Xk, and Yk, the 
arries forma �nite Markov 
hain:Pr(Ck+1 = 
k+1 j Ck = 
k; : : : ; C1 = 
1; C0 = 0) = Pr(Ck+1 = 
k+1 j Ck = 
k):The state spa
e of this Markov 
hain is f0; 1g, the set of possible 
arries, and thetransition matrix is � = [�ij℄ where�ij = Pr(
arry-out = j j 
arry-in = i):(For ba
kground on Markov 
hains, see, e.g., [4℄.)Consider the addition in the kth pla
e:Ck+1 CkXk+ YkThere will be a 
arry out (Ck+1 = 1) if and only if Ck +Xk + Yk � p. By 
ounting
ases, we get ��00 �01�10 �11� = p�2 �p(p+ 1)=2 p(p� 1)=2p(p� 1)=2 p(p+ 1)=2� ;or, � = 12p �p+ 1 p� 1p� 1 p+ 1� : (2)Noti
e that this is an ergodi
 Markov 
hain with stationary ve
tor v0 = (12 ; 12): v0� =v0. Therefore, with probability 1,Zn �! 12 as n �!1: (3)Thus, for large n, Nn(12)=p2n � 1: predominantly, the highest power of p that dividesthe binomial 
oeÆ
ients in a pn � pn blo
k of Pas
al's triangle is half the maximumpossible.1.3. A Combinatorial Formula. For 
ompleteness, we will derive a formula forNn(h=n). Although we 
ould follow up on this with an asymptoti
 analysis via Stir-ling's formula, we will instead develop the asymptoti
s via large deviation theory inthe following se
tions. It should be noted that Carlitz ([2℄, p. 302) has also givena formula for the number of (x; y) with 0 � x; y < pn for whi
h ordp�x+yx � = h, butassuming in addition that x+ y < pn, and that Knuth ([31℄, Se
tion 4.3.1) has givena generating fun
tion for Nn(h=n).Theorem 1 Let p be a prime. Let h and n be nonnegative integers. The num-ber of entries in the �rst pn� pn blo
k of Pas
al's triangle divisible by ph but not ph+1is



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 5
Nn(h=n) = hXk=0 n�hXi=0 �i+ kk ��h� 1h� k��n� hi ��p� 12 �i+k pn:Proof. By Kummer's theorem, Nn(h=n) is the number of pairs of n-digit base-pnumbers whose base-p addition yields exa
tly h 
arries. Noti
e that ea
h 
olumn insu
h an addition may be 
lassi�ed as follows:I (
arry is impossible) Xj + Yj < p� 1 # 
ases = p(p� 1)=2M (
arry may or may not o

ur) Xj + Yj = p� 1 # 
ases = pK (
arry is 
ertain) Xj + Yj > p� 1 # 
ases = p(p� 1)=2For example, the addition of two numbers having n = 27 digits ea
h might leadto the following sequen
e having h = 10 
arries:no 
arriesz }| {MMMMMII KK|{z}2 0z}|{III MMMMM| {z }5 ripple 
arriesKKK| {z }3 no 
arriesz }| {IIMMMMMFirst we will 
ount the number of sequen
es of i I's, m M 's, and k K's, wherei+m+k = n, for whi
h the number of 
arries is exa
tly h. Let us start by arrangingthe i I's and k K's; this may be done in �i+kk � ways. Next we put in the m M 'sso as to a
hieve exa
tly r = h � k ripple 
arries. Thus, we must put r M 's to theleft of various K's (without any intervening I's)|this may be done in �r+k�1r � =�h�k+k�1h�k � = �h�1h�k� ways|and we must put the remaining m � r M 's to the left ofvarious I's (without intervening K's) or at the far right end of the string, whi
h maybe done in �(m�r)+(i+1)�1m�r � = �m�r+ii � = �n�hi � ways. So the number of arrangementsof i I's, k K's, and m M 's yielding exa
tly h 
arries is�i+ kk ��h� 1h� k��n� hi �:Next we fa
tor in the p(p� 1)=2 ways to 
hoose digit pairs for ea
h I and K 
aseand the p 
hoi
es for ea
h M . Finally, summing over the possible k and i values, weget Nn(h=n) = hXk=0 n�hXi=0 �i + kk ��h� 1h� k��n� hi ��p(p� 1)2 �i+k pn�i�k: �As an immediate 
orollary of this theorem, we �nd thatPr(Zn = h) = hXk=0 n�hXi=0 �i+ kk ��h� 1h� k��n� hi ��p� 12 �i+k p�n:



6 JOHN M. HOLTE1.4. Large Deviation Prin
iple for Markov Chains. The theory of large devia-tions provides the key te
hnique for our asymptoti
 analysis. The following de�nitionstherefrom will suÆ
e for this paper.De�nitions A rate fun
tion I is a lower semi
ontinuous mapping I : R �! [0;1℄. IfI is a rate fun
tion and � � R, then I(�) denotes infz2� I(z). We say that a sequen
eof measures h�ni on the Borel sets of R satis�es the large deviation prin
iple withrate fun
tion I if, for every Borel set �,�I(�Æ) � lim infn!1 1n log�n(�)� lim supn!1 1n log�n(�)� �I(�):The set � is an I-
ontinuity set if I(�Æ) = I(�); for su
h a setlimn!1 log�n(�) = �I(�):For Markov 
hains, an early version of the large deviation prin
iple was given byMiller [40℄; see also [8℄, [9℄, and [10℄, pp. 288{291. The Markov 
hain theorem we useis that given in Dembo and Zeitouni [7℄, p. 60.We shall also make use of the Perron-Frobenius theory ([42℄, [19℄) of nonnegativematri
es (see [48℄ for a modern treatment). The \Perron-Frobenius" eigenvalue ofsu
h a matrix is the (ne
essarily nonnegative) eigenvalue of largest magnitude.Theorem B Let h�ki be a �nite Markov 
hain having irredu
ible transition matrix� = [�ij℄, and let f be a deterministi
 real-valued fun
tion on the state spa
e. De�ne�t = ��ijetf(j)� ;�(�t) = Perron-Frobenius eigenvalue of �t;I(z) = supt ftz � log �(�t)g;and Zn = f(�1) + � � �+ f(�n)n :Then I is a 
onvex fun
tion, and for any starting state �, the measures de�ned by�n(�) = Pr(Zn 2 � j �0 = �)satisfy the large deviation prin
iple.The rate fun
tion I is the 
onvex 
onjugate, or Fen
hel-Legendre transform, of log(�t)(see [16℄; [51℄, se
t. 4.6; or [47℄, se
t. 12). Thus, this theorem says that the time-averaged value of a fun
tion of a Markov 
hain has a probability distribution whi
hsatis�es the large deviation prin
iple with rate fun
tion given by the Fen
hel-Legendretransform of the logarithm of the spe
tral radius of �t.



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 7We will apply this theorem with h�ki = the 
arries pro
ess hCki,� = its transitionmatrix, and f = the identity fun
tion, so that Zn = (C1 + � � �+ Cn)=n. In our 
ase,C0 = 0 ne
essarily, and so we write Pr(Zn 2 �) for Pr(Zn 2 � j C0 = 0), but wenote for later use that the following proposition would also be true if we had C0 = 1,be
ause the theorem allows an arbitrary starting state. The theorem implies thatlimn!1 1n log Pr(Zn 2 �) = �I(�) (4)for ea
h I-
ontinuity set �, where I is de�ned as in the theorem. By equation (1),Pr(Zn 2 �) = p2nNn(�), and so (4) be
omeslimn!1 1n logpNn(�) = D(�)where D(�) := 2 � I(�)= log p. Working ba
kwards from this de�nitional equation,we de�ne D(z) = 2� I(z)= log p and note thatD(�) = supz2� D(z): (5)We have proved the following.Proposition 1 Let p be a prime. Let�t = 12p �p+ 1 (p� 1)etp� 1 (p + 1)et� ;�(�t) = Perron-Frobenius eigenvalue of �t;I(z) = supt ftz � log �(�t)g;and D(z) = 2� I(z)= log p:Then, for every I-
ontinuity set �,limn!1 1n logpNn(�) = D(�):In the next se
tion we will show that I is 
ontinuous on [0; 1℄. Therefore allnondegenerate subintervals of [0; 1℄ are I-
ontinuity sets.1.5. A Prime-power Divisibility Spe
trum. In this se
tion we present our maintheorem for binomial 
oeÆ
ients, whi
h in
ludes an expli
it, elementary formula forthe rate fun
tion, I, and the related fun
tion D whi
h 
hara
terizes the asymptoti
prime-power divisibility.Theorem 2 Let p be a prime. Then, for every nondegenerate interval � � [0; 1℄,limn!1 1n logpNn(�) = D(�)



8 JOHN M. HOLTEwhere D(z) = 2� I(z)log p , D(�) = supz2� D(z);and I(z) is de�ned as follows. For 0 < z < 1,I(z) = log 4pp+ 1 + z log u� logf1 + u+p1 + 
u+ u2gwhere 
 = 2� 16p=(p+ 1)2;and u = b + sgn(z � 12)pb2 � 4a22awhere a = (2� 
)z(1� z)and b = 1� 2
z(1� z)� 
2�z � 12�2 = 1� 
2=4� 
a:Also, I(0) = I(1) = log 2pp+1 , and I(z) = 1 for z < 0 and for z > 1. Furthermore,I(z) is symmetri
 about z = 12 and is 
ontinuous and 
onvex for 0 � z � 1.Proof In view of Proposition 1 and the above dis
ussion, it remains to prove theassertions 
on
erning the rate fun
tion, I. The 
hara
teristi
 polynomial for �t is������� p+12p �p�12p et�p�12p �� p+12p et����� = ��� p+ 12p ���� p� 12p et�� �p� 12p �2 et= �2 � p+ 12p (1 + et)�+ etp ;and so the eigenvalues are given by� = 128<:p + 12p (1 + et)�s�p+ 12p �2 (1 + et)2 � 4etp 9=;= p+ 14p (1 + et �s1 + �2� 16p(p+ 1)2� et + e2t) :Let 
 = 2� 16p=(p+ 1)2:Sin
e p � 2, we have �14=9 � 
 < 2, and so 1+ 
et+e2t is always positive. Thereforethe eigenvalues are real and the larger eigenvalue is�(�t) = p+ 14p n1 + et +p1 + 
et + e2to :



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 9Now we haveI(z) = supt fzt� log �(�tg= supt [zt � log p+ 14p f1 + et +p1 + 
et + e2tg℄= � log p+ 14p + supu>0[z log u� logf1 + u+p1 + 
u+ u2g℄= log 4pp+ 1 + supu>0 log uz1 + u+p1 + 
u+ u2 :If z < 0, then uz = u�jzj !1 as u! 0+, and so I(z) =1. If z = 0, then I(z) isI(0) = log 4pp+ 1 + log 12 = log 2pp+ 1 : (6)If z � 1, then, writing uz1 + u+p1 + 
u+ u2 = uz�1u�1 + 1 +pu�2 + 
u�1 + 1 ;we see that I(z) =1 for z > 1 and I(1) = log 2pp+1 .Now assume 0 < z < 1: We will evaluate the supremum (a
tually, maximum)in the above formula for I(z) by elementary 
al
ulus. To simplify the formulas, letQ = 1 + 
u+ u2. ��u [z logu� logf1 + u+pQg℄= zu � 1 + 
+2u2pQ1 + u+pQ= z(1 + u+pQ)pQ� upQ� 12
u� u2u(1 + u+pQ)pQ= fz � (1� z)ugpQ+ (z � 12)Q+ 12(1� u2)u(1 + u+pQ)pQ :If 0 < z < 12 , then, as u ! 0+, the numerator ! z + (z � 12) � 1 + 12 > 0, while asu ! 1�, the numerator ! (2z � 1)p2 + 
 + (z � 12)p2 + 
 + 0 < 0; so there is amaximizing point u between 0 and 1. Similarly, if 12 < z < 1, then, as u ! 1+, thenumerator! 3p2 + 
(z� 12) > 0, while as u!1, the numerator! �1; so there isalso a value of u 2 (1;1) where the derivative is zero. Now, setting the (numeratorof the) derivative equal to zero, we getfz � (1� z)ugpQ + (z � 12)Q+ 12(1� u2) = 0: (7)



10 JOHN M. HOLTERearranging, squaring, and simplifying, we getufau2 � bu+ ag = 0 (8)where a = (2� 
)z(1� z)and b = 1� 2
z(1� z)� 
2�z � 12�2 = 1� 
2=4� 
a:The root u = limt!�1 et = 0 is extraneous, be
ause it does not satisfy (7) whenz 6= 0. The other roots of (8) areu = u� = b�pb2 � 4a22a :After ruling out extraneous roots here, we �nd that u = u� if 0 < z � 12 and u = u+if 12 � z < 1, whi
h is the formula stated in the theorem.Finally, we 
he
k the 
laimed properties of I. The large deviation theorem forMarkov 
hains tells us that I is 
onvex. (Alternatively, a tedious 
al
ulation will showI 00(z) � 0.) Our formula for I(z) implies that it is symmetri
 about z = 12 and is
ontinuous for 0 < z < 1: To 
he
k 
ontinuity from the right at 0 (and, by symmetry,from the left at 1), we 
al
ulatelimz!0+ I(z) = log 4pp + 1 + limz!0+ z logu� limz!0+ logf1 + u+pQg:As z ! 0+, we have a = (2 � 
)z(1 � z) ! 0 and b ! 1 � 
2=4 > 0: Also, for0 < z < 12 , u = b�pb2 � 4a22a = 2ab +pb2 � 4a2 :Hen
e, as z ! 0+, we have u! 0 andz log u = z logf2(2� 
)g+ z log z + z log(1� z)� z logfb +pb2 � 4a2g�! 0 + 0 + 0� 0 � logf1� 
2=4 +p(1� 
2=4)2 � 0g = 0:Therefore,limz!0+ I(z) = log 4pp+ 1 + 0� logf1 + 0 +p1g = log 2pp+ 1 = I(0): �1.6. Spe
ial Dimensions. The graph of D(z) for p = 2 is shown in Figure 1. Theappearan
e of the graph for other primes is very similar.The value of D(z) at z = 0 is parti
ularly interesting:D(0) = 2� I(0)log p = log p2log p + log(p+ 1)=(2p)log p = log p(p+ 1)=2log p :A

ording to [56℄, this is the self-similiarity dimension of the binomial 
oeÆ
ients notdivisible by p. In fa
t, it is the Hausdor� dimension of the 
losure of the subset of theunit square representing the entire fra
tal pattern of the elements of Pas
al's triangle



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 11not divisible by p \viewed from in�nity"; this is des
ribed pre
isely and proved byFlath and Peele [17℄, who also prove that the Hausdor� dimension of the 
losure ofthe set 
orresponding to the elements divisible pre
isely by ph for a �xed h (not pznas in our approa
h) is equal to D(0). They also note that when h > 0 the pattern isusually not self-similar ([17℄, p. 229). A paper of v. Haeseler, Peitgen, and Skordev\de
iphers exa
tly the hierar
hi
al self-similarity features of the Pas
al triangle (modps)." ([23℄, p. 483)It is also of interest to note that there is a neat 
onne
tion between results on thestru
ture of Pas
al's triangle modulo 2 and Chaitin's work on algorithmi
 informationtheory and Hilbert's tenth problem (see [3℄, espe
ially se
tion 2.2).Using Theorem 1, we 
an establish related results for the (more elementary) box-
ounting dimension of appropriate sets (see, e.g., [14℄, se
t. 3.1). First 
onsider the
ase where h = 0. Map the initial pn � pn blo
k of Pas
al's triangle into the unitsquare by making �x+yx � 
orrespond to [xp�n; (x+ 1)p�n) � [yp�n; (y + 1)p�n). Thende�ne the fra
tal set F := Tn2N Fn whereFn =[� xpn ; x+ 1pn �� � ypn ; y + 1pn � (9)and where the union is taken over (x; y) satisfying 0 � x; y < pn and p - �x+yx �.The fa
ts that hFni are nested sets and that F is self-similar with s
aling fa
tor 1=pmay be dedu
ed from Kummer's theorem. (Alternatively and more generally, the self-similarity of ea
h set of residues modulo p is a 
onsequen
e of a theorem of Lu
as [36℄,Se
tion 21; Long [35℄ and Sved [49℄ provide pi
tures as well as proofs. See also [46℄,Lemma 4; [1℄; and [39℄, p. 329. Mandelbrot, who promoted the fra
tal perspe
tive in[39℄, noted that when p = 2 the resulting �gure is one studied by Sierpi�nski [50℄ anddubbed it (p. 131) a Sierpi�nski gasket.)The box-
ounting dimension of F isDF = limn!1 logNn(0)log(1=p�n) :Taking h = 0 in Theorem 1, we getNn(0) = nXi=0 �ni��p� 12 �i pn = �1 + p� 12 �n pn = �p(p+ 1)2 �n ;so logNn(0)log(1=p�n) = n log(p(p+ 1)=2)n log p = D(0)for every n. Thus, even though � = f0g is not an I-
ontinuity set (be
ause �Æ isempty, making infz2�Æ I(z) =1), we still havelimn!1 1n logpNn(f0g) = D(0);and D(0) = DF .



12 JOHN M. HOLTEFor �xed h � 0, rede�ne Fn in equation (9) by taking the union over (x; y)satisfying 0 � x; y < pn and ph+1 - �x+yx �. Again the hFni are nested sets, byKummer's theorem. By Theorem 1,Nn(h=n) = pn n�hXi=0 �n� hi ��p� 12 �i hXk=0 �h� 1h� k��i+ kk ��p� 12 �k :Here the inner sum is (
rudely) bounded between 1 and (h+1)h!�nh�[1_ ((p�1)=2)h℄,while pn n�hXi=0 �n� hi ��p� 12 �i = pn�1 + p� 12 �n�h = [p(p+ 1)=2℄n[(p� 1)=2℄h :Thus, for n large enough (n > 2h),�p(p+ 1)2 �n � X0�h0�hNn�h0n� � (h+ 1)(h+ 1)!�nh�[1 _ ((p� 1)=2)h℄ [p(p+ 1)=2℄n[(p� 1)=2℄h :Therefore, limn!1 logP0�h0�hNn(h0=n)log(1=p�n) = log p(p+ 1)=2log pis the box-
ounting dimension of the rede�ned fra
tal set F 
orresponding to thebinomial 
oeÆ
ients not divisible by ph+1.Another interesting value o

urs at z = 12 : D(12) = 2. In this 
ase, in view ofergodi
ity, we see that if 12 2 �, then the set of points in the unit square for whi
h,for some n, the 
orresponding Zm 2 � for every m > n is a set of probability (two-dimensional Lebesgue measure) 1, and thus it is a set of dimension 2.Thus the minimum and maximum values of D may be interpreted as dimensions.Additionally, D satis�es D(A [ B) = maxfD(A); D(B)g, a familiar property of di-mension, by virtue of (5), and the expressionlimn!1 1n logpNn(�) = limn!1 logNn(�)log(1=p�n)super�
ially resembles a box-
ounting dimension, but it is not 
lear whether there isa natural �xed set for whi
h this is the fra
tal dimension. Still, the fun
tion D 
anbe shown to represent a multifra
tal spe
trum of dimensions, as we shall see in thenext se
tion. 2. A p-adi
 Multifra
tal Spe
trum2.1. Classi
al Multifra
tals. Although the s
ienti�
 literature tends to avoid apre
ise de�nition of the term \multifra
tal," modern mathemati
al formulations agreein identifying a multifra
tal with a measure. Our summary is based on Fal
oner ([14℄,
h. 17), Holley and Waymire [27℄, Feder ([15℄, 
h. 6), and Evertsz and Mandelbrot[13℄.



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 13Let � denote a probability measure supported by a bounded subset of Rm . Forea
h Æ 2 (0; 1), letMÆ denote the 
olle
tion of Æ-mesh boxes that interse
t the supportof �. For ea
h � 2 R, letN Æ(�) = #fB 2 MÆ : �(B) � Æ�g:De�ne the multifra
tal spe
trum for � 2 R by the double limitf(�) = lim"!0+ limÆ!0+ log[N Æ(� + ")�N Æ(�� ")℄� log Æ ;so that N Æ(� + ")�N Æ(�� ") � Æ�f(�) as Æ ! 0 + :Also de�ne the \partition fun
tion" for q 2 R bySÆ(q) = XB2MÆ �(B)q:Here SÆ(0) = #MÆ, the number of Æ-
oordinate-mesh boxes 
overing supp(�), andso �(q) = limÆ!0+ logSÆ(q)� log Æfor �1 < q < 1 may be 
onsidered to provide generalizations of the box-
ountingdimension, and we have SÆ(q) � Æ��(q) as Æ ! 0 + :Be
ause �(supp(�)) < 1, we have �(1) = 0, and the di�eren
e quotient Dq :=�(q)=(q � 1) is known as a \generalized dimension" (it is normalized so that Dq =m = dim(supp(�)) when � has 
onstant density) ([15℄, p. 87). In the s
ienti�
literature Legendre transformations 
onne
ting �(q) and f(�) are often addu
ed. Butit appears that only a few 
ases have been worked out rigorously ([27℄, p. 821).It was Mandelbrot who introdu
ed pre
ursors of the multifra
tal notion to des
ribeturbulen
e and other phenomena ([37℄, [38℄, [39℄, pp. 375{381). Fris
h and Parisi [18℄
oined the term \multifra
tal" and, along with Jensen et al. [30℄ introdu
ed thesingularity spe
trum f(�). The quantity Dq is related to R�enyi information (see[45℄, 
h. XI), and in the physi
s literature ([22℄, [26℄, [41℄), as noted, it is 
alledgeneralized dimension. Following [27℄, we will use the term R�enyi exponent for �(q)and its 
ounterpart below.2.2. A p-adi
 Approa
h to Multifra
tals. Let N0 = f0; 1; 2; : : :g, let m denotethe dimension, let p be a prime, and let Æ denote a real number in (0; 1). De�ne MÆanew as MÆ = f(x1; : : : ; xm) 2 Nm0 : 0 � x1; : : : ; xm < Æ�1g:Now, instead of measuring the size of Æ-mesh boxes by a measure �, we shall measurethe size of elements of MÆ by a �xed fun
tion � : Nm0 ! N0 and the p-norm ([33℄, p.2) of p-adi
 analysis ([25℄), whi
h is de�ned on N0 as follows:jyjp = 1pordpy :



14 JOHN M. HOLTEWe take ordp0 =1 so that j0jp = 0.For � 2 R, let eNÆ(�) = #fx 2 MÆ : j�(x)jp � Æ�g:Note that eNÆ(�) = #fx 2 MÆ : ordp�(x) � � logp Æ�1gand for Æ = p�n; n 2 Z+,eNp�n(� + ")� eNp�n(�� ") =#f(x1; : : : ; xm) 2 Nm0 : 0 � x1; : : : ; xm < pn; �� " < 1nordp�(x1; : : : ; xm) � �+ "g:(10)For � 2 R, de�ne the multifra
tal spe
trum byf(�) = lim"!0+ limÆ!0+ log[ eNÆ(�+ ")� eNÆ(�� ")℄� log Æwherever the double limit exists in [�1;1). Noti
e that 0 � eNÆ(�) � #MÆ =dÆ�1em and eNÆ(�) = 0 for � < 0. Thus, if f is everywhere de�ned, then�1 � f(�) � m for every � and f(�) = �1 for � < 0: (11)The new partition fun
tion isSÆ(q) = Xx2MÆ j�(x)jqpfor q 2 R. Note that jyjqp = �ordpy for � = p�q. It is known ([33℄, pp. 3, 7) that allthe norms kyk = �ordpy with 0 < � < 1, i.e., q > 0, indu
e equivalent metri
s on Q ,so, for q > 0, SÆ(q) yields values based on norms equivalent to j � jp. LetMÆ(k) = #fx 2 MÆ : ordp�(x) = kg;then SÆ(q) = 1Xk=0 MÆ(k)pqk ;whi
h is the generating fun
tion of hMÆ(k)i evaluated at p�q. We shall �nd that whenf(�) exists for every �, then �(q) = limÆ!0+ logSÆ(q)� log Æexists at least for every q > 0, so that SÆ(q) � Æ��(q).



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 152.3. Binomial and Multinomial CoeÆ
ients. In order to apply the p-norm-based approa
h to binomial 
oeÆ
ient multifra
tals, we take�(x; y) = �x+ yx �;in the 
ase of multinomial 
oeÆ
ients, we take�(x1; : : : ; xm) = �x1 + � � �+ xmx1; : : : ; xm �:For � � R, let Nn(�) = #�x 2 Mp�n : 1nordp�(x) 2 �� ;and note that this agrees with the earlier de�nitions of Nn(�) in the 
ase of binomialand multinomial 
oeÆ
ients. As a 
onsequen
e of equation (10) and the de�nitions,we have the following.Lemma 1 Let � : Nm0 ! N0 . If Æ = p�n where n is a positive integer, then for� 2 R and " > 0, we haveeNp�n(�+ ")� eNp�n(�� ") = Nn((�� "; �+ "℄):What happens if Æ 6= p�n?Lemma 2 Let � : Nm0 ! N0 . If 1 < pn�1 < Æ�1 � pn, then for " > 0Nn�1�� nn� 1(�� "); �+ "�� � eNÆ(� + ")� eNÆ(�� ") � Nn��n� 1n (�� "); � + "��where 0 < " < j�j if � 6= 0.Proof. Assume 1 < pn�1 < Æ�1 � pn and 0 < " < � or � = 0 < ". Thenx 2 Mp�(n�1) and nn� 1(�� ") < 1n� 1ordp�(x) � � + "=)x 2 MÆ and �� " < ordp�(x)logp Æ�1 < � + "=)x 2 MÆ and Æ�+" � j�(x)jp < Æ��"=)x 2 Mp�n and �� " < ordp�(x)logp Æ�1 � �+ "=)x 2 Mp�n and n� 1n (�� ") < 1nordp�(x) � � + ":Therefore, the inequalities asserted in the lemma follow when 0 < " < � or � = 0 < ".If � < 0 and 0 < " < j�j, then all the terms in the lemma inequalities be
ome zero,and so the lemma holds in this 
ase too. �



16 JOHN M. HOLTENow we are in a position to show that the fun
tion D of Theorem 2 
oin
ides withthe multifra
tal spe
trum of the binomial 
oeÆ
ients.Theorem 3 Let �(x; y) = �x+yx �. Then the multifra
tal spe
trum f(�) exists andequals D(�) for every � 2 R.Remark. Anti
ipating Theorem 5, we note that the same 
on
lusion, and the proofgiven below, hold also for the multifra
tal spe
tra of multinomial 
oeÆ
ients.Proof. Let "; � > 0. First suppose � � 0, and require 0 < � < " and, if � > 0,0 < " < �. Choose n so large that (�� ")=(n� 1) < �. Then(�� "+ �; �+ "℄ � An�1 := � nn� 1(�� "); �+ "�and Bn := �(1� 1n)(�� "); �+ "� � (�� "� �; � + "℄:By Lemma 2, Nn�1(An�1) � eNÆ(� + ")� eNÆ(�� ") � Nn(Bn);so n� 1log Æ�1 logNn�1(�� "+ �; �+ "℄)n� 1 � log[ eNÆ(�+ ")� eNÆ(�� ")℄� log Æ� nlog Æ�1 logNn((�� "� �; �+ "℄)n :Let n!1. By Theorem 2, 1n logNn(�)! D(�)log p :Also n= log Æ�1 ! log p. So(log p)D((�� "+ �; �+ "℄)log p � lim infÆ!0+ log[ eNÆ(� + ")� eNÆ(�� ")℄� log Æ� lim supÆ!0+ log[ eNÆ(� + ")� eNÆ(�� ")℄� log Æ � (log p)D((�� "� �; �+ "℄)log p :Let "! 0+ (when
e � ! 0+). By the 
ontinuity of D from Theorem 2 for 0 � � � 1(0 � � � m � 1 for multinomials), D(�) = f(�). If � < 0 or � > 1 (� > m � 1 formultinomials), eNÆ(� + ") � eNÆ(� � ") = 0 for suÆ
iently small ", so f(�) = �1 =D(�). �



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 172.4. The R�enyi Exponent �(q). Returning now to the general 
ase, where � :Nm0 ! N0 is an arbitrary given fun
tion, we will �nd eviden
e that the p-adi
 multi-fra
tal formulation is a pleasant and appropriate one in a proof that the \Legendretransform" formalism works. Spe
i�
ally, we will show that if�(q) = sup� ff(�)� q�g = �f 
(q)where f 
(q) = inf�fq� � f(�)g is the 
on
ave 
onjugate of f , then the partitionfun
tion follows the power law,SÆ(q) � Æ��(q) as Æ ! 0 + :Proposition 2 Assume that the double limitf(�) = lim"!0+ limÆ!0+ log[ eNÆ(�+ ")� eNÆ(�� ")℄� log Æexists in [�1;1) for every � 2 R. De�ne�(q) = sup� ff(�)� q�g:Then limÆ!0+ logSÆ(q)� log Æ = �(q)for q > 0. In addition, if there is a 
onstant 
 > 0 su
h that, for every Æ, ordp�(x) �
 logp Æ�1 for every x 2 MÆ, then this limit also holds for q � 0.Remark. The additional hypothesis for q � 0 rules out fun
tions with very highp-power divisibility: If whenever x 2 Mp�n the highest power pk dividing �(x) hask � 
n, then this hypothesis is satis�ed. The hypothesis is also equivalent to theexisten
e of 
 > 0 su
h that j�(x)jp � Æ
 for every x 2 MÆ, for arbitrary Æ.Proof. Our proof follows Fal
oner's ([14℄, p. 258) for q > 0. Fix q. Let � > 0.Be
ause �(q) := sup�(f(�) � q�), we may 
hoose � so that f(�) � q� > �(q) � �.The assumption that f(�) exists implies that there exists "0 > 0 su
h that whenever0 < " < "0, Æ�f(�)+� � eNÆ(� + ")� eNÆ(�� ") � Æ�f(�)�� (12)for every Æ smaller than some Æ0 > 0. We require in addition that " < �=q in the 
asethat q > 0. Now, SÆ(q) � [ eNÆ(� + ")� eNÆ(�� ")℄(Æ��")q� Æ�f(�)+�+q(��")� Æ��(q)+2��q" � Æ��(q)+3�



18 JOHN M. HOLTEwhere we 
hoose + if q > 0 and � if q � 0. Therefore,lim infÆ!0+ logSÆ(q)� log Æ � ��(q)� 3�: (13)Next let us 
onsider the limit supremum in the 
ase that q > 0. As noted in (11),f(�) = �1 for � < 0, so �(q) = sup��0ff(�)� q�g:From this it is 
lear that � is a nonin
reasing fun
tion. Sin
e f(�) � m for � � 0,�(q) � m for q > 0. Choose � � (m� �(q))=q � 0, so that m� q� � �(q). Now forevery � in [0; �℄ there exists "0� > 0 su
h that whenever 0 < " < "0�|say " = "� and"� < �=q|we have that (12) holds for every Æ smaller than some Æ�. The intervalsf(� � "�; � + "�)g 
over [0; �℄. By the Heine-Borel theorem, a �nite sub
olle
tionof them, now denoted f(�k � "k; �k + "k)gnk=1, also 
overs [0; �℄. Let Æ0 denote theminimum of the 
orresponding Æ's. NowSÆ(q) := Xx2MÆ j�(x)jqp� nXk=1[ eNÆ(�k + "k)� eNÆ(�k � "k)℄(Æ�k�"k)q + (#MÆ)(Æ�)q� nXk=1 Æ�f(�k)��+q(�k�"k) + dÆ�1emÆq�� nÆ��(q)���� + 2mÆ�m+q�� nÆ��(q)�2� + 2mÆ��(q)� (n + 2m)Æ��(q)�2�whenever 0 < Æ < Æ0. Therefore, for q > 0,lim supÆ!0+ logSÆ(q)� log Æ � �(q) + 2�: (14)Be
ause � was arbitrary in (13) and (14),limÆ!0+ logSÆ(q)� log Æ = �(q):Now assume q � 0 and, for all Æ, j�(x)jp � Æ
 for every x 2 MÆ. In this 
ase weuse the interval [0; 
℄ in pla
e of [0; �℄ and get a �nite sub
over as before. Now, sin
eq � 0, SÆ(q) � nXk=1 Æ�f(�k)��(Æ�k+"k)q� nÆ�f(�k)+q�k�� � nÆ��(q)��



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 19whenever 0 < Æ < Æ0. Therefore, for q � 0,lim supÆ!0+ logSÆ(q)� log Æ � �(q) + �: (15)Be
ause � was arbitrary in (13) and (15),limÆ!0+ logSÆ(q)� log Æ = �(q): �2.5. Spe
ial Values of the R�enyi Exponent. Figure 2 depi
ts the graph of theR�enyi exponent �(q) for binomial 
oeÆ
ients when p = 2. It was 
al
ulated nu-meri
ally using the de�nition of � and the formula for D from Theorem 2. Thegraph shows a nonin
reasing fun
tion. This is a general feature of � , be
ause �(q) =sup��0(f(�)� q�).

-1 1 2 3 4 5 6
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Figure 2. The R�enyi exponent �(q) for m = 2 and p = 2The value at q = 0 is of spe
ial interest. From the de�nition of � we have �(0) =sup� f(�). Furthermore, if f is de�ned everywhere, then, by (11), sup� f(�) � m,and so �(0) � m. Under the additional hypothesis of Proposition 2 limiting thedivisibility of �, we get�(0) = limÆ!0+ logSÆ(0)� log Æ = limÆ!0+ logdÆ�1emlog Æ�1 = m:



20 JOHN M. HOLTEThe value of �(1) for 
lassi
al multifra
tals is always 0. But in Figure 2, �(1) isapproximately 1.71. In the p-adi
 
ase �(1) is the value for whi
hXx2MÆ j�(x)jp � Æ��(1) as Æ ! 0+;and this varies with � and p.What is limq!1 �(q)? Sin
e � is nonin
reasing, it has a limit in [�1; m℄. In fa
t,be
ause �(q) := sup�(f(�)�q�) � f(0)�q �0 = f(0), it satis�es limq!1 �(q) � f(0).If we make the additional assumption that f is 
ontinuous from the right at 0, we
an show that limq!1 �(q) = f(0). For, letting �q = (m� f(0))=q, we have�(q) = sup0����qff(�)� q�g;from whi
h limq!1 �(q) = f(0) follows.In the 
ase of binomial 
oeÆ
ients, then, we 
on
lude that �(0) = 2 andlimq!1 �(q) = D(0) = log(p(p+ 1)=2)log p :For m-multinomial 
oeÆ
ients, we �nd �(0) = m and limq!1 �(q) = D(0). Thevalue of D(0) for multinomials will be dis
ussed further in Se
tion 4.3. Generalized Binomial Coeffi
ients3.1. A Generalization of Kummer's Theorem. Knuth and Wilf ([32℄) have ex-tended Kummer's theorem to a large 
lass of generalized binomial 
oeÆ
ients. Thesein
lude Gauss's q-binomial 
oeÆ
ients ([20℄, Se
tion 5),� x + yx �q := (1� qx+y)(1� qx+y�1) � � � (1� qx+1)(1� qy)(1� qy�1) � � � (1� q) ;and the Fibonomial 
oeÆ
ients of Lu
as ([36℄, Se
tion 9),� x + yx �F := Fx+yFx+y�1 � � �Fx+1FyFy�1 � � �F1where hFni11 is the Fibona

i sequen
e: F1 = F2 = 1;Fn = Fn�1 + Fn�2 for n � 3.They identi�ed \regular divisibility" as the key to a Kummer-like theorem.De�nitions. Let U = hU1; U2; : : : i be a sequen
e of positive integers. For everypair of nonnegative integers (x; y) de�ne the U -nomial 
oeÆ
ient� x+ yx �U = Ux+yUx+y�1 � � �Ux+1UyUy�1 � � �U1 :Also de�ne, for m 2 N , the rank of apparition of m in U byr(m) = minfk : mjUkg (r(m) =1 if no Uk is divisible by m);and for n 2 N de�ne dm(n) = #fk : 1 � k � n;mjUkg:



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 21The sequen
e U is regularly divisible if, for ea
h m 2 N , r(m) = 1 or mjUk ()r(m)jk.For a regularly divisible sequen
e one hasdm(n) = � nr(m)� : (16)Furthermore, the U -nomial 
oeÆ
ients 
orresponding to a regularly divisible sequen
eU must all be integers ([32℄, p. 214).The following theorem is hinted at in Knuth and Wilf ([32℄, p. 215). It is statedexpli
itly in Wells ([54℄, p. 112) and proved (in a di�erent fashion than below) inWebb and Wells [53℄.Theorem C Let p be a prime. If U is a regularly divisible sequen
e, then ordp� x+ yx �Uis equal to the number of 
arries that o

ur when x and y are added in the mixed-radix (mixed-base) system with radi
es b1 := r(p) = rank of apparition of p in U ,b2 := r(p2)=r(p); b3 := r(p3)=r(p2); : : : .Note 1. The mixed-radix representation of a nonnegative integer x is given byx =Xk�0Xk kYj=1 bj =Xk�0Xkr(pk)where 0 � Xk < bk+1 for ea
h k and r(p0) := 1.Note 2. It is possible to have bk = 1, but this 
ase will be ruled out by the hy-potheses of Theorem 4.Note 3. It is possible to have bk = 1. Then if there is a 
arry into the kth pla
e,there is automati
ally a 
arry out.Proof. By Proposition 1 of [32℄ and (16),ordp� x + yx �U =Xk�1 �dpk(x + y)� dpk(x)� dpk(y)	=Xk�1 ��x + yr(pk)�� � xr(pk)�� � yr(pk)��=Xk�1 Ck;the total number of 
arries. �Example 1: ord2� 8 + 118 �F



22 JOHN M. HOLTEFor the Fibona

i sequen
e and p = 2 we havek 4 3 2 1 0r(pk) 12 6 6 3 1bk 2 1 2 3 �Carries 1 1 1 1 08 Augend 1 0 0 2+11 Addend 1 0 1 219 Sum 1 1 0 0 1There are 4 
arries, so ord2� 8 + 118 �F = 4. (In fa
t,� 8 + 118 �F = (4181)(2584)(1597)(987)(610)(377)(233)(144)(21)(13)(8)(5)(3)(2)(1)(1)= (4181)(23 � 323)(1597)(7 � 141)(2 � 5 � 61)(13 � 29)(233)(24 � 32)(3 � 7)(13)(23)(5)(3)(2) ;whi
h we see is an integer divisible by 24 but not 25.)Example 2: ordp� 5 + 135 �3The q-binomial 
oeÆ
ents may be generated by Un = q0 + q1 + � � � qn�1 if q 2 N .Suppose q = 3. For p = 2 and for p = 3 we havek 5 4 3 2 1 0 1 0p = 2 r(pk) 16 8 4 2 2 1 p = 3 1 1bk 2 2 2 1 2 � 1 �Carries 1 1 0 1 1 0 0 05 Augend 0 1 0 0 1 5+13 Addend + 1 1 0 1 1 + 1318 Sum 1 0 0 1 0 0 18When p = 2 we get, by adding 
arries, ord2� 5 + 135 �3 = 4. (In fa
t,ord2� 5 + 135 �3 = (193710244)(64570081)(21523360)(7174453)(2391484)(121)(40)(13)(4)(1)= (23 � 13 � 3725197)(64570081)(25 � 5 � 134521)(112 � 13 � 4561)(22 � 597871)(112)(23 � 5)(13)(22) ;from whi
h we also see that 4 is the highest power of 2 dividing this 3-binomial
oeÆ
ient.) When p = 3 there are no 
arries; in fa
t, there would be no 
arries forany x + y, be
ause b1 =1. So 3 does not divide any 3-binomial 
oeÆ
ient.



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 233.2. Asymptoti
 Prime-power Divisibility. Consider the 
arries pro
ess C0 =0; C1; C2; : : : Cn arising from the addition of random n-digit mixed-radix numbers. (Ifr(pg) = 1 for some g 2 N , we naturally have n < g.) As in the �xed-base 
ase, westill have the Markov property,Pr(Ck+1 = 
k+1 j Ck = 
k; : : : ; C1 = 
1; C0 = 0) = Pr(Ck+1 = 
k+1 j Ck = 
k);be
ause the 
arry-out, Ck+1, is a fun
tion of only Ck and the random digits Xk andYk. There is a 
arry out (Ck+1 = 1) if and only if Ck + Xk + Yk � bk+1. So thetransition matri
es are given by�(k) = [�ij(k)℄ = 12bk+1 �bk+1 + 1 bk+1 � 1bk+1 � 1 bk+1 + 1� : (17)Thus, the Markov 
hain does not ne
essarily have stationary transition probabilities.But for the \ideal" primes of [32℄, �(k) is eventually 
onstant.De�nition ([32℄, p. 215) The prime p is ideal for a regularly divisible sequen
eif there exists s = s(p) 2 N su
h that the radi
es of the Generalized Kummer Theo-rem satisfy bk = 1 for 1 < k � s and bk = p for k > s.It is well known ([32℄, pp. 216-217) that every odd prime that does not divide qis ideal for the sequen
e that generates the q-binomial 
oeÆ
ients and that every oddprime is ideal for the Fibona

i sequen
e.For an ideal prime p, equation (17) be
omes�(k) = 12r(p) �r(p) + 1 r(p)� 1r(p)� 1 r(p) + 1� ; if k = 0;�(k) = �1 00 1� ; if 1 � k < s(p); (18)�(k) = 12p �p+ 1 p� 1p� 1 p+ 1� ; if k � s(p). (19)Thus, �(k) is eventually the same as the transition matrix (2) for the 
arries pro-
ess in the ordinary binomial 
ase. The spe
ial values for an ideal prime spe
i�edby equation (18) turn out to be unimportant in the asymptoti
 analysis, and so wedo not need to assume them. Property (19) alone is suÆ
ient to guarantee similarasymptoti
 behavior for the number of generalized binomial 
oeÆ
ients divisible pre-
isely by pzn for z in an interval:Theorem 4 Let U be a regularly divisible sequen
e, let p be a prime, let r(m)denote the rank of apparition of m in U , and assume that there exists s(p) 2 N su
h



24 JOHN M. HOLTEthat bk := r(pk)=r(pk�1) = p for every k > s(p). De�ne D as in Theorem 2. For ea
hinterval �, letNUn (�) = #�(x; y) ���� 0 � x; y < r(pn) and 1nordp� x+ yx �U 2 �� :Then, for every nondegenerate interval � � [0; 1℄,limn!1 1n logpNUn (�) = D(�):3.3. Proof of Theorem 4. Let I be the rate fun
tion de�ned in Theorem 2. Let� = [�; �℄ � [0; 1℄, and assume � < �. Sin
e I is 
ontinuous and �nite on [0; 1℄, � isan I-
ontinuity set. We haveZn = 1nordp� x + yx �U = C1 + � � �+ Cnn ;where hCki is the 
arries pro
ess, by the Generalized Kummer Theorem. For n >s := s(p), write Zn = C1 + � � �+ Csn + �1� sn� ~Zn;swhere ~Zn;s := (Cs+1 + � � �+ Cn)=(n � s). Observe that ~Zn;s 
onditioned on Cs = 
shas the same probability distribution as ~Zn�s 
onditioned on C0 = 
s, where ~Zn isthe average 
arry for the 
arries pro
ess with 
onstant transition matrix given by (2).WritePr(� � Zn � �) = X(
1;::: ;
s)Pr(C1 = 
1; : : : ; Cs = 
s)�Pr�� � C1 + � � �+ Csn + (1� sn) ~Zn;s � � �� C1 = 
1; : : : ; Cs = 
s�= X(
1;::: ;
s)Pr(C1 = 
1; : : : ; Cs = 
s)�Pr��n(
1; : : : ; 
s) � ~Zn;s � �n(
1; : : : ; 
s) �� Cs = 
s� (20)where�n(
1; : : : ; 
s) = �� (
1 + � � �+ 
s)=n1� s=n and �n(
1; : : : ; 
s) = � � (
1 + � � �+ 
s)=n1� s=n :Thus Pr(� � Zn � �) is a 
onvex linear 
ombination of probabilities of the formPr(�0 � ~Zn;s � � 0 j Cs = 
s) = Pr(�0 � ~Zn�s � � 0 j C0 = 
s), whi
h satisfy the largedeviation prin
iple with rate fun
tion I, by Proposition 1 and the note pre
eding it.Now, given arbitrary " 2 (0; (� � �)=2), we have, for all suÆ
iently large n,



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 25�� " <�� s=n1� s=n ��n(
1; : : : ; 
s) � �1� s=n <� + "<� � " <� � s=n1� s=n ��n(
1; : : : ; 
s) � �1� s=n <� + ":Therefore, for � 2 f0; 1g,Pr�� + " � ~Zn�s � � � " �� C0 = ��� Pr��n(
1; : : : ; 
s) � ~Zn;s � �n(
1; : : : ; 
s) �� Cs = ��� Pr��� " � ~Zn�s � � + " �� C0 = �� :Be
ause the bounding terms here satisfy the large deviation prin
iple with ratefun
tion I, the limit inferior and limit superior of the middle term lie between�I([� + "; � � "℄) and �I([� � "; � + "℄). (Note that if � � " < 0, then � + " > 0,and if � + " > 1, then � � " < 1, so that [� � "; � + "℄ is still an I-
ontinuity set.)Be
ause " is arbitrary and I is 
ontinuous,limn!1 1n logPr��n(
1; : : : ; 
s) � ~Zn;s � �n(
1; : : : ; 
s) �� Cs = �� = �I([�; �℄):(21)Finally, it is not hard to 
he
k that if a �nite number of sequen
es of measures satisfythe large deviation prin
iple with (the same) rate fun
tion I, then so does any �xed
onvex linear 
ombination of them. By (20) and (21), then,limn!1 1n log Pr(� � Zn � �) = �I([�; �℄);and therefore limn!1 1n logpNUn ([�; �℄) = D([�; �℄): �3.4. Spe
ial Cases. We now apply Theorem 4 to the Gaussian q-binomial 
oeÆ-
ients and the Fibonomial 
oeÆ
ients. The self-similarity of the Gaussian 
oeÆ
ientsmodulo p is dis
ussed and depi
ted in Sved [49℄.Corollary 1 (q-binomial 
oeÆ
ients) Let p be a prime, and let q > 1 be aninteger. If p - q, then for every nondegenerate interval � � [0; 1℄,limn!1 1n logp#((x; y)����0 � x; y < r(pn); 1nordp�x+ yx �q 2 �) = D(�)where D is as given in Theorem 2. If p j q, then p does not divide any q-binomial
oeÆ
ient (or, D(�) = �1 above).Proof. Gauss's q-binomial 
oeÆ
ients may be generated by U = hqn � 1i. It is



26 JOHN M. HOLTEknown that U is regularly divisible ([32℄, p. 216) and that, as noted before, every oddprime that does not divide q is ideal for U . If p = 2, then there exists f su
h thatq � 2f � 1( mod 2f+1), and if q � 2f + 1 then r(2) = r(22) = � � � = r(2f) = 1 andr(2k) = 2k�f for k � f while if q � 2f � 1 then r(2) = 1; r(22) = � � � r(2f+1) = 2, andr(2k) = 2k�f for k > f ([32℄, p. 216). Thus, whether p is 2 or an odd prime, thereexists s(p) su
h that bk := r(pk)=r(pk�1) = p for every k > s(p), and so Theorem 4applies. �Corollary 2 (Fibonomial 
oeÆ
ients) Let p be a prime. Then the Fibonomial
oeÆ
ients satisfy, for ea
h nondegenerate interval � � [0; 1℄,limn!1 1n logp#�(x; y)����0 � x; y < r(pn); 1nordp�x + yx �F 2 �� = D(�)where D is as given in Theorem 2.Proof. By [36℄, p. 206, or [32℄, p. 216, the Fibona

i sequen
e F is regularly divis-ible. Also, by Theorem 1 of Halton [24℄, every odd prime is ideal for the Fibona

isequen
e, and (by [24℄, p. 226) if p = 2, then r(p) = 3 and r(p2) = r(p3) = 6 = p � 3and r(pk) = pk�2 � 3 for k � 3, so that bk = p for k > s := 3. Thus, whether p is 2 oran odd prime, Theorem 4 applies. �4. Multinomial Coeffi
ients4.1. Di
kson's Theorem. Now we 
onsider the extension of our asymptoti
 resultsto multinomial 
oeÆ
ients,�x1 + x2 + � � �+ xmx1; x2; : : : ; xm � = (x1 + x2 + � � �+ xm)!x1!x2! � � �xm! ;where x1; x2; : : : ; xm are nonnegative integers and m is a �xed integer greater than 1.The basis for our analysis is Di
kson's extension of Kummer's theorem ([5℄, pp.75{76; [6℄, p. 273). Now one expresses x1; x2; : : : ; xm in base p and adds:Carries Cn Cn�1 Cn�2 � � � C2 C1 C0 = 0x1 Addends X1;n�1 X1;n�2 � � � X1;2 X1;1 X1;0� � � � � �� � � � � �� � � � � �xm + Xm;n�1 Xm;n�2 � � � Xm;2 Xm;1 Xm;0x1 + � � �+ xm Sum Sn Sn�1 Sn�2 � � � S2 S1 S0Theorem D Let p be a prime. Thenordp�x1 + x2 + � � �+ xmx1; x2; : : : ; xm � = C1 + C2 + � � �Cn;



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 27the total of the 
arries one gets in adding x1; x2; : : : ; xm in base-p arithmeti
.4.2. The Markov Chain of Carries. On
e again, the key observation is that ifthe fXh;kg are independent (uniform) random digits, then the 
arries form a �niteMarkov 
hain:Pr(Ck+1 = 
k+1 j Ck = 
k; : : : ; C1 = 
1; C0 = 0) = Pr(Ck+1 = 
k+1 j Ck = 
k):One may 
he
k by indu
tion that the maximum possible value of the 
arry Ck ism � 1 � b(m � 1)=pk
, and so, for k > logp(m � 1), every 
arry value Ck from 0through m � 1 is possible. Consequently the state spa
e of our Markov 
hain isf0; 1; : : : ; m� 1g. Furthermore, it is possible to get from any state to any other statein blogp(m � 1)
 + 1 steps, so our Markov 
hain is aperiodi
 and irredu
ible. Let� = [�ij℄ denote the transition matrix:�ij = Pr(
arry-out = j j 
arry-in = i):The matrix � possesses remarkable 
ombinatorial properties. Some of these arepresented in [29℄, whi
h in
ludes more details regarding the results in this se
tion.Lemma 1 The m-nomial 
arries pro
ess is an aperiodi
, irredu
ible �nite Markov
hain with state spa
e f0; 1; : : : ; m� 1g and transition matrix � = [�ij℄ where�ij = p�m j�bi=p
Xr=0 (�1)r�m+ 1r ��m� 1� i + (j + 1� r)pm �: (22)For example, when p = 3 and m = 2; 3; 4, then � is�23 1313 23� ; 241027 1627 127427 1927 427127 1627 102735 ; 2664 527 1727 527 0581 59 1027 181181 1027 59 5810 527 1727 5273775 :For an arbitrary prime p and m = 3,� = 16p2 24p2 + 3p+ 2 4p2 � 4 p2 � 3p+ 2p2 � 1 4p2 + 2 p2 � 1p2 � 3p+ 2 4p2 � 4 p2 + 3p+ 235 :Proof. To 
al
ulate �ij = Pr(Ck+1 = jjCk = i), 
onsider the base-p addition inthe kth pla
e: Ck+1 = j () jp � i +X1;k + � � �+Xm;k � (j + 1)p� 1where 0 � X1;k; : : : ; Xm;k � p� 1. Introdu
ing the \sla
k" variable Y , this is equiv-alent to X1;k + � � �+Xm;k + Y = (j + 1)p� 1� i



28 JOHN M. HOLTEwhere 0 � X1;k; : : : ; Xm;k; Y � p � 1. The number of integer solutions of theseinequalities is the same as the 
oeÆ
ient of x(j+1)p�1�i in (1+x+x2+ � � �+xp�1)m+1.Be
ause (1 + x + x2 + � � �+ xp�1)m+1 = (1� xp)m+1(1� x)�(m+1)and (1� xp)m+1 =XXXr �m+ 1r �(�xp)rand (1� x)�(m+1) =XXXs�0 �m+ sm �xs;the desired 
oeÆ
ient isXXXr�j+1�(i+1)=p(�1)r�m+ 1r ��m+ (j + 1)p� 1� i� rpm �:Sin
e r � j + 1� (i+ 1)=p i� r � j � bi=p
, the lemma follows. �The examples given above illustrate the 
ross-symmetry, or 
entrosymmetry [52℄,of �. This is not obvious from the formula of Lemma 1, but it is easy to showfrom the de�nition of �ij using the fa
t that if the fXh;kg are independent ran-dom variables that are uniformly distributed on f0; 1; : : : ; p� 1g, then the equation~Xh;k := p� 1�Xh;k de�nes independent random variables whi
h are also uniformlydistributed on f0; 1; : : : ; p� 1g. We re
ord this as a lemma.Lemma 2 For i; j = 0; 1; : : : ; m� 1, we have �m�1�i;m�1�j = �i;j.Another result that is easier to show from the probabilisti
 de�nition is that�jj > 0 for j = 0; 1; : : : ; m� 1: (23)Here is the proof:�jj = Pr(Ck+1 = j j Ck = j)= Pr(j +X1;k + � � �+Xm;k = jb+ r for some r 2 f0; : : : ; m� 1g)= Pr((b� 1)j � X1;k + � � �+Xm;k � (b� 1)(j + 1));and this is positive, be
ause X1;k + � � �+Xm;k has a positive probability of assumingea
h value between 0 + � � �+ 0 = 0 and (b� 1) + � � �+ (b� 1) = m(b� 1).The stationary probability ve
tor of the 
arries pro
ess is the row ve
tor v0 ofprobabilities satisfying v0 = v0�. Remarkably, its 
omponents turn out to be pro-portional to the Eulerian numbers ([11, pp. 485{487℄, [12, pp. 373{375℄, [21, se
t.6.2℄), � mj � = jXr=0(�1)r�m+ 1r �(j + 1� r)m:



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 29Lemma 3 The stationary probability ve
tor v0 = (p0; p1; : : : ; pm�1) of � is given bypj = 1m! � mj � for j = 0; 1; : : :m� 1:The mean of the stationary distribution is (m� 1)=2 and the varian
e is (m+1)=12.The proof (given, as noted, in [29℄) is a 
al
ulation verifying that v0 = v0� et
.4.3. The Large Deviation Prin
iple. Now letZn = 1nordp�x1 + � � �+ xmx1; : : : ; xm �and Nn(�) = #�(x1; : : : ; xm) ���� 0 � x1; : : : ; xm < pn and Zn 2 �� :By Di
kson's theorem, Zn = (C1 + � � �+ Cn)=n. If (x1; : : : ; xm) is 
hosen uniformlyat random from f0; : : : ; pn � 1gm, then the base-p digits representing x1; : : : ; xm areindependent, uniform random digits, and so, by the \key observation" of the lastse
tion, the 
arries hCki form a Markov 
hain. Thus (in just two steps!) we 
on
ludethat the large deviation prin
iple applies to the sequen
e of measures hPr(Zn 2 �)i.Sin
e Nn(�) = pnmPr(Zn 2 �);we may re-express the large deviation prin
iple in terms of Nn(�):Proposition 3 Let p be a prime, and let m � 2 be an integer. Let �ij be asgiven in Lemma 1, and de�ne�t = ��ijetj� ;�(�t) = Perron-Frobenius eigenvalue of �t;I(z) = supt ftz � log �(�t)g;D(z) = m� I(z)= log p;and, for � � R, D(�) = supz2�D(z): LetNn(�) = �(x1; : : : ; xm) ���� 0 � x1; : : : ; xm < pn and 1nordp�x1 + � � �+ xmx1; : : : ; xm � 2 �� :Then, for ea
h I-
ontinuity set �,limn!1 1n logpNn(�) = D(�):In order to turn this proposition into a 
lear result, we need to get a better pi
tureof the fun
tion D(z). Although we will not �nd an elementary formula, as we did forthe m = 2 (binomial 
oeÆ
ient) divisibility spe
trum in Theorem 2, we will be able



30 JOHN M. HOLTEto establish the 
orresponding properties and spe
ial values for the general m-nomialdivisibility spe
trum, and we turn now to that task.4.4. Asymptoti
 Prime-power Divisibility of Multinomial CoeÆ
ients. De-�ne e�(x) = [�ijxj℄, and let �(x) be its spe
tral radius (the Perron-Frobenius eigen-value for x � 0). Noti
e that, if x > 0 and t = logx, then�t = [�ijetj℄ = [�ijxj℄ = e�(x) and �(�t) = �(x);when
e I(z) = supt2Rfzt� log �(�t)g = supx>0fz log x� log �(x)g;so I(z) = log supx>0 xz�(x) : (24)Lemma 4 The fun
tion � is 
ontinuous, 
onvex, and stri
tly in
reasing on [0;1);�(x) = xm�1�(1=x) for x > 0; �(0) = �00 = p�m�p+m�1m �; and �(x) � xm�1 as x!1,i.e., there are positive 
onstants 
1; 
2 su
h that 
1xm�1 � �(x) � 
2xm�1 for all suf-�
iently large x|in fa
t, �00xm�1 � �(x) � xm�1 for x � 1.Proof. We use Wielandt's [55℄ variational 
hara
terization of the Perron-Frobeniuseigenvalue: Assume x � 0 (so that every �ijxj � 0), and letQw(x) = minj m�1Xi=0 wi�ijxj=wjwhere the minimum is taken over j 2 f0; : : : ; m� 1g for whi
h wj 6= 0; then�(x) = supw�0w 6=0Qw(x) = maxw�0kwk6=0Qw(x);where k � k is any norm. Noti
e that, for ea
h j,wjQw(x) �Xi wi�ijxj;so (Xj wj)Qw(x) �Xi wiXj �ijxj � (Xi wi)maxi Xj �ijxj:Combining this with an easy lower bound, we have, for w � 0 and (say) wk 6= 0,�kkxk � Qw(x) � maxi Xj �ijxj:Therefore, 0 < �00 � �(x) � maxi Xj �ijxj: (25)
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e ea
h �ij � 0 and, by (23), ea
h �ii > 0, we see that, for w � 0, Qw(x) is astri
tly in
reasing fun
tion of x (for m � 2), when
e �(x) is also.Invoking the 
ross-symmetry of � (Lemma 2), we getQw(x) = minj Xi wi�m�1�i;m�1�jxj=wj= minh Xk ~wk�k;hxm�1�h= ~wh= xm�1minh Xk ~wk�k;h(1=x)h= ~whfor x > 0, where ~wk = wm�1�k. Therefore,Qw(x) = xm�1Q ~w(1=x) for x > 0;when
e �(x) = xm�1�(1=x) for x > 0:Be
ause � is in
reasing and satis�es the bounds given by (25) for 0 < x � 1 and�(1) = 1, the previous equation implies that�00xm�1 � �(x) � xm�1 for x � 1;when
e �(x) � xm�1.To establish the 
onvexity of �, we start with the observation that, if p � 0; q � 0,and p+ q = 1, then for x; y � 0,(px + qy)j � pxj + qyj for j = 0; 1; : : : ; m� 1:Then, for w � 0 and wj > 0,Xi wi�ij(px+ qy)j=wj � pXi wi�ijxj=wj + qXi wi�ijyj=wj;when
e Qw(px + qy) � pQw(x) + qQw(y), so �(px + qy) � p�(x) + q�(y). Therefore�(x) is 
onvex for x � 0, and hen
e it is ne
essarily 
ontinuous for x > 0. It remainsto prove the 
laimed value of �(0) and the 
ontinuity of � at 0.Be
ause e�(0)w = 2666664 �00 0 : : : 0�10 0 : : : 0� � �� � �� � ��m�1;0 0 : : : 0
37777752666664 w0w1���wm�1

3777775 = w0 2666664 �00�10����m�1;0
3777775 ;we will have e�(0)w = �w i� w0 = 0 or w0 6= 0 and � = �00, when
e �(0) = �00.By Lemma 1, �i0 = p�m�m�1�i+pm �, so maxi �i0 = �00. Now we let x ! 0+ in theinequalities (25) and get limx!0+ �(x) = �00 = �(0). �Lemma 5 The rate fun
tion I is a nonnegative 
onvex fun
tion that is �nite and
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ontinuous pre
isely on [0; m� 1℄; it is symmetri
 about (m� 1)=2; I((m� 1)=2) =0 = minzI(z); and I(0) = I(m� 1) = m log p� log �p+m�1m �.Proof. Re
all equation (24): I(z) = log supx>0 xz�(x) :By Lemma 4, �(x) � �00 > 0 and �(x) � xm�1 as x !1, and so 0 � I(z) <1 for0 � z � m� 1 and I(z) =1 otherwise. The rate fun
tion I is 
onvex, by TheoremB, and so I is 
ontinuous on (0; m� 1).By ergodi
ity of the Markov 
hain hCki, with probability 1, (C1 + � � �+Cn)=n!(m�1)2, the mean of the stationary distribution (see Lemma 3). It is then a standardresult that I((m� 1)=2) = 0. For, if � is an arbitrary interval 
ontaining (m� 1)=2,then limn!1 1n log Pr�C1 + � � �+ Cnn 2 �� = 0;but, by Proposition 3 and the 
ontinuity of I,limn!1 1n logPr�C1 + � � �+ Cnn 2 �� = � infz2� I(z);and therefore min I(z) = 0 = I((m� 1)=2).By (24) and Lemma 4,I(m� 1� z) = log supx>0 xm�1�z�(x)= log supx>0 xm�1�zxm�1�(1=x)= log supx>0 (1=x)z�(1=x) = I(z);so I is symmetri
 about (m � 1)=2. Thus I(0) = I(m � 1), and, by (24) again andLemma 4, I(0) = log supx>0 x0�(x) = log 1�(0)= log 1p�m�p+m�1m � = m log p� log�p+m� 1m �:Finally, we 
he
k the 
ontinuity of I from the right at 0 (and, by symmetry,
ontinuity from the left at m � 1). Assume 0 � z � m � 1. For 0 < x � 1,xz=�(x) � 1=�(0) = 1=�00, sin
e both xz and �(x) are nonde
reasing fun
tions of x;for x � 1, xz=�(x) � xz=(�00xm�1) = 1=(�00xm�1�z), by Lemma 4. Therefore,supx>0 xz�(x) � 1�00 :
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laim this bound is the limit as z ! 0+. Let " > 0 (and" < 1=�00). Let � = "�001� "�00 , so that 1�00 + � = 1�00 � ":Be
ause � is in
reasing and 
ontinuous from the right at 0 and �(0) = �00, there existsÆ > 0 su
h that 0 < x < Æ =) �00 < �(x) < �00 + �:Then, supx>0 xz�(x) � sup0<x<Æ xz�00 + � = Æz�00 + � :But limz!0+ Æz�00 + � = 1�00 + � = 1�00 � ":Be
ause " was arbitrary, limz!0+ supx>0 xz�(x) = 1�00 ;and so limz!0+ I(z) = log 1�00 = I(0): �Let D(z) = m� I(z)log p: (26)Combining Proposition 3 and the above lemmas, we have our main result for multi-nomial 
oeÆ
ients.Theorem 5 Let p be a prime, and let m � 2 be an integer. LetNn(�) = �(x1; : : : ; xm) ���� 0 � x1; : : : ; xm < pn and 1nordp�x1 + � � �+ xmx1; : : : ; xm � 2 �� :Then, for ea
h nondegenerate interval � � [0; m� 1℄,limn!1 1n logpNn(�) = supz2� D(z)where D is given by (26); D is a 
on
ave fun
tion that is �nite and 
ontinuous on[0; m�1℄; D is symmetri
 about (m�1)=2; D((m�1)=2) = m; and D(0) = D(m�1) =logp �p+m�1m �.
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ial Dimensions. As in the binomial 
ase, the extreme values of D(z) arespe
ial dimensions. When z = (m � 1)=2, we have D(z) = m, the full dimension ofthe spa
e of m-tuples. This 
orresponds, as noted in the proof of Lemma 5, to thealmost sure 
onvergen
e of (C1 + � � �+ Cn)=n to (m� 1)=2.The value of D(z) at z = 0 isD(0) = log �p+m�1m �log p ;whi
h is the self-similarity dimension of the multinomial 
oeÆ
ients not divisible byp (see [28℄, [43℄, [44℄). (The self-similarity upon s
aling by p may be dedu
ed fromDi
kson's theorem.) Thus, as in the m = 2 (binomial) 
ase, Theorem 5 may beextended to in
lude � = f0g, thereby in
orporating this fra
tal dimension result atone endpoint of a full spe
trum of divisibility dimensions for multinomial 
oeÆ
ients.5. Generalized Multinomial Coeffi
ients5.1. Divisibility and Carries. Both multinomial 
oeÆ
ients and Knuth and Wilf'sgeneralized binomial 
oeÆ
ients are spe
ial 
ases of generalized multinomial 
oeÆ-
ients.De�nition Let U = hU1; U2; : : : i be a sequen
e of positive integers. For x 2 N ,let [x℄! = U1U2 � � �Ux; for integer m � 2, de�ne the generalized m-nomial 
oeÆ
ient
orresponding to U for nonnegative integers x1; : : : ; xm by�x1 + x2 + � � �+ xmx1; x2; : : : ; xm �U = [x1 + x2 + � � �+ xm℄![x1℄![x2℄! � � � [xm℄! :When m = 2 this is the same as the U -nomial 
oeÆ
ient of Knuth and Wilf.The results of the previous se
tions may be subsumed under a more general as-ymptoti
 divisibility theory of generalized multinomial 
oeÆ
ients. In this se
tion weshall give full statements of these 
omprehensive theorems. The hard work of the req-uisite proofs has already been done for the most part, in the previous se
tions, so herewe will streamline the exposition by merely outlining most of the arguments. Firstwe state a generalization of Di
kson's Theorem, Theorem D, that relates prime-powerdivisibility of generalized multinomial 
oeÆ
ients to the total of the 
arries that arisewhen the 
omponents x1; : : : ; xm are added in a suitable mixed-radix system.Theorem E Let p be a prime. If U is a regularly divisible sequen
e, then we havethat ordp�x1+x2+���+xmx1;x2;::: ;xm �U is equal to the total of the 
arries that o

ur when x1; : : : ; xmare added in the mixed-radix system with radi
es b1 := r(p), the rank of apparition ofp in U , b2 := r(p2)=r(p); b3 := r(p3)=r(p2), et
.The proof is a straightforward generalization of the (Knuth and Wilf-based) proofof Theorem C.
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arries hCki that 
ome from theaddition of m numbers xi =Pj XijQjk=1 bk given by independent random digits Xijin a mixed-radix system, the Markov property still holds:Pr(Ck+1 = 
k+1 j Ck = 
k; : : : ; C1 = 
1; C0 = 0) = Pr(Ck+1 = 
k+1 j Ck = 
k);be
ause the 
arry out Ck+1 depends only on Ck (and the digits X1;k; : : : ; Xm;k): ifCk = i, Ck+1 = j () jbk+1 � i+X1;k + � � �+Xm;k < (j + 1)bk+1:Now the proof of equation (22) works with p repla
ed by bk+1, so the transitionprobabilities are given by�ij(k) = b�mk+1 j�bi=bk+1
Xt=0 (�1)t�m+ 1t ��m� 1� i� (j + 1� t)bk+1m �: (27)5.3. The Large Deviation Prin
iple. LetZn = 1nordp�x1 + � � �+ xmx1; : : : ; xm �U :By Theorem E, we have Zn = (C1 + � � � + Cn)=n where hCki is the Markov 
hainof 
arries. As in the 
ase of generalized binomial 
oeÆ
ients, we suppose that thetransition probabilities for the 
arries pro
ess are eventually stationary: �ij(k) = �ijfor k � s for some s. This happens when the radi
es bk := r(pk)=r(pk�1) be
ome
onstant for k > s.At this point we note a further generalization. It is not ne
essary that the station-ary transition matrix � be based on the prime p as in equation (19) or equation (22),i.e., it is not ne
essary that the eventual value of r(pk)=r(pk�1) be the prime p. Weneed only require that r(pk)=r(pk�1) eventually have some integer value b > 1. Then�ij is given by equation (27) with bk+1 = b. A 
lass of regularly divisible sequen
essatisfying this 
riterion may be 
onstru
ted as follows. Let  be any permutation ofthe primes, and let U : N �! N be de�ned by the rule:if n = pe11 pe22 � � � ; then Un =  (p1)e1 (p2)e2 � � � :For � � R, letNn(�) = #�(x1; : : : ; xm) ���� 0 � x1; : : : ; xm < r(pn) and Zn 2 �� :Sin
e r(pn) = b1 � � � bs � bn�s,Nn(�) = [r(pn)℄mPr(Zn 2 �) = (b1 � � � bs � b�s)mbmnPr(Zn 2 �): (28)Now we may modify the proof of the main theorem for generalized binomial 
oef-�
ients, Theorem 4, to show that the \transient" transition probabilities �ij(k) fork < s have no lingering e�e
t on the asymptoti
 behavior of log Pr(Zn 2 �) when �is a nondegenerate subinterval of [0; m� 1℄. Then, taking (28) into a

ount, we may



36 JOHN M. HOLTEgeneralize the large deviation prin
iple for multinomial 
oeÆ
ients, Proposition 3, to
on
lude limn!1 1n logbNn(�) = D(�) (29)where D(�) = supz2� D(z) where D(z) = m� I(z)= log b (30)and I is the rate fun
tion for the �nite Markov 
hain 
orresponding to the stationarytransition probabilities given by (27), i.e.,I(z) = supt ftz � log �(�t)gwhere �t = ��ijetj�and �(�t) = Perron-Frobenius eigenvalue of �t:5.4. Main Theorem. We have shown that our main 
on
lusion|equation (29){follows from the large deviation prin
iple for the 
hain given by (27). Let us alsoobserve that the spe
ial properties of the dimension fun
tion D for the multinomial
ase were dedu
ed using only the transition probabilities (22), and in the present
ase the transition matrix has the same form (just repla
e p by b), so the dimensionfun
tion given in (30) must enjoy the same properties. Thus we may summarize ourdis
ussion in the following statement.Main Theorem Let U be a regularly divisible sequen
e, let p be a prime, let r(k) =minfj : kjUjg, and assume that for some b; s 2 N we have bk := r(pk)=r(pk�1) = b > 1for every k > s. Let m � 2 be a �xed integer; for n 2 N and � � R, de�neNn(�) = #�(x1; : : : ; xm) ���� 0 � x1; : : : ; xm < r(pn) & �x1 + x2 + � � �+ xmx1; x2; : : : ; xm �U 2 �� :Then, for ea
h nondegenerate interval � � [0; m� 1℄,limn!1 1n logbNn(�) = D(�)where D(�) is given by (30). In the 
ase that m = 2, D is given expli
itly by The-orem 2 with p repla
ed by b. In any 
ase, D is a 
on
ave fun
tion that is �nite and
ontinuous on [0; m� 1℄; D is symmetri
 about (m � 1)=2; D((m� 1)=2) = m; andD(0) = D(m� 1) = logb �b+m�1m �.
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tal Spe
trum of Generalized Multinomial CoeÆ
ients. We
on
lude by applying our Main Theorem to the determination of the multifra
talspe
trum of the generalized multinomial 
oeÆ
ients, i.e., to the evaluation off(�) = lim"!0+ limÆ!0+ log[ eNÆ(�+ ")� eNÆ(�� ")℄� log Æwhen eNÆ(�) = #fx 2 MÆ : j�(x)jp � Æ�gwhere MÆ = f(x1; : : : ; xm) 2 Nm0 : 0 � x1; : : : ; xm < Æ�1gand �(x) = �((x1; : : : ;xm)) = �x1 + x2 + � � �+ xmx1;x2; : : : ;xm �U :The derivation follows the main lines of the proof that f(�) = D(�) for binomial
oeÆ
ients, but the details are a little di�erent, and the result di�ers in some 
asestoo, so we will present them with some 
are. First we will establish a bound oneNÆ(� + ")� eNÆ(�� ").Lemma Assume n > s and 1 < r(pn�1) < Æ�1 � r(pn) and " > 0. Writelogp r(pn) = logp(b1 � � � bsb�s) + n logp b = 
 + �n where � = logp b > 0:ThenNn�1 ((� + (
 + �)=(n� 1))(�� "); (� + 
=(n� 1))(� + ")℄)� eNÆ(� + ")� eNÆ(�� ")� Nn ((� + (
 � �)=n)(�� "); (� + 
=n)(� + ")℄) ;where 0 < " < j�j if � 6= 0.Proof. Noti
e that for n > s, we have r(pn�1) > 1 i� �(n � 1) + 
 > 0, i.e.,n > 1 � 
=�, so the 
oeÆ
ients of � � " above are positive. (Also the intervals arenondegenerate for suÆ
iently large n (n > �=2"+1=2�
=�).) Assume that 0 < " < �



38 JOHN M. HOLTEor � = 0 < ". Now,x 2 M1=r(pn�1) and �� + 
 + �n� 1� (�� ") < ordp�(x)n� 1 � �� + 
n� 1� (� + ")=)x 2 MÆ and (�n+ 
)(�� ") < ordp�(x) < (�(n� 1) + 
)(� + ")=)x 2 MÆ and �� " < ordp�(x)logp Æ�1 < � + "=)x 2 MÆ and Æ�+" � j�(x)jp < Æ��"=)x 2 M1=r(pn) and �� " < ordp�(x)logp Æ�1 � � + "=)x 2 M1=r(pn) and (�(n� 1) + 
)(�� ") < ordp�(x) � (�n + 
)(�+ ")=)x 2 M1=r(pn) and �� + 
 � �n � (�� ") < ordp�(x)n � �� + 
n� (�� "):Therefore the 
on
lusion of the lemma follows in the 
ase that 0 < " < � or � = 0 < ".If � < 0 and 0 < " < j�j, then �� " < 0 and all the terms in the lemma inequalitiesbe
ome zero. �Now we are in a position to 
al
ulate f(�). Let " > 0. Let � = logp b. Firstsuppose � � 0; if � > 0, require 0 < " < �. Choose � su
h that 0 < � < � and, if� > 0, su
h that � < �"=(�+ ") (so that the intervals de�ned below will in
lude ��).Require that n > s; n > 1� 
=�, and n be large enough that����
 + �n� 1���� < �; ���� 
n� 1 ���� < �; ����
 � �n ���� < �; and ����
n ���� < �:Then((�+�)(��"); (���)(�+")℄ � ��� + 
 + �n� 1� (�� ");�� + 
n� 1� (� + ")� =: An�1andBn := ��� + 
 � �n � (�� ");�� + 
n� (� + ")� � ((� � �)(�� "); (� + �)(� + ")℄:Then, by the lemma,Nn�1(An�1) � eNÆ(� + ")� eNÆ(�� ") � Nn(Bn);so n� 1log Æ�1 logNn�1(((� + �)(�� "); (� � �)(�+ ")℄)n� 1� log[ eNÆ(� + ")� eNÆ(�� ")℄� log Æ �nlog Æ�1 logNn(((� � �)(�� "); (� + �)(�+ ")℄)n :



PRIME-POWER DIVISIBILITY OF GENERALIZED BINOMIAL COEFFICIENTS 39Let n ! 1 (when
e Æ ! 0+). By the Main Theorem, (1=n) logNn(�) !D(�) log b, where D is as spe
i�ed in the theorem. Also, n= log Æ�1 ! 1= log b. Sothe limit inferior and limit superior of the middle term lie between D(((� + �)(� �"); (�� �)(�+ ")℄) and D(((�� �)(�� "); (�+ �)(�+ ")℄). Let "! 0+ (when
e also� ! 0+). By the 
ontinuity of D on [0; m� 1℄,f(�) = lim"!0+ limÆ!0+ log[ eNÆ(� + ")� eNÆ(�� ")℄� log Æ = D(��)for 0 � � � (m� 1)=�.If � < 0, then Æ��" > 1 for suÆ
iently small ", while j�(x)jp � 1, so eNÆ(��") = 0,and f(�) = �1 = D(��).If �� > m� 1, then for r(pn�1) < Æ�1 � r(pn) we have, sin
e r(pn�1) = p
+�(n�1),Æ��" > Æ�+" � �p�
��(n�1)��+" = p(��
)(�+")p���n > p�(m�1)nfor small " and large n. But be
ause ordp�(x) � n(m � 1) (bound on 
arries),j�(x)jp � p�(m�1)n. So eN(�+ ") = eN(�� "), and again f(�) = �1 = D(��). Thisproves our �nal result.Theorem 6 Let p be a prime, and let m � 2 be an integer. Let U be a regularlydivisible sequen
e, and let�(x1; : : : ; xm) = �x1 + x2 + � � �+ xmx1; x2; : : : ; xm �U :Suppose there exist b; s 2 N su
h that r(pk)=r(pk�1) = b > 1 for every k > s. Thenthe multifra
tal spe
trum f of � exists and is given by f(�) = D(� logp b), where Dis the dimension fun
tion given by equation (30).A
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