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tionSuppose that you thoroughly shu�e a de
k of ordinary playing 
ards andthen deal them out in one long row. What is the probability that somewherein the row you will �nd a queen next to a king? Or a 
lub next to a diamond?Or a fa
e 
ard next to an a
e? More generally, in a random permutation of nobje
ts of various kinds, what is the probability of �nding j instan
es wherean obje
t of a given kind is adja
ent to one of another given kind?At �rst glan
e you may 
on
lude that an expli
it solution would be quitediÆ
ult. Indeed, an earlier published solution [Singmaster 1991℄ for the spe-
ial 
ase of no queen-king juxtapositions relied entirely on a re
urren
e-relation 
al
ulation. But in fa
t expli
it solutions to su
h problems turnout to be elementary and a

essible to undergraduate students who havestudied 
ombinatori
s or dis
rete probability. Furthermore, the juxtaposi-tion problem turns out to be 
losely related to the problem of determiningthe distribution of runs, whi
h is studied in many undergraduate mathemat-i
al statisti
s 
ourses and whose solution has been known at least sin
e 1886(see [Whitworth 1886, Exer
ises 193, 194℄, [Barton and David 1957, 168℄).1



In fa
t, the solution of the juxtaposition problem to be given here providesa natural follow-up to the solution of the runs problem.In the spe
ial 
ase of a
e-king juxtapositions, an expli
it solution for jjuxtapositions was given previously in [Holte and Holte 1993℄. An expli
itsolution for the general problem of no adja
en
ies between any obje
ts of kdi�erent kinds was given in [Suman 1993℄. In this module, we extend thete
hniques of these papers to �nd the probability of exa
tly j juxtapositionso

urring between obje
ts of two di�erent kinds in a random permutationof any number of obje
ts of two or more kinds. In addition, we �nd themean and varian
e of the number of juxtapositions. Doing this provides ani
e illustration of te
hniques for dealing with moments of sums of dependentrandom variables.The probability a queen is next to a kingLet us begin by �nding the probability that there are exa
tly j pla
es wherea queen is adja
ent to a king in the order spe
i�ed in a shu�ed de
k. Fornow, assume that all four queens (Q 's) are identi
al, all four kings (K 's) areidenti
al, and all 44 
ards that are neither (N 's) are identi
al. Clearly, if we
an �nd the number of all permissible permutations under this assumption,then we 
an multiply this answer by 4!4!44! to adjust for the fa
t that the
ards are all distin
t. Now a permutation of the de
k might look like this:NNNNNNQNNNNNQKNNNNQNNNNNNNNKNNNNNNNNNKNNNNQNNNKNNNNN.Suppressing the N 's, we seeQ QK Q K K Q K.Without the N 's there are three potential QK juxtapositions, but with theN 's inserted as above, there was just one su
h a
tual juxtaposition.Let's 
ount the number of arrangements of the four Q 's and four K 's thatby themselves have m (potential) QK juxtapositions. We �rst 
onsider theQ 's alone and mark the m pla
es where K 's will follow a Q; in our examplewith m = 3, we'd write, e.g., Q Q j Q j Q j .2



There are � 4m� ways to 
hoose these pla
es. Se
ond we 
onsider the K 's aloneand mark the m pla
es where a K is to be pre
eded by Q 's; e.g.,j K j K K j K .There are � 4m� ways to 
hoose these pla
es. With these 
hoi
es, the string ofQ 's and K 's is determined: it would be QQKQKKQK in our example. Thereare � 4m�2 possible arrangements.Next, let's 
ount the number of ways we may insert the N 's so as toa
hieve j a
tual juxtapositions. Think of the nine spa
es before, between, andafter the four Q 's and four K 's as urns. To a
hieve j a
tual juxtapositions,
hoose j of the m \QK " urns to be empty; this may be done in �mj � ways. Tomake sure that there are no more than j juxtapositions, pla
e one N in ea
hof the other m� j \QK " urns. Then distribute the remaining 44� (m� j)N 's into the 9 � j urns that do not have to be empty. We need to knowhere and later that the number of ways to pla
e r identi
al balls into u urnswithout restri
tion is �r+u�1u�1 �. (This formula may be established by a \stars-and-bars" argument: Write � for ea
h ball, and divide them into u groupsby u� 1 j's. For example, � � �j � �jj� represents 3 balls in the �rst urn, 2 inthe se
ond, none in the third, and 1 in the fourth. The number of ways to
hoose u� 1 pla
es from r+ u� 1 for the j's is �r+u�1u�1 �.) For us, the numberof ways we may distribute the N 's is�(44� (m� j)) + (9� j)� 1(9� j)� 1 � = �52�m8� j �:Thus there are � 4m�2�mj ��52�m8�j � arrangements of Q 's, K 's, and N 's havingm potential QK juxtapositions and j a
tual QK juxtapositions. Multiplyingby 4!4!44!, summing over all possible values of m (j � m � 4), and dividingby the number of permutations of 52 
ards, we get the probability qj of j QKjuxtapositions: qj = 4Xm=j� 4m�2�mj ��52�m8� j �4!4!44!52! :Approximate values of qj are given in the following table.j 0 1 2 3 4qj 0.7187 0.2556 0.0250 0.0007 4� 10�63



The probability of j queen-king juxtapositions in either order (QK or KQ)will be 
omputed in the next se
tion.Exer
ises1. List the �43�2 possible sequen
es of 4 Q's and 4 K's having exa
tly 3\QK" juxtapositions.2. Suppose that the de
k is redu
ed to 2 Q's, 2 K's, and one a
e. Adaptthe analysis in the text to 
omplete the following table. Find the probabilityqj of j QK juxtapositions for ea
h j.m Q's K's K-Q # ways to insert A to getto follow to pre
ede sequen
e j = 0 j = 1 j = 2m = 0 QQ KK KKQQm = 1 QjQ jKK 1 4 0m = 1 QjQ KjK KQKQm = 1 QQj jKK 1m = 1 QQj KjK KQQKm = 2 QjQj jKjK QKQKJuxtapositions and runsNow 
onsider a set of n distinguishable obje
ts of various kinds: a of one kind(A's), b of a se
ond kind (B 's), and 
 = n� a� b of other kinds (
olle
tivelyC 's). What is the probability that a random permutation of the n obje
ts
ontains exa
tly j instan
es where an obje
t of the �rst kind is adja
ent (oneither side) to an obje
t of the se
ond kind?Temporarily regard the A's (respe
tively, B 's) as indistinguishable. LetA+ denote a generi
 string of one or more 
onse
utive A's; de�ne B+ similarly.When our a A's and b B 's are laid out in a line, the A+'s and B+'s alternate,so the numbers of A+'s and B+'s must be either the same or di�er by one; leti be the 
ommon or smaller number, as the 
ase may be. Then the followingtable summarizes all the possibilities.
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Pattern #A+'s #B+'s #AB's #BA's #juxtapositionsA+B+A+ � � �A+B+ i i i i� 1 2i� 1A+B+A+ � � �B+A+ i+ 1 i i i 2iB+A+B+ � � �A+B+ i i + 1 i i 2iB+A+B+ � � �B+A+ i i i� 1 i 2i� 1Ea
h A+ and B+ represents a \run" of A's or B 's, respe
tively. Astring has m AB and BA juxtapositions if and only if it has m + 1 runsof A's and B 's. Let Rk = Rk(a; b) denote the number of arrangementsof a A's and b B 's yielding k runs of A's and B 's. Then the number ofarrangements of a A's and b B 's yielding exa
tly m AB or BA juxtaposi-tions is Rm+1(a; b). The formula (1) given below is well known in the the-ory of runs|see, e.g., [David and Barton 1962, 
h. 6℄, [Freund 1992, 594{595℄, [Hogg and Craig 1995, 517{519℄, [Hogg and Tanis 1993, se
t. 10.6℄, or[Ross 1994, 47{49, 57{58℄|and the reader familiar with the result may jumpahead to that point, but for 
ompleteness it will be rederived next. Values ofthe probabilities of k runs|r(k; a; b) = Rk(a; b)=�a+ba �|may be found in sta-tisti
al tables, e.g., [Beyer 1968, Table X.6 (414{424)℄, [Swed and Eisenhart 1943℄.Now let's 
ount the ways to get the patterns in the table. In the �rstpattern, A+B+A+ � � �A+B+, after putting a B+ after the last A, we mustinsert the other i� 1 B+'s after i � 1 A's (not A+'s), whi
h may be 
hosenin �a�1i�1� ways. This determines the A's that are to be followed by B+'s, butit does not determine the B 's that are to be followed by A+'s. Aside fromthe last B, there are b � 1 B 's from whi
h we must 
hoose i � 1; this maybe done in �b�1i�1� ways. Altogether, then, we have �a�1i�1��b�1i�1� ways to a
hievethe A+B+A+ � � �A+B+ pattern.For the se
ond pattern, A+B+A+ � � �B+A+, we must use at least one Aat the end, and then insert i B+'s after i A's, whi
h may be 
hosen in �a�1i �ways. Then, aside from the last B, whi
h is ne
essarily followed by A+, wemust 
hoose i � 1 B's to be followed immediately by A+'s, whi
h 
an bedone in �b�1i�1� ways. Altogether, then, we have �a�1i ��b�1i�1� ways to a
hieve theA+B+A+ � � �B+A+ pattern.The remaining patterns may be 
ounted by swit
hing A and B (and,
orrespondingly, a and b) and applying the formulas just derived. The resultis that the number of B+A+B+ � � �A+B+ patterns is �b�1i ��a�1i�1�, and thenumber of B+A+B+ � � �B+A+ patterns is �b�1i�1��a�1i�1�.If m = 2i � 1 (�rst and fourth patterns), then the number of patterns5



having m juxtapositions is given byRm+1 = R2i = 2�a� 1i� 1��b� 1i� 1�:If m = 2i (se
ond and third patterns), then the number of patterns havingm juxtapositions is given byRm+1 = R2i+1 = �a� 1i ��b� 1i� 1�+ �a� 1i� 1��b� 1i �:We may 
ombine the odd- and even-
ase formulas by using the greatest-integer fun
tion, denoted here by b�
. If m = 2i� 1, then bm=2
 = i� 1 andb(m� 1)=2
 = i� 1, and if m = 2i, then bm=2
 = i and b(m� 1)=2
 = i� 1.Thus, the number of arrangements of a A's and b B 's having m AB or BAjuxtapositions is given byRm+1(a; b) = � a� 1bm=2
�� b� 1b(m� 1)=2
�+ � a� 1b(m� 1)=2
�� b� 1bm=2
�: (1)Now, given an arrangement of a A's and b B 's yieldingm potential AB orBA juxtapositions, we insert the remaining 
 obje
ts (C 's) so as to a
hieveexa
tly j juxtapositions. There are a+ b+1 \urns" available for these otherobje
ts, and we must keep empty j of the m \AB" or \BA" urns. There are�mj � ways to 
hoose these urns. To make sure that there are no more than jjuxtapositions, we pla
e one C in ea
h of the other m � j \AB" and \BA"urns. Then we distribute the remaining 
� (m� j) C 's into the a+ b+1� jurns that do not have to be empty; the number of ways this 
an be done is�(
� (m� j)) + (a + b+ 1� j)� 1(a+ b + 1� j)� 1 � = � n�ma + b� j�:Be
ause there are � na+b� equally likely ways to 
hoose positions for the A's,B 's, and C 'S, the 
onditional probability of a
hieving j juxtapositions is�mj �� n�ma+b�j�� na+b� = h(j; a+ b;m; n�m);i.e., a hypergeometri
 probability. (Note: h(j; a + b;m; n � m) = h(m �j; 
;m; n�m). 6



Finally, assuming that all n! permutations are equally likely and takinginto a

ount the possible permutations of the A's, B 's, and C 's, we �nd thatthe probability pj of getting exa
tly j instan
es where an A-obje
t is next toa B -obje
t (in either order) ispj =Xm Rm+1(a; b)�mj �� n�ma+ b� j�a!b!
!n! (2)where a + b + 
 = n and the sum is taken over all possible values of m(maxfj; 1g � m � 2minfa; bg) and Rm+1(a; b) is given by equation (1).Alternatively, pj may be expressed in terms of run probabilities and hyper-geometri
 probabilities:pj = 2minfa;bgXm=maxfj;1g r(m+ 1; a; b)h(j; a+ b;m; n�m):Example 1. The probability that, in an ordinary shu�ed de
k, wehave j queen-king or king-queen juxtapositions is given by equation (2) withn = 52 and a = b = 4. Approximate values are given in the following table.Note that the probability that some queen is next to some king (on eitherside) is 1 � p0 � 0:486. This value was found via re
urren
e relations in[Singmaster 1991℄.j 0 1 2 3 4 5 6 7pj .514 .372 .100 .013 .001 3� 10�5 4� 10�7 2� 10�9Example 2. The probability that in an ordinary shu�ed de
k we havej instan
es where a 
lub is next to a diamond is given by equation (2) withn = 52 and a = b = 13. Approximate values that are at least 0.01 are givenin the following table.j 2 3 4 5 6 7 8 9 10 11 12pj .01 .04 .10 .16 .19 .19 .14 .09 .04 .02 .01Example 3. The probability that there are j instan
es where an a
e isnext to a fa
e 
ard is given by equation (2) with n = 52, a = 4, and b = 12.Approximate values are given in the following table.7



j 0 1 2 3 4 5 6 7 8pj .114 .296 .320 .189 .066 .014 .002 .000 .000Exer
ises3. Consider the 5!=(2!2!1!) �ve-letter \words" that 
an be formed using 2A's, 2 B's, and 1 C. For ea
h i (the smaller of the number of A- and B-runs)and for ea
h pattern in the table of possibilities, list the �ve-letter words thatgive ea
h number j of AB and BA juxtapositions. Con�rm that p0 = 1=15,p1 = p2 = 2=5, and p3 = 2=15.4. Three 
ontagious people, four sus
eptible people, and �ve immune peopleline up randomly. What is the probability that a 
ontagious person standsnext to a sus
eptible person in the queue?5. Six bar magnets and 6 bars of metal are inserted at random and pushedtogether in a horizontal plasti
 pipe. Suppose that the orientation of 3 of thebar magnets is N-S, and for the other 3 it is S-N. When like magneti
 polesare adja
ent, the magnets will repel. For j = 0; : : : ; 5, what is the probabilitythat there are j gaps?Ordered juxtapositionsThe pre
eding analysis 
an be adapted to the 
ase where we 
ount juxtapo-sitions only if they o

ur in a parti
ular order, A to the left of B, say. If werepla
e i by i + 1 in the B+A+B+ � � �B+A+ row of the table of patterns, sothat the number of AB juxtapositions stipulated there is i (as it is in all theother rows), then we �nd that the number of ways to arrange a A's and bB 's so as to get m = i AB juxtapositions is�a� 1i� 1��b� 1i� 1�+�a� 1i ��b� 1i� 1�+�b� 1i ��a� 1i� 1�+�b� 1i ��a� 1i � = �ai��bi�:
8



The simpler answer points to an easier way to get this, whi
h is left as anexer
ise for the reader. Now the probability qj of getting j AB 's isqj = minfa;bgXm=j � am�� bm��mj �� n�ma+ b� j�a!b!
!n! :Example 4. If the letters of the word \STATISTICS" are written on ten
ards that are then permuted randomly, then the probability qj of getting jST 's is given as follows.j 0 1 2 3qj 7=24 = :2916 :21=40 = 5250 7=40 = :1750 1=120 = :0083Exer
ises6. Give a 
ombinatorial argument to explain why the the number of waysto arrange a A's and b B's so as to get exa
tly i \AB" juxtapositions is �ai��bi�.7. Suppose that 6 print jobs in a 
omputer system are queued at random.Two are long, two are of medium length, and two are short. What is theprobability that no long job immediately pre
edes a short job?8. Of the 30 students enrolled in a statisti
s 
lass, 10 are female mathmajors (F 's), 12 are male math majors (M 's), and 8 are non-math majors(N 's). As the students turned in their midterm exams, the professor noti
edthat quite often a male math major turned in his exam right after a femalemath major turned in hers. Thus the professor was interested in testingH0: The sequen
e of 10 F 's, 12 M 's, and 8 N 's is random versusH1: There are more FM adja
en
ies than would be expe
ted under H0.The order in whi
h they turned in their midterm exams wasFMNNFFMFMNMNMFMMFFMNNMFMNMFMNF:There are 7 FM 's. Find P ( 7 or more FM adja
en
ies jH0 is true). Shouldone reje
t H0 at the 5% level of signi�
an
e?
9



Mean and varian
eIn order to get a better sense of the 
entral tenden
y and spread of thepossible numbers of juxtapositions, let us 
al
ulate the mean and varian
eof the random variable T whi
h is de�ned as the total number of times that,in a random permutation of a set of n distinguishable obje
ts, an obje
t ofa spe
i�ed subset of a obje
ts (A's) is adja
ent (on either side) to an obje
tfrom a spe
i�ed disjoint subset of b obje
ts (B 's). We 
laim that the mean,or expe
ted value of T, is � = E(T ) = 2ab=nand the varian
e of T is�2 = 2abn �1� a+ bn� 1 + 2abn(n� 1)� = ��1� a+ b� �n� 1 � = �(�+ 
� 1)n� 1 ;where 
 = n� (a+ b).Thus, for example, when T is the number of queen-king or king-queenjuxtapositions, we have n = 52 and a = b = 4, so � = 2 � 4 � 4=52 = 8=13,�2 = (8=13)(1�(4+4�8=13)=51) = 1512=2873, and the standard deviation isabout 0.725. If we shu�ed d ordinary de
ks together, then the mean numberof su
h juxtapositions would be 2 � 4d � 4d=(52d) = (8=13)d and the standarddeviation would be ((8d=13)(1� (8d� 8d=13)=(52d� 1)))1=2 � 0:73pd.In the 
ase that a+b = n, the mean and varian
e formulas are well knownfrom the theory of runs: see, e.g., [David and Barton 1962, 88℄, [Freund 1992,596℄, [Hogg and Tanis 1993, 634℄, or [Ross 1994, 313{314℄ (mean only). Still,we shall give an independent derivation of these results|one that works fora+ b � n.Rather than undertake the daunting task of 
al
ulating the mean andvarian
e dire
tly from equation (2), let us use the standard te
hnique ofwriting T as a sum of indi
ator random variables. Introdu
e the randomvariable Xi that is de�ned (for 1 � i � n� 1) to be 1 if AB or BA o

urs inpositions i & i+ 1 and that is de�ned to be 0 otherwise. Then T =PXi.We observe that E(Xi) = 1 �P (Xi = 1), the probability of a juxtapositionin positions i & i + 1, whi
h is (a=n)(b=(n� 1)) + (b=n)(a=(n� 1)). By thelinearity property of expe
tation, or mean value, we obtainE(T ) = E n�1Xi=1 Xi!10



= n�1Xi=1 E(Xi)= (n� 1)�an � bn� 1 + bn � an� 1�= 2abn :The 
al
ulation of the varian
e is quite a bit more diÆ
ult, and serves as agood illustration of the sort of 
al
ulation one must go through when �ndingthe varian
e of a sum of 
orrelated random variables, when the answer is notsimply the sum of the varian
es|the sort of thing one does, for example, toget the varian
e of a hypergeometri
 distribution. We begin with�2 = E(T 2)� (E(T ))2and E(T 2) = E �XXiXXj� =XXE(XiXj):Now E(XiXj) = 1 � P (Xi = 1&Xj = 1), the probability of juxtapositions inpositions i & i+1 and j & j +1. The possibilities for the (n� 1)2 terms aregiven in the following table.Indi
es #terms Patterns E(XiXj)j = i n� 1 AB an � bn�1 +BA bn � an�1j = i + 1 2(n� 2) ABA an � bn�1 � a�1n�2 +or j = i� 1 BAB bn � an�1 � b�1n�2j � i+ 2 (n� 2)(n� 3) AB,ABor AB,BA 4 � an � bn�1 � a�1n�2 � b�1n�3j � i� 2 BA,ABBA,BA1 � i; j � n� 1 (n� 1)2Adding every E(XiXj) value multiplied by its number of terms and simpli-fying, we get E(T 2) = 2abn �1 + 2ab� a� bn� 1 � :11



Then �2 = E(T 2)� (E(T ))2 redu
es to the result 
laimed above, 
ompletingthe 
al
ulation.Exer
ises9. What is the expe
ted number of 
lub-diamond and diamond-
lub juxta-positions in a randomly shu�ed de
k? What is the varian
e?10. In a randomly shu�ed de
k, how many runs of fa
e 
ards will there beon average? What is the standard deviation?11. Suppose that when the s
ores of 
ollege students on a test are arrangedin order (assume no ties) and the 
lass of ea
h student is noted (1 = freshman,2 = sophomore, et
.), the following sequen
e of 
lasses is observed:3 2 3 111 4 1 44 2 4 2 44 22 11 3Is the number of runs in this sequen
e greater than would be expe
ted by
han
e?12. Let U denote the number of \AB" juxtapositions (in that order) ina random permutation of a A's, b B's, and 
 C's. Derive formulas for themean and varian
e of U .13. The number of runs is used as a nonparametri
 statisti
 in testsof randomness. The number of juxtapositions may be used instead. Forexample, suppose that a row of 14 plants shows the following pattern of 7healthy (H) and 7 diseased (D) plants:HHHDDDDHHHHDDD:Is the arrangement random?(a) Cal
ulate the mean and standard deviation of the number of HD andDH juxtapositions, and interpret the results.(b) Cal
ulate the probability of getting 3 or fewer juxtapositions if thesequen
e is random.(
) Cal
ulate the probability of getting 10 or more juxtapositions if thesequen
e is random. Noti
e that the maximum possible number of juxtapo-sitions is 13, and 13� 3 = 10. 12



(d) Verify that the probability of getting a number of juxtapositions asextreme as the number in the sample is about 5%.14. Five men, �ve women, and ten 
hildren get into a line.(a) If they line up at random, what is the mean and standard deviationof the number of woman-
hild/
hild-woman juxtapositions?(b) A statisti
ian suspe
ts that 
hildren will tend to get next to womenin line. What is the probability of getting at least as many 
ases of this asin the following sample?WMCCWCWCMCCWCMCWCMCMDoes the eviden
e 
on�rm the statisti
ian's suspi
ion?Related problemsThe juxtaposition problems we have 
onsidered represent just one kind ofproblem 
onne
ted with random permutations. Besides the run probabili-ties 
onsidered here, there are many interesting problems in the distributiontheory of runs, in
luding those involving runs of more than two kinds of ob-je
ts; 
omprehensive a

ounts are given in the book [David and Barton 1962℄and the 
lassi
 arti
le [Mood 1940℄. The former sour
e also dis
usses mat
h-ing and derangement problems for (two) random permutations, and it givesextensive 
al
ulations of moments via indi
ator random variables. Tak�a
s[1981℄ also dis
usses the 
lassi
al problem of m�enages|�nding the proba-bility that some husband and wife will be seated together if n 
ouples arerandomly seated around a 
ir
ular table with men and women alternating.Barbour et al. [1992, 
h. 4℄ address various problems 
onne
ted with ran-dom permutations, in
luding mat
hing and m�enage problems; they 
al
ulatemoments via indi
ator random variables, and they provide Poisson approxi-mations to various probability distributions. But none of these sour
es givethe juxtaposition probabilites presented in this module.Random Cir
ular PermutationsThe 
on
luding exer
ises develop the theory and appli
ations of random 
ir-
ular permutations. Suppose that n letters|a A's, b B's, and 
 C's|are13



randomly permuted in a line, and then the line is bent so that the ends meetto form a ring.Exer
ises15. Derive formulas for the mean and varian
e of the number U of \AB"juxtapositions.16. Derive formulas for the mean and varian
e of the number T of \AB"and \BA" juxtapositions.17. Derive a formula for the probability of exa
tly j \AB" juxtapositionsin a random 
ir
ular permutation in terms of su
h probabilities for linearpermutations.18. Derive a formula for the probability of exa
tly j \AB" and \BA"juxtapositions when a A's, b B's, and 
 C's are randomly permuted and bentinto a ring.19. Three Arabs, four Israelis, and six Swiss are seated randomly at a 
ir-
ular table. What are the mean and varian
e of the number of Arab-Israelijuxtapositions? What is the probability that no Arab and no Israeli are sideby side?20. Repeat Examples 1{4 for 
ir
ular permutations.Solutions1. KQKQKQKQ KQKQKQQK KQKQQKQK KQQKQKQKQKKQKQKQ QKKQKQQK QKKQQKQK QQKKQKQKQKQKKQKQ QKQKKQQK QKQQKKQK QQKQKKQKQKQKQKKQ QKQKQQKK QKQQKQKK QQKQKQKK
14



2. m Q's K's K-Q # ways to insert A to getto follow to pre
ede sequen
e j = 0 j = 1 j = 2m = 0 QQ KK KKQQ 5 0 0m = 1 QjQ jKK QKKQ 1 4 0m = 1 QjQ KjK KQKQ 1 4 0m = 1 QQj jKK QQKK 1 4 0m = 1 QQj KjK KQQK 1 4 0m = 2 QjQj jKjK QKQK 0 2 3Therefore q0 = 9=30 = 3=10, q1 = 18=30 = 3=5, and q2 = 3=30 = 1=10.
3. i = 1 AABB j = 0: AACBB. j = 1: AABBC, AABCB, ACABB, CAABB.i = 1 ABBA j = 1: ABBCA, ACBBA. j = 2: ABBAC, ABCBA, CABBA.i = 1 BAAB j = 2: BAACB, BCAAB. j = 2: BAABC, BACAB, CBAAB.i = 1 BBAA j = 0: BBCAA. j = 1: BBAAC, BBACA, BCBAA, CBBAA.i = 2 ABAB j = 2: ABACB, ABCAB, ACBAB. j = 3: ABABC, CABAC.i = 2 BABA j = 2: BABCA, BACBA, BCABA. j = 3: BABAC, CBABA.4. Let type A be 
ontagious; B, sus
eptible; and C, immune; then a =3; b = 4; 
 = 5, and n = 12. We want to 
al
ulate 1 � p0. By theformula given,p0 = �2 � �117 �+ 5 � �107 �+ 12 � �97�+ 9 � �87� + 6 ��77�� 3!4!5!12! = 59924 ;so 1� p0 � 94%.5. j 0 1 2 3 4 5pj 61440 � :139 101264 � :383 223660 � :338 27220 � :123 231320 � :017 11320 � :0016. There are �ai� ways to 
hoose the i A's that will be followed by oneor more B's, and there are �bi� ways to 
hoose the i B's that will bepre
eded by one or more A's. These two 
hoi
es uniquely determinean interleaving of the A's and B's yielding i \AB" juxtapositions, soaltogether there are �ai��bi� ways to a
hieve i juxtapositions.7. Here a = 2 (long), b = 2 (short), and 
 = 2, so the answer is q0 = 2=5.15



8. P ( 7 or more FM adja
en
ies jH0 is true) = 10Xj=7 qj � 0:024 < 0:05, sowe reje
t H0 at the 5% level.9. Here a = 13; b = 13; 
 = 26, and n = 52, so the expe
ted numberis � = 2ab=n = 2 � 13 � 13=52 = 13=2 = 6:50 and the varian
e is�(�+ 
� 1)=(n� 1) = (13=2)(13=2 + 26� 1)=51 = 273=68 � 4:01.10. The number of runs is T + 1 where T is the number of fa
e-nonfa
eand nonfa
e-fa
e juxtapositions. Here a = 12; b = 40; 
 = 0, andn = 52, so E(#runs) = E(T + 1) = E(T ) + 1 = � + 1 where � =2 � 12 � 40=52 = 240=13, so � + 1 = 253=13 � 19:46 and �2T+1 = �2T =�(�+ 
� 1)=(n� 1) = 18160=2873 and �T � 2:51.11. There are 6 freshman, 5 sophomores, 3 juniors, and 6 seniors. Let Tijdenote the number of ij and ji juxtapositions, and let R denote thetotal number of runs of identi
al digits. Then R = 1 + T12 + T13 +T14 + T23 + T24 + T34. Ea
h E(Tij) = 2ab=n for appropriate a and b, soE(R) = 1+2[(6)(5)+(6)(3)+(6)(6)+(5)(3)+(5)(6)+(3)(6)℄=20 = 15:7.The observed number of runs is 14|just a little below what is expe
ted.(The theory presented here is not adequate to 
ompute P (R � 14)|oreven the varian
e of R, be
ause of the 
ovarian
es involved.)12. Here let Xi = 1 if the ith value is an \A" and the i+1th value is a \B,"and let Xi = 0 otherwise (1 � i � n� 1);� = E(U) = n�1Xi=1 E(Xi) = (n� 1)an bn� 1 = abn :Also �2U = E(U2)� [E(U)℄2 = n�1Xi=1 n�1Xj=1 E(XiXj)� �2;and the 
ounterpart of the table in the text is as follows.
16



Indi
es #terms Patterns E(XiXj)j = i n� 1 AB an � bn�1j � i = �1 2(n� 2) impossible 0jj � ij � 2 (n� 2)(n� 3) AB,AB an � bn�1 � a�1n�2 � b�1n�31 � i; j � n� 1 (n� 1)2Therefore, E(U2) = (n� 1)an � bn� 1 + (n� 2)(n� 3)an � bn� 1 � a� 1n� 2 � b� 1n� 3,when
e, by algebra, �2U = �(�+ 
)n� 113. (a) Mean = 7; standard deviation � 1:80. The observed number ofjuxtapositions (3) is more than two standard deviations away fromthe mean.(b) p0 + p1 + p2 + p3 � :02506: Here p0 = 0.(
) p11 + p12 + p13 + p14 � :02506: Here p14 = 0.(d) Consequently the P value is about 0.051.14. (a) Mean = 5; standard deviation � 1:54.(b) There are 8 WC's and CW 's, and p8 + p9 + p10 � 0:04956: Theeviden
e supports the statisti
ian's suspi
ion (barely) at the 5%level of signi�
an
e.15. �U = E(U) = abn� 1;�2U = �U(�U + 
� 1)n� 2 :16. �T = E(T ) = 2abn� 1;�2T = �T (�T + 
� 2)n� 2 :17



17. Let q(j; a; b; 
) denote the probability of exa
tly j \AB" juxtapositionsin a random linear permutation of a A's, b B's, and 
 C's, and letq�(j; a; b; 
) denote the 
orresponding probability for a linear permuta-tion bent into a ring. There will be j \AB" juxtapositions in the ringif the line starts with \B" and ends with \A" and has j � 1 \AB"juxtapositions or if it does not start with \B" and end with \A" andhas j \AB" juxtapositions. Thus,q�(j; a; b; 
) = bn an� 1q(j�1; a�1; b�1; 
)+q(j; a; b; 
)� bn an� 1q(j; a�1; b�1; 
)18. Adapt the pro
edure used to �nd pj. Count 
arefully: It is easy to goastray! For ea
h i between 1 and minfa; bg, 
ount the linear arrange-ments of a A's and b B's yielding i 
ir
ular runs of ea
h type. There arefour pattern 
ases (A+B+ � � �A+B+, et
.), and the number of 
ir
ularruns, whi
h equals the number of juxtapositions, must be even (2i).For ea
h arrangement, 
ount the ways of 
hoosing j AB and BA 
on-ta
ts to keep (whi
h sometimes involves the \wraparound" 
ase), pla
ea C in the other AB and BA gaps (sometimes a left or right end), andthen, regarding these other gaps and the gaps among the A's and B'sas urns, 
ount the ways to pla
e the remaining C's in these urns. Sumover i and multiply by a!b!
!=n!, where n = a+ b+ 
, to get the desiredprobability, p�j .Consider, e.g., the A+B+ � � �A+B+ pattern with i A+'s and i B+'s.With a A's and b B's, this 
an be arranged in �a�1i�1��b�1i�1� ways. If thewraparound 
onta
t is maintained, then there are j�1 interior 
onta
tsto keep|�2i�1j�1� 
hoi
es|and 2i� 1� (j� 1) 
onta
ts to break up withone C ea
h. The remaining r = 
�(2i�j) C's may then be distributedinto u = a + b � j urns in �r+u�1u�1 � ways. If the wraparound 
onta
t isbroken up, then 
hoose the j 
onta
ts to be maintained from the 2i�1interior possibilities|�2i�1j � ways|and pla
e a C in ea
h of the other2i� 1� j interior gaps. At least one of the remaining C's must go atone end, so �rst 
ount the ways to put r = 
 � (2i � 1� j) balls intou1 = a+ b+1� j urns (this in
ludes both ends), and then subtra
t thenumber of ways to put the r balls into the u2 = a + b� 1� j non-endurns. The total for the two 
ases is given by Yij below.After the remaining three patterns are tallied, the result is:18



p�j = minfa;bgXi=1 �2�a� 1i� 1��b� 1i� 1�Yij + f�a� 1i ��b� 1i� 1�+ �a� 1i� 1��b� 1i �gZij� a!b!
!n!whereYij = �2i� 1j � 1�� n� 2i� 1a+ b� j � 1�+�2i� 1j ���n� 2i+ 1a+ b� j �� � n� 2i� 1a + b� j � 2��and Zij = �2ij �� n� 2ia+ b� j�:19. Mean = 2; varian
e = 12/11; p�0 = 59=924 � 0:06.20. (1)j 0 1 2 3 4 5 6 7p�j .5065 .3752 .1037 .0137 .0009 3� 10�5 4� 10�7 2� 10�9(2) j 2 3 4 5 6 7 8 9 10 11p�j .01 .04 .09 .15 .19 .19 .15 .10 .05 .02(3) j 0 1 2 3 4 5 6 7 8p�j .092 .267 .322 .212 .083 .120 .003 .000 .000(4)j 0 1 2 3q�j 5=21 � :2381 15=28 � :5357 3=14 � :2143 1=84 � :0119
19
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