
CARRIES, COMBINATORICS, AND AN AMAZINGMATRIXJOHN M. HOLTEThis is the story of a serendipitous dis
overy. It began when I wasinvestigating a mundane subje
t: 
arries in addition. To my surprise,a probabilisti
 perspe
tive and some heavy-duty number 
run
hing re-vealed a mathemati
al 
a
he: an in�nite 
olle
tion of sto
hasti
 matri-
es in every dimension exhibiting an unusual symmetry and multifa
-eted 
ombinatorial features. For ea
h matrix �:� The eigenvalues are all positive and form a �nite, de
reasing, geo-metri
 sequen
e; furthermore, if we diagonalize � as U�1�U =D, where the eigenvalues are arranged in de
reasing order in thediagonal matrixD, then, aside from a 
onstant of proportionality:� The entries in the row of U�1 
orresponding to the eigenvalue 1are Eulerian numbers.� The entries in the row of U�1 
orresponding to the least eigen-value are the entries in a row of Pas
al's triangle, but with alter-nating signs; the entries in the 
olumn of U 
orresponding to thiseigenvalue are their re
ipro
als.� The entries in the �rst and last rows ofU are respe
tively unsignedand signed Stirling numbers of the �rst kind.These unanti
ipated relationships �rst 
ame to light when I exploredthe territory numeri
ally, using Mathemati
a r
. That started me on aproje
t that 
y
led through phases of 
omputer experimentation, 
on-je
ture, and rigorous mathemati
s. The mathemati
s involved in
ludedgenerating fun
tions, re
urren
e relations, summation and matrix ma-nipulation, 
ombinatorial identities, and dis
rete probability|the te
h-niques of \
on
rete mathemati
s" ([8℄; see also [18℄). This arti
le is aninvitation to a�
ionados of 
on
rete mathemati
s to enjoy a guidedtour of some wonderful sights. Along the way we will also point outseveral interesting side trips (exer
ises) for explorers.THE PROBLEM. When we add two long random base-ten (say)numbers, how often do we have a 
arry (of 1) from one 
olumn to thenext? For example, 
onsider the following addition of two �fty-digit1



2 JOHN M. HOLTEnumbers 
omposed of digits taken from a table of random numbers:010011 00110 11100 01111 00001 00000 01101 11111 00000 110024003 80475 19793 71578 52010 72216 15692 96689 80452 46312+16129 49245 21693 20946 60874 82351 32516 23823 30046 0687040133 29720 41486 92525 12885 54567 48209 20513 10498 53182We observe that we got a 
arry-out of 0 in 27 
ases and a 
arry-outof 1 in 23 
ases, or 54% and 46%, respe
tively. It would be naturalto 
onje
ture that in the long run, as the number of digits in
reaseswithout bound, the relative frequen
ies would be 50%{50%. This istrue, and a thorough treatment is given in [12, pp. 262{263℄.What happens if we add three long random numbers? When I askedsome fa
ulty 
olleagues, they 
onje
tured that 
arries of 0, 1, and 2would be equally likely. In a seminar for students, one parti
ipant
on�dently asserted that there would be mostly 1's. In the followingsum of three 50-digit random numbers111011 10111 11000 10111 10210 11102 11122 01011 11210 211205453 03060 83621 43443 07082 04401 15299 64642 73497 3842667711 70528 46700 00171 55077 11440 95932 91116 17255 1964976306 39287 31026 49339 70267 68885 98147 70311 43856 37376149471 12876 61347 92954 32426 84728 09380 26070 34608 95451we have 12 (24%) 
arries of 0, 31 (62%) 
arries of 1, and 7 (14%) 
arriesof 2; perhaps the student was right.But are these empiri
al per
entages good estimates of the long-runfrequen
ies? And more generally, what is the long-run frequen
y ofea
h possible 
arry value when we add any number of long numbersrepresented in any base?THE CARRIES PROCESS. Consider the addition of m randomn-digit base-b numbers:Carries Cn Cn�1 Cn�2 � � � C2 C1 C0 = 0Addends X1;n�1 X1;n�2 � � � X1;2 X1;1 X1;0� � � � �� � � � �� � � � �+ Xm;n�1 Xm;n�2 � � � Xm;2 Xm;1 Xm;0Sum Sn Sn�1 Sn�2 � � � S2 S1 S0We assume that the fXh;kg are independent uniformly distributed ran-dom digits. The key to our analysis is this probabilisti
 insight: the
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arries form a �nite Markov 
hain:Pr(Ck+1 = 
k+1 j Ck = 
k; : : : ; C1 = 
1; C0 = 0) = Pr(Ck+1 = 
k+1 j Ck = 
k):This is true be
ause the 
arry-out Ck+1 depends only on Ck and, of
ourse, the digits X1;k; X2;k; : : : , and Xm;k.What are the possible values of Ck? Those who have experien
e withadding long 
olumns of �gures by hand know that the 
arry-out 
an beanything from 0 to m� 1.1 Thus the state spa
e of the 
arries pro
esshCki is f0; 1; : : : ; m� 1g. Furthermore, it is possible to get from anystate to any other state in blogb(m�1)
+1 steps. A probabilist wouldsay that this Markov 
hain is a
y
li
 (aperiodi
) and irredu
ible.Let � = [�ij℄ denote the transition matrix:�ij = Pr(
arry-out = j j 
arry-in = i) where 0 � i; j � m� 1:Be
ause the states of the Markov 
hain are numbered 0; : : : ; m� 1, wenumber the rows and 
olumns of � in the same way. Now, to 
al
ulate�ij, 
onsider the base-b addition in the kth pla
e:Ck+1 = j () jb � i +X1;k + � � �+Xm;k < (j + 1)bwhere 0 � X1;k; : : : ; Xm;k � b � 1. Introdu
ing the sla
k variable Y ,we observe that this is equivalent toX1;k + � � �+Xm;k + Y = (j + 1)b� 1� i =: z (1)where 0 � X1;k; : : : ; Xm;k; Y � b � 1. As Tu
ker [16, p. 311℄ notes
on
erning a similar problem, \By using generating fun
tions to solvethis problem, we [do℄ not need to know anything about the in
lusion-ex
lusion 
omplexities of this problem. Generating fun
tions auto-mati
ally [perform℄ the required 
ombinatorial logi
!" So now we in-voke generating fun
tions (and we gear up to the level of 
hapter6 of [16℄ or 
hapter 2 of generatingfun
tionology [18℄). The num-ber of integer solutions of (1) is the same as the 
oeÆ
ient of xz in(1 + x + x2 + � � �+ xb�1)m+1. Be
ause(1 + x + x2 + � � �+ xb�1)m+1 = (1� xb)m+1(1� x)�(m+1)and (1� xb)m+1 =XXXr �m+ 1r �(�xb)rand (1� x)�(m+1) =XXXs�0 �m+ sm �xs;1An interesting indu
tion problem is to prove that the maximum possible valueof the 
arry Ck is m� 1� b(m� 1)=bk
.



4 JOHN M. HOLTEthe desired 
oeÆ
ient isXXXr�z=b(�1)r�m + 1r ��m + z � rbm �:Sin
e r � z=b = j + 1� (i + 1)=b if and only if r � j � bi=b
, we maysummarize our result as follows.Theorem 1. The 
arries pro
ess hCki for the base-b addition of m ran-dom numbers is a �nite Markov 
hain with state spa
e f0; 1; : : : ; m�1gand transition matrix � = [�ij℄ given by�ij = b�m j�bi=b
Xr=0 (�1)r�m + 1r ��m� 1� i+ (j + 1� r)bm �:When b = 2, the number of bit-valued solutions of (1) is simply�m+1z �, so �ij = 2�m� m + 12j � i+ 1� in the binary 
ase.Let's look at some other examples. When b = 10 and m = 2; 3; 4,then � is�0:55 0:450:45 0:55� ; 240:220 0:660 0:1200:165 0:670 0:1650:120 0:660 0:22035 ; 26640:0715 0:5280 0:3795 0:02100:0495 0:4840 0:4335 0:03300:0330 0:4335 0:4840 0:04950:0210 0:3795 0:5280 0:07153775 :The 0.0210 in the upper right 
orner, for example, signi�es that, given a
arry-in of 0 to a 
olumn of 4 random de
imal digits, the probability ofa 
arry-out of 3 is 0.0210. For a general base b we obtain the followingformulas when m = 2; 3:� = 12b �b + 1 b� 1b� 1 b + 1� and � = 16b2 24b2 + 3b + 2 4b2 � 4 b2 � 3b + 2b2 � 1 4b2 + 2 b2 � 1b2 � 3b+ 2 4b2 � 4 b2 + 3b + 235 :
CROSS-SYMMETRY. These examples reveal that � has an un-usual sort of symmetry: it is radially symmetri
 about its 
enter. Atypi
al 
rossword puzzle grid has the same sort of symmetry. This



CARRIES, COMBINATORICS, AND AN AMAZING MATRIX 5symmetry is familiar to matrix theorists, who 
all it \
entrosymme-try," and to statisti
ians, who 
all it \
ross-symmetry." See [17℄ for asurvey.Theorem 2. For i; j = 0; 1; : : : ; m � 1, we have �m�1�i;m�1�j = �i;j,i.e.,Pr(Ck+1 = m� 1� jjCk = m� 1� i) = Pr(Ck+1 = jjCk = i):Proof: The 
ross-symmetry is not obvious from the formula in The-orem 1, so we turn to the probabilisti
 de�nition. Given that Ck = i,we have Ck+1 = j if and only ifjb � i +X1;k +X2;k + � � �+Xm;k � (j + 1)b� 1: (2)The fXh;kg are independent random variables that are uniformly dis-tributed on f0; 1; : : : ; b � 1g. A

ordingly, the equation ~Xh;k := b �1�Xh;k de�nes independent random variables that are also uniformlydistributed on f0; 1; : : : ; b � 1g. Now if we negate the inequalities (2)and add mb� 1, we get(m�1�j+1)b�1 � m�1� i+ ~X1;k+ ~X2;k+ � � �+ ~Xm;k � (m�1�j)b;whi
h is the 
ondition for Ck+1 = m� 1� j given that Ck = m� 1� i.�EIGENVALUES AND EIGENVECTORS AND SERENDIP-ITY. Let's return to the 
arries problem. It is well known in Markov
hain theory that our original question 
on
erning the long-run relativefrequen
ies of the 
arry values is answered by the stationary probabilityve
tor, i.e., the row ve
tor v = (p0; : : : ;pm�1) with nonnegative en-tries summing to 1 that satis�es v� = v. Thus, v is the left eigenve
torof � asso
iated with the eigenvalue 1. When I used Mathemati
a r
 to
al
ulate some sample 
ases, out of 
uriosity I asked for more than valone; I asked for the entire eigensystem. That's when I dis
overed thesurprises hidden in the matrix �.Let's look at the eigenvalues �rst. For b = 10 and m = 2; 3; 4; 5, we�nd these eigenvalue sets: f1; 0:1g, f1; 0:1; 0:01g, f1; 0:1; 0:01; 0:001g,and f1; 0:1; 0:01; 0:001; 0:0001g. For b = 2 andm = 5 we get f1; 1=2; 1=4; 1=8; 1=16g.Conje
ture 1: The eigenvalues of � are given by the geometri
sequen
e 1; b�1; : : : ; b�(m�1).The eigenve
tors for the two m = 5 
ases (b = 10 and b = 2) turnout to be the same. Further numeri
al experimentation shows that theeigenve
tors are independent of the base!Conje
ture 2: The eigenve
tors do not depend on b.



6 JOHN M. HOLTEWhat do these eigenve
tors look like? If we assemble these (row) eigen-ve
tors in a matrix V = [vij℄ = [vij(m)℄ for m = 2; 3; 4, and 5, we get:�1 11 �1� ; 241 4 11 0 �11 �2 1 35 ; 26641 11 11 11 3 �3 �11 �1 �1 11 �3 3 �13775 ; 2666641 26 66 26 11 10 0 �10 �11 2 �6 2 11 �2 0 2 �11 �4 6 �4 1
377775 :(3)Familiar sequen
es emerge at the bottom and top of V.Conje
ture 3: The bottom row of V is proportional to a row ofPas
al's triangle, but with alternating signs.Conje
ture 4: The top row of V is proportional to a row of Euler-ian numbers.EULERIANNUMBERS. The �rst few Eulerian numbers are listedin the following table.n � n0 � � n1 � � n2 � � n3 � � n4 � � n5 � � n6 �0 11 1 02 1 1 03 1 4 1 04 1 11 11 1 05 1 26 66 26 1 0It appears that v0j(m) = � mj � for j = 0; : : : ; m � 1. The Euleriannumbers, �rst dis
ussed by Euler (of 
ourse) in [6, pp. 485{487℄, [7,pp. 373{375℄, arise naturally in the study of random permutations; see[13, se
t. 5.1.3℄ and the referen
es there, [2℄, [4℄, [5, 
h. 10℄, [14℄, and[15℄. They satisfy the re
urren
e relation (see [8, se
t. 6.2℄)� nk � = (k + 1)� n� 1k �+ (n� k)� n� 1k � 1 � for integer n > 0(4)with the boundary 
ondition � 0k � = Æ0k, the Krone
ker delta. Usingthis relation and indu
tion, one may dedu
e (as in [3℄)Xk � nk � = n!: (5)
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ipating the veri�
ation of Conje
ture 4, we normalize the Euler-ian numbers in a

ordan
e with (5) to get the stationary probabilitiesfor the 
arries pro
ess:pj = 1m! � mj � for j = 0; : : :m� 1:In parti
ular, the long-run relative frequen
ies of 
arry values are (12 ; 12)for m = 2 and (16 ; 23 ; 16) for m = 3. We see that our empiri
al values
ame reasonably 
lose.The expli
it formula� nk � = kXr=0(�1)r�n+ 1r �(k + 1� r)n (6)was given by Euler himself. Notation for Eulerian numbers is notstandardized; our notation 
onforms to that of [8℄.THE EULERIAN RECURRENCE AND V. How 
an we �ndan expli
it formula for V, the matrix whose rows are the left eigenve
-tors of �? If we are 
lever or lu
ky, we 
an guess the right answer andthen verify it.Playing with the V 
ases in (3), we �nd that the Eulerian re
urren
e(4) holds also for every row of V, i.e.,vij(m) = (j + 1)vij(m� 1) + (m� j)vi;j�1(m� 1) for 0 � i < m;(7)where we de�ne vi;�1(m) = 0 and vim(m) = 0. This re
urren
e 
annotgive us the last row of V(m) in terms of V(m� 1), be
ause the lattermatrix is short one row. But if Conje
ture 3 is 
orre
t, we 
an pastein the last row of V(m) by the formulavm�1;j(m) = (�1)j�m� 1j �:A little 
al
ulation shows that ���� mj ���� := (�1)j�m�1j � has the near-Eulerian property���� mj ���� = (j + 1) ���� mj ���� + (m� j) ���� mj � 1 ���� ;so (7) will be satis�ed for i = m � 1 if we de�ne vm�1;j(m � 1) =(�1)j�m�1j �, or, vmj(m) = (�1)j�mj �: (8)



8 JOHN M. HOLTEThis is an equation for the row below the bottom row of V. Now, tosee the pattern that generalizes, we make the nonobvious observation[1, p. 822℄ that(�1)j�mj � = �m+ 10 �� �m+ 11 �+ � � �+ (�1)j�m+ 1j �:This equation, (8), Conje
ture 4, and (6) givevmj(m) = jXr=0(�1)r�m + 1r �(j+1�r)0 & v0j(m) = jXr=0(�1)r�m+ 1r �(j+1�r)m;so we 
onje
ture thatvij = vij(m) = jXr=0(�1)r�m+ 1r �(j + 1� r)m�i: (9)Theorem 3. Let V = [vij℄ be the m � m matrix given by (9) for0 � i; j < m, and let D = diagf1; b�1; : : : ; b�m+1g. ThenV�V�1 = D:Assuming Theorem 3, we have � = V�1DV; this is an equationthat may be used to de�ne � = �(b) for every 
omplex b 6= 0 andto prove �(ab) = �(a)�(b) for all nonzero 
omplex numbers a and b.When a and b are bases|say a = 5 and b = 2, when
e ab = 10|thismay be explained as follows. We may rewrite ea
h base-ten digit T inthe mixed-radix system having bases 5 and 2: T = 0�5�2+F�2+B;now when the 
arry-in i is applied to the binary 
olumn, it leads to anintermediate 
arry of k to the base-5 
olumn with probability �ik(2),whi
h then generates a 
arry-out of j with probability �kj(5), and so�ij(10) =P �ik(2)�kj(5), i.e., �(10) = �(2)�(5).PROOF: CONCRETE MATHEMATICS AHEAD. Here we'llmake heavy use of \
on
rete mathemati
s" te
hniques. First we ob-serve that vij = j+1Xr=0(�1)r�m+ 1r �(j + 1� r)m�iis the 
onvolution, or Cau
hy produ
t, of the sequen
es (in k) 
(�1)k�m+1k ��and hkm�ii evaluated at j + 1, i.e.,vij = 
oeÆ
ient of xj+1 in Xk�0(�1)k�m+ 1k �xk �Xk�0 km�ixk:



CARRIES, COMBINATORICS, AND AN AMAZING MATRIX 9Now we use the binomial theorem and the generating fun
tion of hkni,Xk�0 knxk = (x ddx)n(1� x)�1; (10)to getvij = 
oeÆ
ient of xj+1 in (1� x)m+1(x ddx)m�i(1� x)�1= 
oeÆ
ient of xj in x�1(1� x)m+1(x ddx)m�i(1� x)�1:Thus we obtain the generating fun
tion of the ith row of V:Xj�0 vijxj = x�1(1� x)m+1(x ddx)m�i(1� x)�1: (11)When i = 0, this generating fun
tion is x�1fm(x) where fm(x) is theEulerian polynomial of degree m (see [14℄, [4℄).We must showm�1Xk=0 vik�kj = b�ivij for i; j = 0; 1; : : : ; m� 1:By substituting, inter
hanging the order of summation (an entertainingexer
ise!), and simplifying, we getm�1Xk=0 vik�kj = b�m m�1Xk=0 j�bk=b
Xr=0 (�1)r�m + 1r ��m� 1� k + (j + 1� r)bm �vik= b�m jXr=0 (m�1)^((j+1�r)b�1)Xk=0 (�1)r�m+ 1r ��m� 1� k + (j + 1� r)bm �vik= b�m jXr=0(�1)r�m + 1r � (j+1�r)b�1Xk=0 �m� 1� k + (j + 1� r)bm �vik:Let K = (j + 1 � r)b � 1. The inner sum, PKk=0 �m+K�km �vik, is the
onvolution of the sequen
es (in k) 
�m+km �� and hviki evaluated at K.We know that Xk�0 �m+ km �xk = (1� x)�m�1;and we have the generating fun
tion of hviki in (11). Thus, the innersum is equal to the 
oeÆ
ient of xK in(1�x)�m�1 �x�1(1�x)m+1(x ddx)m�i(1�x)�1 = x�1(x ddx)m�i(1�x)�1;



10 JOHN M. HOLTEwhi
h, invoking (10), isKXk=0 �m+K � km �vik = (K + 1)m�i = ((j + 1� r)b)m�i:Therefore,b�m jXr=0(�1)r�m + 1r � KXk=0 �m+K � km �vik = b�m jXr=0(�1)r�m + 1r �((j + 1� r)b)m�i= b�i jXr=0(�1)r�m+ 1r �(j + 1� r)m�i = b�ivij: �CONFIRMATION OF THE CONJECTURES AND MORE.Theorem 3 tells us that the rows of V are left eigenve
tors of � 
orre-sponding to the eigenvalues 1; b�1; : : : ; b�(m�1), so Conje
tures 1 and 2are true. Also the formula for v0j is the same as the expli
it formula(6) for the Eulerian numbers, so Conje
ture 4 is true. Finally, lettingi = m� 1 in (11), we getXj�0 vm�1;jxj = x�1(1� x)m+1x ddx(1� x)�1 = (1� x)m�1;so Conje
ture 3 follows, by the binomial theorem.There are other patterns in V. It is easy to verify that the leftmost
olumn of V is all 1's. It is a little harder to show that the rightmost
olumn has alternating +1's and �1's, but it is a splendid opportunityto use the 
al
ulus of �nite di�eren
es. Both exer
ises are left to thereader.THE RIGHT EIGENVECTOR MATRIX U: EMPIRICALRESULTS. Let's look at the right eigenve
tors of the transition ma-trix �. As an alternative to dire
t 
omputation of the eigenve
tors, wemay 
ompute the inverse of the matrix V. Numeri
al experimentationreveals that, in order to get integer values, we should multiply by m!,so we let U = m!V�1. For m = 2; 3; 4; 5, we �nd that U is:



CARRIES, COMBINATORICS, AND AN AMAZING MATRIX 11�1 11 �1� ; 241 3 21 0 �11 �3 2 35 ; 26641 6 11 61 2 �1 �21 �2 �1 21 �6 11 �63775 ; 2666641 10 35 50 241 5 5 �5 �61 0 �5 0 41 �5 5 5 �61 �10 35 �50 24
377775 :Tantalizing patterns are already visible in these �rst few examples.Even though the 
olumns are the eigenve
tors, the top and bottom rowsleap out at the 
ombinatorial 
ognos
enti: They are Stirling numbersof the �rst kind! The pattern of the eigenve
tor in the last 
olumn maybe exposed by dividing by (m�1)!: re
ipro
als of binomial 
oeÆ
ientswith alternating signs! Forming di�eren
e tables of the 
olumns revealsmore patterns: It appears that the jth di�eren
e of the jth 
olumn isa 
onstant|(�1)jm!=(m � j)!|whi
h would make the jth 
olumn apolynomial of degree j in the row index i. To summarize, for thematrix U = m!V�1, we propose:Conje
ture 5: Column j is a degree-j polynomial fun
tion of rowindex i.Conje
ture 6: The entries in the �nal 
olumn are proportional tore
ipro
als of entries in a row of Pas
al's triangle with alternatingsigns.Conje
ture 7: The top row 
onsists of unsigned Stirling numbersof the �rst kind (in reverse order).Conje
ture 8: The bottom row 
onsists of signed Stirling numbersof the �rst kind (in reverse order).STIRLING NUMBERS OF THE FIRST KIND. The �rst few(unsigned) Stirling numbers of the �rst kind are as follows.n � n0 � � n1 � � n2 � � n3 � � n4 � � n5 � � n6 �0 11 0 12 0 1 13 0 2 3 14 0 6 11 6 15 0 24 50 35 10 1The Stirling number � nk � may be 
hara
terized 
ombinatorially asthe number of ways n obje
ts 
an be arranged into k 
y
les, but forour purposes we 
hara
terize Stirling numbers algebrai
ally. Rising



12 JOHN M. HOLTEfa
torial powers may be represented in terms of ordinary powers bymeans of unsigned Stirling numbers of the �rst kind:xn = x(x + 1)(x+ 2) � � � (x + n� 1) =Xk � nk �xk; (12)falling fa
torial powers may be represented in terms of ordinary powersby means of signed Stirling numbers the �rst kind:xn = x(x� 1)(x� 2) � � � (x� n+ 1) =Xk (�1)n�k � nk �xk: (13)(See [8, se
t. 6.1℄ [11, pp. 65{68℄, or [10, 
h. 4℄.)THE RIGHT EIGENVECTORS. How 
an we �nd an expli
itformula for the matrix U of right eigenve
tors of �? One way wouldbe to solve �U = UD, whi
h appears to be very diÆ
ult. My waywas to �nd U by solving UV = m!I. It turns out to take longer tosolve this equation than it does to prove the answer is right, so let'sstart with the answer.Theorem 4. Let V = [vij℄ be the m �m matrix given by (9). Thenm!V�1 = [uij℄ whereuij = uij(m) = mXr=m�j(�1)m�r � mr �� rm� j�(m� 1� i)r�(m�j)for 0 � i; j < m and where 00 is taken to be 1.Proof: We shall show that Pm�1k=0 uikvkj = m!Æij. We start with thestandard tri
k of inter
hanging the order of summation:m�1Xk=0 uikvkj = m�1Xk=0 uik jXr=0(�1)r�m + 1r �(j + 1� r)m�k= jXr=0(�1)r�m + 1r �m�1Xk=0 uik(j + 1� r)m�k:



CARRIES, COMBINATORICS, AND AN AMAZING MATRIX 13Here we rewrite the inner sum as follows (note that � m0 � = 0 in these
ond line and the inter
hange tri
k is used again in the third line):m�1Xk=0uik(j + 1� r)m�k = mXk=1 ui;m�k(j + 1� r)k= mXk=0 mXs=k(�1)m�s � ms ��sk�(m� 1� i)s�k(j + 1� r)k= mXs=0(�1)m�s � ms � sXk=0 �sk�(m� 1� i)s�k(j + 1� r)k= mXs=0(�1)m�s � ms � (m� 1� i + j + 1� r)s [by the binomial theorem℄=(m� i + j � r)m [by (13)℄=m!�m� i+ j � rm �:Therefore,m�1Xk=0 uikvkj = m! jXr=0(�1)r�m + 1r ��m� i + j � rm �:Note that �m�i+j�rm � = 0 if 0 � m � i + j � r < m, i.e., j � i <r � m � i + j. If 0 � j < i < m, every term in the last equationis 0; if 0 � i = j < m, only the r = 0 term is nonzero (it is m!); if0 � i < j < m, we may add zero terms to getm+1Xr=0 (�1)r�m+ 1r ��m� i+ j � rm � = �m+1(polynomial in r of degree m) = 0:Therefore, m�1Xk=0 uikvkj = m!Æij: �CONFIRMATION OF THE CONJECTURES. The formulafor U is 
ompli
ated enough that it still takes some work to verify our
onje
tures. Conje
tures 5, 6, and 8 are left as an exer
ises, and weturn to Conje
ture 7, whi
h 
laims that the top row of U 
ontains



14 JOHN M. HOLTEunsigned Stirling numbers of the �rst kind: For j = 0; : : : ; m� 1,u0j(m) = � mm� j � :This 
onje
ture neatly redu
es to the two basi
 identities relating Stir-ling numbers of the �rst kind to fa
torial powers. By Theorem 4, forn = 1; : : : ; m,u0;m�n(m) = mXr=n(�1)m�r � mr ��rn�(m� 1)r�n:Thus, Conje
ture 7 is equivalent to the identitymXr=n(�1)m�r � mr ��rn�(m� 1)r�n = � mn � : (14)Fix m � n, and let an denote the left side of (14). Swit
hing the orderof summation, we �nd that the generating fun
tion of hani isXn�0 anxn = mXr=0(�1)m�r � mr � rXn=0 �rn�xn(m� 1)r�n= mXr=0(�1)m�r � mr � (x+m� 1)r [by the binomial theorem℄= (x+m� 1)m [by (13)℄= (x+m� 1)(x+m� 2) � � � (x)= xm;whi
h is the generating fun
tion of �� mn ��, by (12). Therefore,an = � mn �, i.e., identity (14) holds, so Conje
ture 7 is true.FURTHERCONSEQUENCES AND EXPLORATIONS. Manypeople are fas
inated by 
ombinatorial identities like (14), and thereare many to be found in the 
ontext of the 
arries transition matrix.For example, the empiri
al re
urren
e identity for V, (7), is indeedtrue, and provides a family of arrays satisfying the Eulerian re
ur-ren
e (4). Other identities, in
luding familiar ones, may be extra
tedfrom the matrix equations �U = UD, V� = DV, UV = m!I, andVU =m!I. Here is just one illustration: Set i = 0 and j = m� 1 > 0



CARRIES, COMBINATORICS, AND AN AMAZING MATRIX 15in Pk vikukj = m!Æij and getm�1Xk=0 (�1)k� mk ���m� 1k � = 0:Besides identities, we have seen geometri
 sequen
es, binomial 
oeÆ-
ients, Eulerian numbers, and Stirling numbers of the �rst kind. Whatabout other spe
ial numbers, like Stirling numbers of the se
ond kind?Are they lurking nearby? Yes, indeed. Stirling numbers of the se
ondkind 
rop up naturally in formulas for the fa
torial moments of thestationary probability distribution of �; alternatively, the nth fa
torialmoment is exa
tly the generalized Bernoulli number B(n�m)n (see [5,
hapter 15℄). A di�erent sort of result is that the stationary probabil-ities are asymptoti
ally normally distributed [5, pp. 150{154℄. I hopesome readers are inspired to dis
over other interesting 
onne
tions.Going beyond these kinds of propositions, we may put the matrix �in a larger 
ontext: It is the x = 1 
ase of the matrix [�ijxj℄, whi
h playsa 
entral role in the analysis of the asymptoti
 prime-power divisibilityof multinomial 
oeÆ
ients [9℄.Our tour has revealed a 
ombinatorial ri
hness hidden in the matrix�. But it leaves unanswered the question, Why are all these 
ombina-torially signi�
ant relationships 
onne
ted with the 
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