
CARRIES, COMBINATORICS, AND AN AMAZINGMATRIXEARLY, UNPOLISHED VERSION OF MONTHLY ARTICLEWITH ADDITIONAL RESULTS AND PROOFSJOHN M. HOLTEThis is the story of a serendipitous dis
overy. It began with anex
avation in the drab lands
ape of grade s
hool arithmeti
. The e�ortwas fa
ilitated and made more interesting by employing the power toolsof probability theory. The end result was the un
overing of a treasure-trove of mathemati
al gems: an in�nite 
olle
tion of sto
hasti
 matri
esin every dimension exhibiting an unusual symmetry and multifa
eted
ombinatorial features: For ea
h matrix �:� The eigenvalues form a (�nite, de
reasing) geometri
 sequen
e;furthermore, if the similarity transformation diagonalizing � iswritten U�1�U = D, where the eigenvalues are arranged in de-
reasing order in the diagonal matrix D, then:� The row of U�1 
orresponding to the eigenvalue 1 is proportionalto the Eulerian numbers.� The row of U�1 
orresponding to the least eigenvalue is propor-tional to a row of Pas
al's triangle but with alternating signs, andthe 
olumn of U 
orresponding to the same eigenvalue is propor-tional to the re
ipro
als.� The top and bottom rows of U are proportional to the unsignedand signed Stirling numbers of the �rst kind.These jewels �rst 
ame to light when I explored the territory numer-i
ally, using Mathemati
a r
. That started me on a proje
t that repeat-edly 
y
led through phases of 
omputer experimentation, 
onje
ture,and rigorous mathemati
s. The mathemati
s involved in
luded gener-ating fun
tions, re
urren
e relations, summation and matrix manipula-tion, 
ombinatorial identities, and dis
rete probability|the te
hniquesof \
on
rete mathemati
s" ([9℄; see also [20℄). This arti
le is an invita-tion to a�
ionados of 
on
rete mathemati
s to enjoy a guided tour ofsome wonderful sights.Date: O
tober 1995. 1



2 JOHN M. HOLTEThe ProblemWhen we add two long random base-ten (say) numbers, how oftendo we have a 
arry (of 1) from one 
olumn to the next? For example,
onsider the following addition of two �fty-digit numbers 
omposed ofdigits taken from a table of random numbers:010011 00110 11100 01111 00001 00000 01101 11111 00000 110024003 80475 19793 71578 52010 72216 15692 96689 80452 46312+16129 49245 21693 20946 60874 82351 32516 23823 30046 0687040133 29720 41486 92525 12885 54567 48209 20513 10498 53182We observe that we got a 
arry-out of 0 in 27 
ases and a 
arry-outof 1 in 23 
ases, or 54% and 46%, respe
tively. It would be naturalto 
onje
ture that in the long run, as the number of digits in
reaseswithout bound, the relative frequen
ies would be 50%{50%. In fa
tthis is true. (A thorough treatment of this 
ase is given in [13, pp.262{263℄.)What will happen if we add three long random numbers? When Iasked some fa
ulty, they tentatively 
onje
tured that 
arries of 0, 1,and 2 would be uniformly distributed; in a seminar for students, oneparti
ipant 
on�dently asserted that there would be a lot of 1's. Let'slook at an example, a sum of three 50-digit random numbers:111011 10111 11000 10111 10210 11102 11122 01011 11210 211205453 03060 83621 43443 07082 04401 15299 64642 73497 3842667711 70528 46700 00171 55077 11440 95932 91116 17255 1964976306 39287 31026 49339 70267 68885 98147 70311 43856 37376149471 12876 61347 92954 32426 84728 09380 26070 34608 95451We see that we have 12 (24%) 
arries of 0, 31 (62%) 
arries of 1, and7 (14%) 
arries of 2; it seems the student was right.To get a sense of the behavior of 
arry frequen
ies for longer 
olumns,let's do one more example, the addition of four random 50-digit num-bers:112221 11112 31112 12112 21122 12111 11222 23211 21221 221254746 71115 78218 64314 11227 41702 54517 97676 14078 4531756819 27340 07200 52663 57864 85159 15460 97564 29637 2774234990 62122 38223 28526 37006 22774 46026 15981 87291 5694602269 22795 87593 81830 95383 67823 20196 54850 46779 64519148825 83374 11236 27335 01482 17459 36201 66072 77786 94524Here we get a 
arry of 0 in no 
ases (0%), a 
arry of 1 in 26 
ases (52%),a 
arry of 2 in 22 
ases (44%), and a 
arry of 3 in 2 
ases (4%)|the
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arry values seem to be 
on
entrating around an average of 1.5. But arethese empiri
al per
entages good estimates of the long-run frequen
ies?More generally, what is the long-run frequen
y of ea
h possible 
arryvalue when we add any number m of long n-digit numbers representedin any base b? The time has 
ome to abandon our empiri
al investiga-tions for a mu
h more powerful and eÆ
ient theoreti
al approa
h.The Carries Pro
essConsider the addition of m random n-digit base-b numbers:Carries Cn Cn�1 Cn�2 � � � C2 C1 C0 = 0Addends X1;n�1 X1;n�2 � � � X1;2 X1;1 X1;0� � � � �� � � � �� � � � �+ Xm;n�1 Xm;n�2 � � � Xm;2 Xm;1 Xm;0Sum Sn Sn�1 Sn�2 � � � S2 S1 S0We assume that the fXh;kg are independent (uniform) random digits,and we let n!1. The key to our analysis is this probabilisti
 insight:the 
arries form a �nite Markov 
hain:Pr(Ck+1 = 
k+1 j Ck = 
k; : : : ; C1 = 
1; C0 = 0) = Pr(Ck+1 = 
k+1 j Ck = 
k):This is true be
ause the 
arry-out Ck+1 depends only onCk andX1;k; X2;k; : : : ; Xm;k.(See, e.g., [8℄ for ba
kground on probability and Markov 
hains.)What are the possible values of Ck? Those who have experien
e withadding long 
olumns of �gures by hand know that the 
arry-out 
an beanything from 0 to m� 1 (m is the length of the 
olumn). The othersmay 
he
k by indu
tion that the maximum possible value of the 
arryCk is m� 1�b(m� 1)=bk
, and so, for k > logb(m� 1), the maximumpossible 
arry is m � 1. Thus the state spa
e of our Markov 
hain isf0; 1; : : : ; m� 1g, and, furthermore, it is possible to get from any stateto any other state in blogb(m� 1)
+1 steps. (A probabilist would saythat this Markov 
hain is a
y
li
 and irredu
ible.)Fix b. Let � = [�ij℄ = [�ij(m)℄ denote the transition matrix:�ij = Pr(
arry-out = j j 
arry-in = i):To 
al
ulate �ij, 
onsider the base-b addition in the kth pla
e:Ck+1 = j () jb � i +X1;k + � � �+Xm;k < (j + 1)b



4 JOHN M. HOLTEwhere 0 � X1;k; : : : ; Xm;k � b� 1. Introdu
ing the \sla
k" variable Y ,we observe that this is equivalent toX1;k + � � �+Xm;k + Y = (j + 1)b� 1� iwhere 0 � X1;k; : : : ; Xm;k; Y � b� 1. Now we invoke generating fun
-tions. (And we gear up to the level of 
hapter 2 of generatingfun
tionol-ogy [20℄.) The number of integer solutions of these inequalities is thesame as the 
oeÆ
ient of x(j+1)b�1�i in (1 + x+ x2 + � � �+ xb�1)m+1.Be
ause(1 + x + x2 + � � �+ xb�1)m+1 = (1� xb)m+1(1� x)�(m+1)and (1� xb)m+1 =XXXr �m+ 1r �(�xb)rand (1� x)�(m+1) =XXXs�0 �m+ sm �xs;the desired 
oeÆ
ient isXXXr�j+1�(i+1)=b(�1)r�m+ 1r ��m+ (j + 1)b� 1� i� rbm �:Sin
e r � j + 1 � (i + 1)=b i� r � j � bi=b
, we may summarize ourresult as follows.Theorem 1. The 
arries pro
ess hCki is a �nite Markov 
hain withstate spa
e f0; 1; : : : ; m� 1g and transition matrix � = [�ij℄ where�ij = �ij(m) = b�m j�bi=b
Xr=0 (�1)r�m + 1r ��m� 1� i+ (j + 1� r)bm �:Hmmm. At �rst glan
e, this formula does not look pretty. (Appre-
iation of its beauty is an a
quired taste.) Let's look at some spe
ialinstan
es. When b = 10 and m = 2; 3; 4, then � is�0:55 0:450:45 0:55� ; 240:220 0:660 0:1200:165 0:670 0:1650:120 0:660 0:22035 ; 26640:0715 0:5280 0:3795 0:02100:0495 0:4840 0:4335 0:03300:0330 0:4335 0:4840 0:04950:0210 0:3795 0:5280 0:07153775 :The 0.0210 in the upper right 
orner, for example, signi�es that, givena 
arry-in of 0 to a 
olumn of m = 4 random de
imal digits, theprobability of a 
arry-out of 3 is 0.0210. Note: Be
ause the states ofthe Markov 
hain are numbered 0; : : :m � 1, we will regard the rows



CARRIES, COMBINATORICS, AND AN AMAZING MATRIXEARLY, UNPOLISHED VERSION OF MONTHLY ARTICLEWITH ADDITIONAL RESULTS AND PROOFS5and 
olumns as numbered in the same way. For a general base b weobtain the following formulas when m = 2; 3:� = 12b �b + 1 b� 1b� 1 b + 1� and � = 16b2 24b2 + 3b + 2 4b2 � 4 b2 � 3b + 2b2 � 1 4b2 + 2 b2 � 1b2 � 3b+ 2 4b2 � 4 b2 + 3b + 235 :Crossword Puzzle SymmetryThese examples reveal that � has an unusual sort of symmetry: likea 
rossword puzzle matrix, it is radially symmetri
 about its 
enter.Theorem 2. For i; j = 0; 1; : : : ; m � 1, we have �m�1�i;m�1�j = �i;j,i.e.,Pr(Ck+1 = m� 1� jjCk = m� 1� i) = Pr(Ck+1 = jjCk = i):Proof. The 
rossword symmetry is not obvious from the formulain Theorem 1, so we turn to the probabilisti
 de�nition. Given thatCk = i, we have Ck+1 = j i�jb � i +X1;k +X2;k + � � �+Xm;k � (j + 1)b� 1:Here the fXh;kg are independent random variables whi
h are uniformlydistributed on f0; 1; : : : ; b� 1g. A

ordingly, the equation ~Xh;k := b�1�Xh;k de�nes independent random variables whi
h are also uniformlydistributed on f0; 1; : : : ; b�1g. Now if we negate the above inequalitiesand add mb� 1, we get(m�1�j+1)b�1 � m�1� i+ ~X1;k+ ~X2;k+ � � �+ ~Xm;k � (m�1�j)b;whi
h is the 
ondition for Ck+1 = m� 1� j given that Ck = m� 1� i.The theorem now follows. �Aside: The Sum DigitsA person may ask, \Why not fo
us on the sum digits rather than the
arries?" The answer is that they are less interesting. Let's look ba
kat the examples we did. Dis
arding the sum digit that 
omes from theleftmost 
arry out, we tabulate the digit frequen
ies:Digit 0 1 2 3 4 5 6 7 8 9 �2m = 2 5 6 8 4 6 7 2 2 6 4 7.2m = 3 5 4 6 4 8 3 5 5 5 5 3.2m = 4 3 5 7 6 6 4 5 7 5 2 4.8The 
riti
al �2 value (5% level) is 16.9; these distributions look prettyuniform.Now, an arbitrary sum digit S in our problem arises from a 
arryC and random digits X1; : : : ; Xm in this way: S � C + X1 + � � � +



6 JOHN M. HOLTEXm (mod b), where the X1; : : : ; Xm are independent random variablesuniformly distributed on f0; : : : ; b � 1g. Thinking indu
tively, we arethus led to 
onsider the probability distribution of C + U where C isan integer-valued random variable and U is an independent uniformrandom digit.Pr(C + U � k (mod b)) = b�1Xr=0 Pr(U = r)Pr(C � k � r (mod b))= 1b b�1Xr=0 Pr(C � k � r (mod b))= 1b � 1 = 1b :Therefore, Pr(C + U � k (mod b)) = 1=b. Remarkably, in arith-meti
 mod b, adding a uniform random digit to any independent ran-dom variable yields another uniform random digit. As a 
onsequen
e,Pr(C +X1 + � � �+Xm � s (mod b)) = 1=b, and, sin
e a 
onstant ran-dom variable is independent of any other random variable, Pr(S = s) =P
 Pr(C = 
)Pr(
 + X1 + � � � + Xm � s (mod b)) = (1=b)PPr(C =
) = 1=b. Thus, the sum digits are all uniformly distributed randomdigits. Applying this result to base bn, we get Pr(S0 = s0; : : : ; Sn�1 =sn�1) = 1=bn = QPr(Sr = sr), and 
onsequently the sum digits arethemselves independent uniformly distributed random digits.Eigenvalues and Eigenve
tors and SerendipityLet's return to the 
arries problem. It is well known in Markov 
haintheory that our original question 
on
erning the long-run relative fre-quen
ies of the 
arry values is answered by the stationary probabil-ity ve
tor, i.e., the probability ve
tor v = (p0; : : : ;pm�1) satisfyingv� = v. Thus, v is the left eigenve
tor of � asso
iated with theeigenvalue 1. When I used Mathemati
a r
 to 
al
ulate some sample
ases, out of 
uriosity I asked for more than v alone; I asked for theentire \eigensystem." That's when I dis
overed the treasures hiddenin the matrix �Let's look at the eigenvalues �rst. For b = 10 and m = 2; 3; 4; 5, we�nd these eigenvalue sets: f1; 0:1g, f1; 0:1; 0:01g, f1; 0:1; 0:01; 0:001g,and f1; 0:1; 0:01; 0:001; 0:0001g. For b = 2 andm = 5 we get f1; 1=2; 1=4; 1=8; 1=16g.Conje
ture 1: The eigenvalues of � are given by the geometri
sequen
e 1; b�1; : : : ; b�(m�1).



CARRIES, COMBINATORICS, AND AN AMAZING MATRIXEARLY, UNPOLISHED VERSION OF MONTHLY ARTICLEWITH ADDITIONAL RESULTS AND PROOFS7The eigenve
tors for the two m = 5 
ases (b = 10 and b = 2) turnout to be the same. Further numeri
al experimentation shows that theeigenve
tors do not vary as the base varies!Conje
ture 2: The eigenve
tors do not depend on b.What do these eigenve
tors look like? If we assemble these (row) eigen-ve
tors in a matrix V = [vij℄ = [vij(m)℄ for m = 2; 3; 4 and 5, we get:�1 11 �1� ; 241 4 11 0 �11 �2 1 35 ; 26641 11 11 11 3 �3 �11 �1 �1 11 �3 3 �13775 ; 2666641 26 66 26 11 10 0 �10 �11 2 �6 2 11 �2 0 2 �11 �4 6 �4 1
377775 :(1)Familiar sequen
es emerge at the bottom and top of V.Conje
ture 3: The bottom row of V is proportional to a row ofPas
al's triangle but with alternating signs.Conje
ture 4: The top row of V is proportional to a row of Euler-ian numbers. Eulerian NumbersThe �rst few Eulerian numbers are listed in the following table.n � n0 � � n1 � � n2 � � n3 � � n4 � � n5 � � n6 �0 11 1 02 1 1 03 1 4 1 04 1 11 11 1 05 1 26 66 26 1 06 1 57 302 302 57 1 0As noted above, it appears that v0j(m) = � mj � for j = 0; : : : ; m�1.The Eulerian numbers, �rst dis
ussed by Euler (of 
ourse) in [6, pp.485{487℄, [7, pp. 373{375℄, arise naturally in the study of random per-mutations. In one interpretation, � nk � is the number of permutationsof f1; : : : ; ng having k as
ents (or des
ents), i.e., k positions where 
on-se
utive numbers in
rease (or de
rease). Assuming this 
ombinatorialinterpretation, one may dedu
e ([9, se
t. 6.2℄) the symmetry law,� nk � = � nn� 1� k � for integer n > 0;



8 JOHN M. HOLTEand the re
urren
e relation� nk � = (k + 1)� n� 1k �+ (n� k)� n� 1k � 1 � for integer n > 0:(2)Using this relation and indu
tion, or merely invoking the 
ombinatorialinterpretation, one may dedu
e (
f. [3℄)Xk � nk � = n!: (3)Anti
ipating the veri�
ation of Conje
ture 4, we normalize the Euler-ian numbers in a

ordan
e with (3) to get the stationary probabilitiesfor the 
arries pro
ess:pj = 1m! � mj � for j = 0; : : :m� 1:In parti
ular, the long-run relative frequen
ies of 
arry values are (12 ; 12)for m = 2, (16 ; 23 ; 16) for m = 3, and ( 124 ; 1124 ; 1124 ; 124) for m = 4. We seethat our empiri
al values 
ame reasonably 
lose.Alternatively, the Eulerian numbers may be 
hara
terized by Wor-pitzky's identity ([21℄, [9, p. 269℄, [16℄),xn =Xk � nk ��x + kn � for integer n � 0; (4)whi
h represents a power in terms of 
onse
utive binomial 
oeÆ
ients.The expli
it formula,� nk � = kXr=0(�1)r�n+ 1r �(k + 1� r)n; (5)was given by Euler himself.It should be noted that notation for Eulerian numbers is not stan-dardized; our notation 
onforms to that of [9℄. Further informationand appli
ations may be found in [14, se
t. 5.1.3℄ and the referen
esthere, [2℄, [4℄, [5, 
h. 10℄, [15℄, [17℄, [18, p. 216℄, and [19, se
t. 1.3℄.A Tall TaleHow 
an we �nd an expli
it formula for V, the matrix whose rowsare the left eigenve
tors of �? If we are 
lever and lu
ky, we 
an guessthe right answer and then verify it.The following a

ount of how the left eigenve
tors were found is �
ti-tious. The truth is that the author took a wandering path through thewilderness and then suddenly leaped to the 
orre
t answer. Sin
e this



CARRIES, COMBINATORICS, AND AN AMAZING MATRIXEARLY, UNPOLISHED VERSION OF MONTHLY ARTICLEWITH ADDITIONAL RESULTS AND PROOFS9path is unexplainable, the following (partially) fabri
ated motivationfor 
onje
turing a 
ertain formula is presented.Playing with the V 
ases in (1), we �nd that the Eulerian re
urren
e(2) holds also for the rows of V, i.e.,vij(m) = (j + 1)vij(m� 1) + (m� j)vi;j�1(m� 1) for 0 � i < m;(6)where we de�ne vi;�1(m) = 0 and vim(m) = 0. However, as it stands,this re
urren
e 
annot give us the last row of V(m) in terms of V(m�1), be
ause the latter matrix is short one row. But if Conje
ture 3 is
orre
t, we 
an paste in the last row by the formulavm�1;j(m) = (�1)j�m� 1j �:Now noti
e (via a little 
al
ulation) that ���� mj ���� := (�1)j�m�1j � has thespe
ial property���� mj ���� = (j + 1) ���� mj ���� + (m� j) ���� mj � 1 ���� ;so (6) will be satis�ed for i = m � 1 if we de�ne vm�1;j(m � 1) =(�1)j�m�1j �, or, vmj(m) = (�1)j�mj �: (7)Now (6) may be 
ast in the attra
tive matrix form:2666664 v00(m) � � � v0;m�2(m) v0;m�1(m)� � �� � �� � �vm�2;0(m) � � � vm�2;m�2(m) vm�2;m�1(m)vm�1;0(m) � � � vm�1;m�2(m) vm�1;m�1(m)
3777775 =2666664 v00(m0) � � � v0;m�2(m0) v0;m�1(m0)� � �� � �� � �vm�2;0(m0) � � � vm�2;m�2(m0) vm�2;m�1(m0)vm�1;0(m0) � � � vm�1;m�2(m0) vm�1;m�1(m0)
377777526666641 m� 1 0 � � � 00 2 m� 2 � � � 00 0 3 � � � �� � � � � � �� � � � � m� 1 10 0 � � � 0 m

3777775 ;where m0 = m� 1. To return to the problem at hand, at this point werea
h into our toolbox and pull out from [1, p. 822℄ the (easily veri�ed)



10 JOHN M. HOLTEidentity (�1)j�mj � = jXr=0(�1)r�m + 1r �:Thus we have, by this equation and (7) plus Conje
ture 4 and (5),vmj(m) = jXr=0(�1)r�m + 1r �(j+1�r)0 & v0j(m) = jXr=0(�1)r�m+ 1r �(j+1�r)m;so we 
onje
ture thatvij(m) = jXr=0(�1)r�m + 1r �(j + 1� r)m�i:ConfirmationThis formula for vij(m) does in fa
t give the left eigenve
tors of thetransition matrix �.Theorem 3. Let V be the m�m matrix [vij℄ wherevij = vij(m) = jXr=0(�1)r�m + 1r �(j + 1� r)m�ifor 0 � i; j < m, and let D = diagf1; b�1; : : : ; b�m+1g. ThenV�V�1 = D:Proof. Here we'll make heavy use of \
on
rete math" te
hniques.First we observe thatvij = j+1Xr=0(�1)r�m+ 1r �(j + 1� r)m�iis the 
onvolution, or Cau
hy produ
t, of the sequen
es (in k) 
(�1)k�m+1k ��and hkm�ii evaluated at j + 1, i.e.,vij = 
oeÆ
ient of xj+1 in Xk�0(�1)k�m+ 1k �xk �Xk�0 km�ixk:Now we use the binomial theorem and the generating fun
tion of hkni,Xk�0 knxk = (x ddx)n(1� x)�1; (8)



CARRIES, COMBINATORICS, AND AN AMAZING MATRIXEARLY, UNPOLISHED VERSION OF MONTHLY ARTICLEWITH ADDITIONAL RESULTS AND PROOFS11to getvij = 
oeÆ
ient of xj+1 in (1� x)m+1(x ddx)m�i(1� x)�1= 
oeÆ
ient of xj in x�1(1� x)m+1(x ddx)m�i(1� x)�1:Thus Xj�0 vijxj = x�1(1� x)m+1(x ddx)m�i(1� x)�1: (9)[Aside: When i = 0, this generating fun
tion is x�1fm(x) where fm(x)is the Eulerian polynomial of degree m (see [15℄, [4℄).℄We must showm�1Xk=0 vik�kj = b�ivij for i; j = 0; 1; : : : ; m� 1:By substituting, inter
hanging the order of summation (an entertainingexer
ise!), and simplifying, we getm�1Xk=0 vik�kj = b�m m�1Xk=0 j�bk=b
Xr=0 (�1)r�m + 1r ��m� 1� k + (j + 1� r)bm �vik= b�m jXr=0 (m�1)^((j+1�r)b�1)Xk=0 (�1)r�m+ 1r ��m� 1� k + (j + 1� r)bm �vik= b�m jXr=0(�1)r�m + 1r � (j+1�r)b�1Xk=0 �m� 1� k + (j + 1� r)bm �vik:Let K = (j + 1 � r)b � 1. The inner sum, PKk=0 �m+K�km �vik, is the
onvolution of the sequen
es (in k) 
�m+km �� and hviki evaluated at K.We know that Xk�0 �m+ km �xk = (1� x)�m�1;and we have the generating fun
tion of hviki in (9). So the inner sumis equal to the 
oeÆ
ient of K in(1�x)�m�1 �x�1(1�x)m+1(x ddx)m�i(1�x)�1 = x�1(x ddx)m�i(1�x)�1;i.e., by (8),KXk=0 �m+K � km �vik = (K + 1)m�i = ((j + 1� r)b)m�i:



12 JOHN M. HOLTETherefore,b�m jXr=0(�1)r�m + 1r � KXk=0 �m+K � km �vik = b�m jXr=0(�1)r�m + 1r �((j + 1� r)b)m�i= b�i jXr=0(�1)r�m+ 1r �(j + 1� r)m�i = b�ivij: �Theorem 3 tells us that the rows of V are left eigenve
tors of �
orresponding to the eigenvalues 1; b�1; : : : ; b�(m�1), so Conje
tures 1and 2 are true. Also, as noted above, the formula for v0j(m) is the sameas the expli
it formula (5) for the Eulerian numbers, so Conje
ture 4is true. Finally, letting i = m� 1 in (9), we getXj�0 vm�1;j(m)xj = x�1(1� x)m+1x ddx(1� x)�1 = (1� x)m�1;so Conje
ture 3 follows, by the binomial theorem.There are other patterns in V. It is easy to verify that the leftmost
olumn of V is all 1's. It is a little harder to show that the rightmost
olumn has +1's and �1's alternately, but it is a splendid opportunityto use the 
al
ulus of �nite di�eren
es: Let E denote the advan
ing op-erator (Ef(x) = f(x+1)), I the identity operator (If(x) = f(x)), and� the forward di�eren
e operator, � = E�I (�f(x) = f(x+1)�f(x)).We will use the binomial operator expansion �n =Pnr=0 �nr�(�I)rEn�rwith n = m + 1 and the observation that �m+1p(x) = 0 for any poly-nomial of degree at most m. Now, by Theorem 3,vi;m�1(m) = m�1Xr=0 (�1)r�m+ 1r �(m� 1 + 1� r)m�i= m+1Xr=0 (�1)r�m+ 1r �(�1 +m+ 1� r)m�i � 0� (�1)m+1�m + 1m + 1�(�1)m�i= �m+1xm�i����x=�1 + (�1)i = (�1)i:The Right Eigenve
tor Matrix U: Empiri
al ResultsLet's look at the right eigenve
tors of the transition matrix�. As analternative to dire
t 
omputation of the eigenve
tors, we may 
omputethe inverse of the matrix V, whose rows are left eigenve
tors. Numer-i
al experimentation reveals that, in order to get integer values, weshould multiply by m!, so we let U = m!V�1. For m = 2; 3; 4; 5, we�nd that U is:



CARRIES, COMBINATORICS, AND AN AMAZING MATRIXEARLY, UNPOLISHED VERSION OF MONTHLY ARTICLEWITH ADDITIONAL RESULTS AND PROOFS13�1 11 �1� ; 241 3 21 0 �11 �3 2 35 ; 26641 6 11 61 2 �1 �21 �2 �1 21 �6 11 �63775 ; 2666641 10 35 50 241 5 5 �5 �61 0 �5 0 41 �5 5 5 �61 �10 35 �50 24
377775 :Tantalizing patterns are already visible in these �rst few examples.Even though the 
olumns are the eigenve
tors, the top and bottom rowsleap out at the 
ombinatorial 
ognos
enti: They are Stirling numbersof the �rst kind! The pattern of the eigenve
tor in the last 
olumn maybe exposed by dividing by (m�1)!: re
ipro
als of binomial 
oeÆ
ientswith alternating signs! Forming di�eren
e tables of the 
olumns revealsmore patterns: It appears that the jth di�eren
e of the jth 
olumn isa 
onstant|(�1)jm!=(m � j)!|whi
h would make the jth 
olumn apolynomial of degree j in the row index i. To summarize, for thematrix U = m!V�1, we propose:Conje
ture 5: Column j is a degree-j polynomial fun
tion of rowindex i.Conje
ture 6: The �nal 
olumn is proportional to re
ipro
als of arow of Pas
al's triangle with alternating signs.Conje
ture 7: The top row 
onsists of unsigned Stirling numbersof the �rst kind.Conje
ture 8: The bottom row 
onsists of signed Stirling numbersof the �rst kind.Stirling Numbers of the First KindThe �rst few (unsigned) Stirling numbers of the �rst kind are listedin the following table.n � n0 � � n1 � � n2 � � n3 � � n4 � � n5 � � n6 �0 11 0 12 0 1 13 0 2 3 14 0 6 11 6 15 0 24 50 35 10 16 0 120 274 225 85 15 1The Stirling number � nk � may be 
hara
terized 
ombinatorially asthe number of ways n obje
ts 
an be arranged into k 
y
les. But for



14 JOHN M. HOLTEus, the following algebrai
 
hara
terizations will be more useful: Risingfa
torial powers may be represented in terms of ordinary powers bymeans of unsigned Stirling numbers of the �rst kind:xn = x(x + 1)(x+ 2) � � � (x + n� 1) =Xk � nk �xk; (10)falling fa
torial powers may be represented in terms of ordinary powersby means of signed Stirling numbers the �rst kind:xn = x(x� 1)(x� 2) � � � (x� n+ 1) =Xk (�1)n�k � nk �xk: (11)(See [9, se
t. 6.1℄ [12, pp. 65{68℄, or [10, 
h. 4℄.) (The notation � nk �for Stirling numbers of the �rst kind is Karamata's [9, p. 257℄, [11℄.Then (�1)n�k � nk � is the signed Stirling number of the �rst kind,sometimes denoted S(k)n [1, p. 824℄ or s(n; k) [19, p. 18℄.)Looking for UHow 
an we �nd an expli
it formula for the matrix U of right eigen-ve
tors of �? One way would be to solve �U = UD. (This appearsto be very diÆ
ult.) Our way is to �nd U by solving UV =m!I. Thistime we'll tell no tall tales. Instead we'll derive the answer by anotherheavy-duty appli
ation of 
on
rete math.Fix m. We want to solve Pk uikvkj = m!Æij. By our formula for V(Theorem 3),m�1Xk=0 uikvkj = m�1Xk=0 uik jXr=0(�1)r�m+ 1r �(j + 1� r)m�k= jXr=0(�1)r�m+ 1r �m�1Xk=0 uik(j + 1� r)m�k= jXr=0(�1)r�m+ 1r � mXt=1 ui;m�t(j + 1� r)t:Let Ui(x) =Xt�0 ui;m�txt = mXt=1 ui;m�txt;



CARRIES, COMBINATORICS, AND AN AMAZING MATRIXEARLY, UNPOLISHED VERSION OF MONTHLY ARTICLEWITH ADDITIONAL RESULTS AND PROOFS15the generating fun
tion of the sequen
e at := ui;m�t (we set uim = 0for 0 � i < m; then Ui(0) = 0). Substituting, we getm�1Xk=0 uikvkj = j+1Xr=0(�1)r�m+ 1r �Ui(j + 1� r):Now we multiply by yj and sum over j. Be
ause UV =m!I,m�1Xj=0 yj m�1Xk=0 uikvkj = m!m�1Xj=0 Æijyj = m!yifor 0 � i < m. On the other hand,m�1Xj=0 yj m�1Xk=0 uikvkj =Xj�0 yj j+1Xr=0(�1)r�m+ 1r �Ui(j + 1� r)= y�1Xj�0 j+1Xr=0(�1)r�m+ 1r �yr � Ui(j + 1� r)yj+1�r= y�1(Xn�0(�1)n�m + 1n �yn)(Xn�0 Ui(n)yn)= y�1(1� y)m+1Xn�0 Ui(n)yn:Therefore,Xn�0 Ui(n)yn = y(1� y)�m�1 �m!yi = m!yi+1Xr�0 �m + rm �yr;when
e, Ui(n) = m!�m� 1� i+ nm �;i.e., mXt=1 ui;m�tnt = m!�m� 1� i+ nm �: (12)By (11), we may expand a binomial 
oeÆ
ient in terms of powers:�xm� = xmm! = 1m!Xr (�1)m�r � mr �xr:



16 JOHN M. HOLTESom!�m� 1� i+ nm � =Xr (�1)m�r � mr � (m� 1� i + n)r= mXr=0(�1)m�r � mr � rXt=0 �rt�nt(m� 1� i)r�t;when
e,m!�m� 1� i + nm � = mXt=0 nt mXr=t (�1)m�r � mr ��rt�(m� 1� i)r�t:(13)(We're pleased to see, at last, the anti
ipated appearan
e of the Stirlingnumbers.) The t = 0 term in this sum is 0, be
ause, by (11) again,mXr=0(�1)m�r � mr � (m� 1� i)r = (m� 1� i)m = 0for 0 � i � m� 1. Now, by (12) and (13),mXt=1 ntui;m�t = mXt=1 nt mXr=t (�1)m�r � mr ��rt�(m�1�i)r�t for n = 1; : : :m:Be
ause the Vandermonde matrix of 
oeÆ
ients [nt℄ (1 � n; t � m) isnonsingular ([12, p. 36℄), we 
on
lude thatui;m�t = mXr=t (�1)m�r � mr ��rt�(m� 1� i)r�t:This is the formula we sought.The Right Eigenve
torsTheorem 4. Let V be the m�m matrix [vij℄ wherevij = vij(m) = jXr=0(�1)r�m + 1r �(j + 1� r)m�ifor 0 � i; j < m. Then m!V�1 = [uij℄ whereuij = uij(m) = mXr=m�j(�1)m�r � mr �� rm� j�(m� 1� i)r�(m�j)for 0 � i; j < m and where 00 is taken to be 1.



CARRIES, COMBINATORICS, AND AN AMAZING MATRIXEARLY, UNPOLISHED VERSION OF MONTHLY ARTICLEWITH ADDITIONAL RESULTS AND PROOFS17This formula is 
ompli
ated enough that it still takes some work toverify our 
onje
tures. Conje
ture 5 is left as an exer
ise, and we turnto Conje
ture 6: For i = 0; : : : ; m� 1,ui;m�1(m)m! = (�1)im�m�1i � :To prove this, let j = m� 1 in Theorem 4. We getui;m�1(m) = mXr=1(�1)m�r � mr �� rm� (m� 1)�(m� 1� i)r�(m�(m�1))= mXr=1(�1)m�r � mr � r(m� 1� i)r�1= ddx  mXr=1(�1)m�r � mr �xr!����x=m�1�i= ddxxm����x=m�1�i [by (11)℄:But ddxxm = ddx m�1Yk=0 (x� k) = m�1Xk=0 1 �Yr 6=k(x� r);soddxxm����x=m�1�i = (m�1�i)(m�2�i) � � � (1)(�1)(�2) � � � (i) = m!(�1)im�m�1i � :Conje
ture 7 
laims that the top row of U 
ontains unsigned Stirlingnumbers of the �rst kind. It does 
ontain them|in reverse order: Forj = 0; : : : ; m� 1, u0j(m) = � mm� j � :It is neat to see how this 
onje
ture redu
es to the two basi
 identi-ties relating Stirling numbers of the �rst kind to fa
torial powers. ByTheorem 4, for n = 1; : : : ; m,u0;m�n(m) = mXr=n(�1)m�r � mr ��rn�(m� 1)r�n:Thus, this 
onje
ture is equivalent to the identity,mXr=n(�1)m�r � mr ��rn�(m� 1)r�n = � mn � : (14)



18 JOHN M. HOLTEFix m � n, and letan = mXr=n(�1)m�r � mr ��rn�(m� 1)r�n:The generating fun
tion of hani isXn�0 anxn = mXr=0(�1)m�r � mr � rXn=0 �rn�xn(m� 1)r�n= mXr=0(�1)m�r � mr � (x+m� 1)r= (x+m� 1)m [by (11)℄= (x+m� 1)(x+m� 2) � � � (x)= xm;whi
h is the generating fun
tion of �� mn ��, by (10). Therefore,an = � mn �, i.e., identity (14) holds, so Conje
ture 7 is true.The proof of Conje
ture 8, whi
h says that the bottom row of U
ontains signed Stirling numbers of the �rst kind (in reverse order), ismu
h easier, and is left as an exer
ise.Combinatorial IdentitiesMany people are fas
inated by 
ombinatorial identities, so let's pauseto take sto
k of the relationships asso
iated with �, V, and U. Firstlet's revisit the Eulerian re
urren
es (2) and (6). Let� mj �i = vij(m) = jXr=0(�1)r�m+ 1r �(j + 1� r)m�i; (15)and noti
e that the last expression is de�ned for i;m 2 R and j 2 Z.Then � mj �i = (j + 1)� m� 1j �i + (m� j)� m� 1j � 1 �i : (16)(The proof is left as an exer
ise.) Thus, for ea
h i, we have an ar-ray of numbers satisfying the Eulerian re
urren
e relation (2). Fur-thermore, the re
urren
e (16) may be used to generate sequen
es for



CARRIES, COMBINATORICS, AND AN AMAZING MATRIXEARLY, UNPOLISHED VERSION OF MONTHLY ARTICLEWITH ADDITIONAL RESULTS AND PROOFS19m = 1; 2; 3; : : : starting with the values determined by (15) for m = 0:� 0j �i = 8><>:0 if j < 0;1 if j = 0;(j + 1)�i � j�i if j > 0.When i = 0, one generates the usual Eulerian numbers.A host of other identities|in
luding familiar ones|arise from thematrix equations�U = UD, V� = DV, UV =m!I, andVU =m!I.For example, setting i = 0 and j = 0 in Pk uikvkj = m!Æij, weget the sum formula for unsigned Stirling numbers, Pk � mm� k � =Pr � mr � = m!; setting i = 0 and j = m� 1 > 0, we get the sum for-mula for signed Stirling numbers, Pk(�1)k � mm� k � = 0. Similarly,setting i = j = 0 in Pk vikukj = m!Æij, we get (3) Pk� mk � = m!again. A more interesting result arises when i = 0 and j = m� 1 > 0:m�1Xk=0 (�1)k� mk ���m� 1k � = 0:Another identity is inspired by (12). Letwkr(n) = 1n!un�1�k;n�r(n) = 1n! nXt=r (�1)n�t � nt ��tr�kt�r:Then one may verify that�x + kn � =Xr�0 wkr(n)xr for 0 � k < n:The Worpitzky identity (4) expressed powers in terms of 
onse
utivebinomial 
oeÆ
ients; this identity expresses the binomial 
oeÆ
ientsin terms of powers.Stirling Numbers of the Se
ond KindSo far we've seen binomial 
oeÆ
ients, Eulerian numbers, and Stir-ling numbers of the �rst kind. What about Stirling numbers of these
ond kind? Are they lurking nearby? Re
all that the Stirling num-ber of the se
ond kind � nk � (in Karamata [11℄ notation) 
ounts the



20 JOHN M. HOLTEnumber of ways a set of n obje
ts 
an be partitioned into k disjointnonempty subsets. They may be 
al
ulated by means of the re
urren
e� nk � = k� n� 1k �+� n� 1k � 1 � ;whi
h is valid for integer n > 0, and the spe
ial values� n0 � = Æn0. Anexample we'll use is � nn� 1 � = � n2 �, whi
h is true be
ause thereare �n2� ways to 
hoose the one 2-element set. Alternatively, the Stirlingnumbers of the se
ond kind may be 
hara
terized as the 
oeÆ
ients inthe representation of ordinary powers in terms of fa
torial powers:xn =Xk � nk �xk =Xk (�1)n�k� nk �xk:Also, they may be represented in 
losed form as follows:� nk � = 1k!Xr (�1)k�r�kr�rn:More material on Stirling numbers of the se
ond kind may be foundin, e.g., [9, se
t. 6.1℄ or [10, 
hapter 4℄.Moments of the Stationary DistributionNow 
onsider the moments of the stationary probability ve
tor. The�rst moment, the mean, will tell us what the average 
arry value is,and the se
ond 
entral moment, the varian
e, will tell us how mu
h the
arry values vary about the mean.Theorem 5. The stationary probabilitiespj = v0j(m)m! = 1m! � mj � (j = 0; : : : ; m� 1)have nth fa
torial moment given by � mm� n ���mn� if m � n, mean(m� 1)=2, and varian
e (m+ 1)=12. The standardized probability dis-tribution is asymptoti
ally normal as m!1.Proof. For �xed m, the stationary probabilities have the probabilitygenerating fun
tiongm(x) =Xk pkxk =Xk � mk � xkm! :



CARRIES, COMBINATORICS, AND AN AMAZING MATRIXEARLY, UNPOLISHED VERSION OF MONTHLY ARTICLEWITH ADDITIONAL RESULTS AND PROOFS21The moments may be found in terms of the derivatives of the proba-bility generating fun
tion. (See, e.g., [9, se
t. 8.3℄ or [8, XI.1℄.) Thenth derivative isg(n)m (x) = 1m!Xk � mk � knxk�n = n!m!Xk � mk ��kn�xk�n:We will use the identity (see, e.g., [9, p. 269℄)Xk � mk ��kn� = (m� n)!� mm� n � ;whi
h is valid for m � n. (This may be proved [9, p.310℄ by taking the(m � n)th di�eren
e of the Worpitzky identity (4).) The nth fa
torialmoment isXk pkkn =Xk 1m! � mk � kn = g(n)m (1)= n!m!Xk � mk ��kn�= n!m! (m� n)!� mm� n �= � mm� n �� mn � = � mm� n �� mm� n � :(This is equivalent to [14, se
t. 5.1.3(15)℄.) In parti
ular, the meanvalue is g0m(1) = � mm� 1 �� m1 � = �m2 ��m1 � = m(m�1)2m = m� 12 ;and the varian
e isg00m(1) + g0m(1)� g0m(1)2 = � mm� 2 �� m2 � + m� 12 � �m� 12 �2 :From the re
urren
e relation, we 
al
ulate� mm� 2 � = m(m� 1)(m� 2)(3m� 5)24 :



22 JOHN M. HOLTESubstituting this in the previous expression and simplifying, we get thatthe varian
e is (m + 1)=12. (Be
ause the terms involving m2 
an
el,this is smaller than might be expe
ted.) The asymptoti
 normality isproved in [5, pp. 150{154℄. �There are still more 
ombinatorial 
onne
tions. The nth fa
torial mo-ment is exa
tly B(n�m)n , where B(k)n is the generalized Bernoulli numberof kth order and nth degree (see [5, 
hapter 15℄). Here k = n�m � 0,and B(n�m)n = n!m!�m�n0m:Also, there are still more patterns to be dis
overed and explained inthis dazzling array of matri
es. May you have fun exploring them.A
knowledgmentsI thank Jennifer Galovi
h and Paul Fjelstad for pointing out to methe 
onne
tions with random permutations and Eulerian numbers, andI thank Stephen Hilding and Ron Rietz for their 
omments on a draftof this paper. Referen
es[1℄ Abramowitz, Milton and Irene A. Stegun, Handbook of Mathemati
al Fun
-tions, National Bureau of Standards, 1964.[2℄ Buhler, Joe, David Eisenbud, Ron Graham, and Colin Wright, Juggling dropsand des
ents, The Ameri
an Mathemati
al Monthly 101:6 (June{July 1994),507{519.[3℄ Callan, David, Milton P. Eisner, and Bill Doran, A Pas
al-like triangle, Prob-lem #498 & solutions, The College Mathemati
s Journal 25:2 (Mar
h 1994),161{162.[4℄ Carlitz, L., Eulerian numbers and polynomials, Mathemati
s Magazine 32(1959), 247{260.[5℄ David, F. N. and D. E. Barton, Combinatorial Chan
e, Hafner, 1962.[6℄ Euler, Leonhard, Institutiones 
al
uli di�erentialis, St. Petersburg, 1755.[7℄ Euler, Leonhard, Opera Omnia (1) 10 (1913).[8℄ Feller, William, An Introdu
tion to Probability Theory and Its Appli
ations,Volume I, third edition, Wiley, New York, 1968.[9℄ Graham, Ronald L., Donald E. Knuth, and Oren Patashnik, Con
rete Mathe-mati
s, se
ond edition, Addison-Wesley, Reading, Mass., 1994.[10℄ Jordan, Charles, Cal
ulus of Finite Di�eren
es, Chelsea, New York, 1950.[11℄ Karamata, J., Th�eor�emes sur la sommabilit�e exponentielle et d'autres somma-bilit�es ratta
hant, Mathemati
a (Cluj) 9 (1935), 164{178.[12℄ Knuth, Donald E., The Art of Computer Programming, vol. 1, FundamentalAlgorithms, se
ond edition, Addison-Wesley, Reading, Mass., 1973.[13℄ Knuth, Donald E., The Art of Computer Programming, vol. 2, Seminumeri
alAlgorithms, se
ond edition, Addison-Wesley, Reading, Mass., 1981.



CARRIES, COMBINATORICS, AND AN AMAZING MATRIXEARLY, UNPOLISHED VERSION OF MONTHLY ARTICLEWITH ADDITIONAL RESULTS AND PROOFS23[14℄ Knuth, Donald E., The Art of Computer Programming, vol. 3: Sorting andSear
hing, Addison-Wesley, Reading, Mass., 1973.[15℄ Krishnapriyan, H. K., Eulerian polynomials and Faulhaber's result on sums ofpowers of integers, The College Mathemati
s Journal 26:3 (May 1995), 118{123.[16℄ Li Shan-Lan, Du�o J�i B�i L�ei [Sums of piles obtained indu
tively℄ in Z�eg�ux�i Zha�iSu�anxu�e [Classi
ally inspired meditations on mathemati
s℄, Nanjing, 1867.[17℄ Neal, David, The series 1Xn=1nmxn and a Pas
al-like triangle, The College Math-emati
s Journal 25:2 (Mar
h 1994), 99{101.[18℄ Riordan, John, An Introdu
tion to Combinatorial Analysis, Prin
eton Univer-sity Press, 1980.[19℄ Stanley, Ri
hard P., Enumerative Combinatori
s, vol. 1, Wadsworth &Brooks/Cole, Monterey, CA, 1986.[20℄ Wilf, Herbert S., generatingfun
tionology, se
ond edition A
ademi
 Press,Boston, 1994.[21℄ Worpitzky, J., Studien �uber die Bernoullis
hen und Eulers
hen Zahlen, Journalf�ur die reine und angewandte Mathematik 94 (1883), 203{232.Gustavus Adolphus College, St. Peter, MN 56082E-mail address : holte�ga
.edu


