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EX:

Base 000

Xo=14
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Dugit Algorithm

Xn
dp

=|Xn-1/3|

= Xp mod 3
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Dugit Algorithm
Xpn = | Xn-1/3|
dy = X, mod 3




Dugit Algorithm
Xpn = | Xn-1/3|
dy = X, mod 3

Ex: DBase 000
Xo=14
©00 ©00
©00 ©00
0
da =2
X1=6¢
O 0
d; =1 =2
X=z=1
@) O 0
dy =1 1 2



Ex: __Base 0ee Dugit Algorithm

Xo=14
eco ee0 Xp = |Xn-1/3
©00 ©00
®o dy = X, mod 3
do=2 —
X1=6¢
o 0 Value formula
d,=1 2 i
: Sd;3
Satile =1.3* +1.3? +2.3°
000
© o 0 000 ®
000 000 ®

dz =1 1 2



EX BaAsSe 000:00

//ba56 3/2//

000 00O
000 OO
OO OO
)@
ON©)
o O
OO
o O
o0 @) © O




EX Basc 000: 00 00 °
“base 32", iyl 2 2
2 R7g 194
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Digits € values
sSsummmea Vﬂ

n —» {dj}

value Formula

n =3 (Pa) 4




Ex: Basel1o/3

Xo = 49 do = 49 % 10 = 9
X1=3¥9/10)= 12 d;s =12 % 10 =2
X2 = 312/10)=3 d,= 3%10 =3
Xz= X¢4 =:--- =0

100 4+ 20 + 27

2(20/3) + 210/3)+ 9 =

3

--0-0-6-0-6-6-6-6-6-

% --0-6-6-6-6-6-66¢©

- a-a-a-a-a-a-a-a-a-y

00O 00 --6-6-6-6-6-6-6-6¢©
000000000




Ex: Base 2/3

\

Xo = 15 da 15%2

1



Ex:

Base 2/3

x: = 3l15/2] = 21

15%2

1% 2
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Ex:

Base 2/3

Xo = 15
x. = 3|25/2

21

30

15% 2
1% 2

30% 2

\



Ex:

Base 2/3

Xo = 15
x. = 3|15/2/
X2 = 3|21/2
Xz = 3|30/2
Xy = 3l45/2
xs = 3|66/2
xs = 3(99/2]
So...

do =
= 21 Ay =
= 30 da =
= 45 ds =
= o0& dy =
= g9 ds =
=147 ds =

15 = 114010411 ...

15%2
21% 2
30% R
45% 2
66 %
9% 2

147 % 2

4

\
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Infinite digit sequences?

n=15
base 2/3 digut algorithme:
(4 =1,1,0,1,0,1,1,...

Perhaps this is fine:



Infinite digit sequences?

n=15
base 2/3 digut algorithme:
(4 =1,1,0,1,0,1,1,...

Perhaps this is fine:
S(/3Yd; = 1+ 1-(2/3% + 0 (/3 + 1-2/3) + ...

<1+1RMBE\Y+1RBEY+1R33°%+...

1
1-2/3

= 3



Infinite digit sequences?

n=15
base 2/3 digut algorithme:
(4 =1,1,0,1,0,1,1,...

Perhaps this is fine:
S(/3Yd; = 1+ 1-(2/3% + 0 (/3 + 1-2/3) + ...

<1+1RMBE\Y+1RBEY+1R33°%+...

1
et = =<
1-2/3

The value fornuda = Z( Pald  cannst be true
(when P/q < 1)




The value formula N = % ( P/q )? dj is perfectly fine
even when P4 < 1



P-Noym and Distance

prine factorization in @

2«"{' — 23 % 3 % 5'1 % 7'1 121
35 5000
2-NOVMLS:
X — 1 121
3
35 o) 2 5000
11-NOorms:
X _ 1 — 1 121
o,
35 11 11 5000

ete.
o],

I
Q

= Q2¥x5%x142

lo

11 11



p-Distance and Convergence

p-distance: dp(q,r) = ICL""P > _wetric space QP
1 1
EX. dz_ (30, b) = |2‘-{'|2 = 23 = §
30 _ 1
ex. () 0) = 3%
>
, *
Ex. 1,3,7,15231,... — -1 in Q,
in Q,
E ‘ k . in
EX. {(—%) } —s 0 1n QP * 50 O'Zolk :/1%2' _ .




Partial sums

Sethg

_» 1%} quotients

~
{dj} remainders

Base Pgq digit algorithne: n

Convergence Lenuveq
K-1

-Za (P/q)j d; .

Let E’K -

/

J
Then (P/q)"-xk = N-uyk YK>o.

Con.seq_uentttj ,

o pk | n-y,  andso |n-tjk|P < Tk



The value formula

seth;
_» 1%} quotients
n

{alj} reymaanders

Base Py digit algorithne:

Theorem
n = %(P/Ci)]dj )

with the series converging in Q, when Pq <1

Exampw

2018 base 3/7 {d})=2,02101,...

0 2+ 0@BE/A+23/F)+ 13/7F + o3/F) +13/H° +..



Period icitg

Ex: base 3/4

/'{XJ}_7 88...
\‘{d}—lzz...

/{XJ}—SSS...
\{d}-zzz...

/{xj}=‘? 12 16 20 2¢ 32 40 ...

n=ge¢
\{dj}=o O 1 2 0 2 1..



Period icitg

Theorem

Leen—{dj} in base Pq < 1.
< A1)

I {dj} is peviodic, then n < a4-p

Ex. Pq = 3y

(di} periodic = n € F= = 3

/

andn > 8 = {dj} not periodic.



Theorem

Leen—{dj} in base Pq < 1.

I+ {dj} is periodic, then n £ qa(:t;') .

Simplified proof (a single repeating digit)

Supposen —»{d;j} =d, d d, ...
Then n = id(?/q)j th Jp

j=0
= Ltlt: d+d(Pq) + -+ d("/‘t)k'l
_tine d(2-0a))
d p-1

1-P/AY < 1 - P/q




Q_sequences

START

v

vV vV vV ¥

o 1
©0
©@®
@0
OL
@0

1,0,1,0,0,7, vee

R (8)



Q_sequences

START

v

vV VvV VvV VvV V¥

© 0
© @
@O
O @
@O
O @
O @

1.14,0,1,0,1,1, +.. = R(2)



Theoremt Q

R(n) is the base <3 expansion of 3(3n-1).

EX. N=2

RRA = 1,2,0,1,0,1,1, .-

3(32-1) =156 — 1,1,0,1,0,1,1, .-+ inbase 2/3



COVOLLarg :
R (n) is aperiodic for every n.

Proof

n=>1 =2 3(3n1) >c

3(2-1)
3-2

while = 3.

CoroLLanj
QR (Nn) contains
infin itely many O’s,
for every n.



