MCS-200 Putnam Practice November 29, 2001

1. (Putnam 1989, A-1) How many primes among the positive integers, written as usual
in base 10, are such that their digits are alternating 1’s and 0’s, beginning and ending
with 1.

2. (Putnam 1989, B-1) A dart, thrown at random, hits a square target. Assuming that
any two parts of the target of equal area are equally likely to be hit, find the probability
that the point hit is nearer to the center than to any edge. Express your answer in the

a\/5+c

form —g where a, b, ¢, d are integers.
3. (Putnam 1986, A-1) Find, with explanation, the maximum value of f(r) = 23 — 3z on
the set of all real numbers x satisfying 2* + 36 < 13z2.

4. (Putnam 1997, A-2) Players 1,2,3, ..., n are seated around a table, and each has a
single penny. Player 1 passes a penny to player 2, who then passes two pennies to
player 3. Player 3 then passes one penny to Player 4, who passes two pennies to Player
5, and so on, players alternately passing one penny or two to the next player who still
has some pennies. A player who runs out of pennies drops out of the game and leaves
the table. Find an infinite set of numbers n for which some player ends up with all n
pennies.

5. (Putnam 1995, A-1) Let S be a set of real numbers which is closed under multiplication
(that is, if @ and b are in S, then so is ab). Let T and U be disjoint subsets of S whose
union is S. Given that the product of any three (not necessarily distinct) elements of
T is in T and that the product of any three elements of U is in U, show that at least
one of the two subsets 7', U is closed under multiplication.



