MCS-200 In-Class Exercises November 8, 2001

Inequalities

Basic Arithmetic:

o Addition. If x >y and a > b, then z +a > y + b.
o Multiplication. If x > y and a > 0, then ax > by. Conversely, if a < 0, then az < ay.

e Reciprocals. If © > y, then 1/x < 1/y, provided that both z and y have the same
sign.

e Distance interpretation of the absolute value. The set
{z such that |z — a| = b}
consists of all points x on the real number line that lie within a distance b of the point
a.
AM-GM: Arithmetic-mean - geometric-mean inequality

atb Vab 0<a<b

or more generally
ay +as +---a,

n

Z (a1a2 “ .. an)l/n
with equality if and only if all the a;’s are equal.

Another inequality that comes up frequently is:

1\" 1 n+1
(1+2) <(1+-)
n n+1

Cauchy-Schwarz: If a; > 0 and b; > 0 are defined for 1 < <n,

P (24) (54

with equality if and only if all the ratios a;/b; are equal.

Derivatives: Derivatives can be useful. For example, if f(0) =0 and f'(z) > 0 for z > 0,
then we know f(z) > 0 for z > 0.

Integrals: show series is LHS or RHS for monotonic function

Series: To compare f(z) and g(z) compare their Taylor series expansions.



. Which is larger, V19 + /99 or /20 + /987

b 1998 . 19999
. Which is larger 555 or 55557

. Which is bigger 2000! or 1000207

2
. Prove that W < 2?4+ y? + 22

(a) Find the maximum value of 2!/% for x > 0. Without doing any numerical calcu-

lations, decide which is bigger, m° or e”.

(b) (UIUC, 1997-2.1) Determine which of the two expressions v/n¥"*' and v/n + "
is larger when n is an integer greater than 8.

. Let ai,as,...,a, be a sequence of positive numbers. Show that
1 1 1 9
(a1 +az+-+ay) (—+—+---+—> >n
ai a9 Qp

with equality holding if and only if the a; are equal.
. (Larsen 7.2.3)
If a, b, c are positive numbers such that (1 + a)(1 + b)(1 + ¢) = 8, prove that abc < 1.

. (Larsen 7.3.3)

Given that a, b, ¢, d, e are real numbers such that

a+b+c+d+e = 8§,
A+ +E+d?+e = 16,
determine the maximum value of e.

(a) (UIUC, 1999 2.1) Let z1,xo,... ,x, be the numbers 1,2,... ,n, written in some
order. Prove that

T1T2 + ToZ3 + -+ + Tp_1Ty + TpT1 S 12+22++7’L2
(b) (UIUC, 1997-3.4) Let ay, as, ... ,a, be positive real numbers, and let by, by, ... , b,
n
a/.
be a permutation of the a;’s. Show that > — > n.

i=1 "
(c) (Larsen 7.3.6) Use the Cauchy-Schwarz inequality to prove that if a;+- - -+a, = 1,
then a? +---a2 > 1/n.

(d) (UIUC, 1997 4.3) Let a;,as, ... ,a, be real numbers with »_ a; = 1. Prove that

=1
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