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CHAPTER 1

INTRODUCTION

Mathematicians have long used the idea of reduction to characteristic p to solve
problems in characteristic zero. More recently, Hochster made use of characteristic
p techniques to solve several homological conjectures. Tight closure techniques ex-
ploit the Frobenius endomorphism in characteristic p and have proven to be a very
powerful tool. Hochster’s proof of the existence of big Cohen-Macaulay modules
may be the first “tight closure” proof, although the idea was not mentioned explic-
itly. The idea was finally made explicit when Hochster and Huneke introduced the
notion of tight closure for ideals of commutative Noetherian rings of characteristic
p and for submodules of finitely generated modules over certain Noetherian rings.
The definition is first made in characteristic p using the action of the Frobenius en-
domorphism. A notion for finitely generated algebras over a field of characteristic
zero is then obtained by reduction to characteristic p. There is not yet a satisfactory
notion in mixed characteristic.

Tight closure techniques have been used to give new proofs, often in greatly
strengthened form, of the following seemingly unrelated results: rings of invariants
of linearly reductive groups acting on regular rings are Cohen-Macaulay, the integral

closure of the nth power of an n generator ideal of a regular ring is contained in
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the ideal (the Briangon-Skoda theorem), the monomial conjecture and the syzygy
theorem [HH1]. Hochster and Huneke [HH3] also used techniques inspired by tight
closure to prove that if R is an excellent domain of characteristic p, then R, the
integral closure of R in an algebraic closure of its fraction field, is a balanced big
Cohen-Macaulay algebra.

Some of the important features of tight closure include the fact that every ideal
in a regular ring is tightly closed and the tight closure of an ideal is contained in
the integral closure of the ideal. In addition, if R is a local ring and x4, ... ,z, are
part of a system of parameters of R, then the ideal (x1,...,2,_1): T, is contained
in the tight closure of (x1,...,2,_1) under mild conditions on R. In a sense, tight
closure captures the failure of a ring to be Cohen-Macaulay.

Despite the apparent power of tight closure techniques, the tight closure operation
itself is quite difficult to handle in practice. For example, it is generally difficult
to find the tight closure of an arbitrary ideal. Also, it is not known whether tight
closure behaves well under localization. We would like to know whether it is true
that I*W~=1R = (IW~'R)* where I is an ideal of a ring R, W is an arbitrary
multiplicative system and I* denotes the tight closure of I. It is not even known
that if all of the ideals of R are tightly closed, then all of the ideals of Rp are tightly
closed. In light of these difficulties, it is of great interest to describe tight closure in
different ways. One approach is to answer positively the conjecture that the tight
closure of an ideal I, I'**, is the same as the expansion and contraction of I from R
to RT, IRT N R.

Hochster and Huneke have shown that if R is an excellent domain of characteristic
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p, then R is a big Cohen-Macaulay algebra for R [HH3]. This result, combined
with the results of [HH6], imply that if I is an ideal of R, then IRT N R C I*. Tt
is an open question whether or not IR™ N R is in fact equal to I'*. If so, it would
follow that tight closure does commute with localization. In Chapters 4 and 6 we
will show that I* = IR N R for certain classes of ideals in cubical cones.

One of the things that makes tight closure particularly difficult to compute in
practice is the fact that one must check certain conditions for possibly infinitely
many values of ¢ = p®. It would be helpful if there were a bound on the power of p
necessary to check whether an element is in the tight closure of an ideal. Not only
would the existence of a bound make it feasible to calculate tight closure, but the
existence of such a bound would solve the localization problem. In Chapter 3 we
discuss a mapping property that implies the existence of a bound and show that
certain rings have this property.

Although it is usually very difficult to determine the tight closure of an ideal,
sometimes calculations can provide evidence that an element is or is not in the
tight closure of a given ideal. Much of the work behind this thesis was inspired by

calculations made using the computer package Macaulay.

An Outline of the Thesis

Chapter 2 gives a brief review of the definitions and notational conventions used
in this work as well as an overview of some of the basic tight closure results.
In Chapter 3 we describe a mapping property for rings of characteristic p which

implies a bound on the value of ¢ necessary to test whether an element is in the
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tight closure of an ideal. We also show that the mapping property implies that tight
closure commutes with localization. The main result in this chapter is a proof that
one-dimensional F-finite rings have this mapping property.

In Chapter 4 we consider tight closure, plus closure and Frobenius closure in
rings of the form K{[x,y, 2]]/(z3 + y> + 23), where K is a field of characteristic p
and p # 3. These rings can be thought of as the homogeneous coordinate rings of
elliptic curves. We describe a Zs-grading on these rings and show how we can use the
grading to reduce questions about ideals in the coordinate rings to questions about
ideals in the regular ring K[|z, y]]. Using these techniques we show that Frobenius
closure is the same as tight closure in certain classes of ideals when p = 2 mod 3.
Using the fact that I¥ C IRT N R C I*, we conclude that ITRT N R = I* for these
ideals.

In Chapter 5 we discuss injective modules over the non-Noetherian ring R*°, the
union of all p°th roots of elements of R, where again R = K{[z,y, z]] /(23 +y3 + 23).
Using these injectives we prove that one can reduce the question of whether ¥ = I*
for Zs-graded ideals to the case of Zg-graded irreducible modules.

In Chapter 6, motivated by the results of Chapter 5, we study the case of irre-
ducible m-primary Zs-graded ideals in K|[[z,y, 2]]/(z3+y>+23). We use the grading
developed in Chapter 4 to classify the irreducible Zg-graded ideals. We then show
that IT = I* for most irreducible Zs-graded ideals in K[[x,y, z]]/(2® + y® + 23),
where K is a field of characteristic p and p = 2 mod 3. Hence I* = IRT N R for
these ideals.

In Chapter 7 we discuss yet another closure operation, regular closure. The
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regular closure contains the tight closure when both are defined, but in general, the
regular closure is strictly larger. Regular closure is interesting, in part, because it
is defined a priori in all characteristics, including mixed characteristic. We show
that one can test regular closure in R by only considering local maps to regular
local rings. In certain cases, it is necessary only to consider maps to certain affine
algebras. We also prove the equivalence of two variants of regular closure for a class

of rings that includes R = K|[[z,y, 2]]/ (2> + y> + 23).



CHAPTER 2

TIGHT CLOSURE

In this chapter we provide a brief introduction to the theory of tight closure. We
are primarily interested in the case where tight closure is an operation performed
on ideals in a commutative Noetherian ring of characteristic p. Tight closure is also
defined for submodules of modules over a Noetherian ring. In addition there are
several notions of tight closure in equal characteristic zero which involve reduction
mod p. It is still unclear how to define tight closure in an effective way in mixed
characteristic.

The definition of the tight closure operation involves iterating the Frobenius
endomorphism of a ring. Throughout this chapter, R denotes a commutative Noe-
therian ring of characteristic p and ¢ always denotes some prime power, p¢, for some

non-negative integer e.

2.1 Notations and Conventions
We denote by F or F the Frobenius endomorphism of a ring R of characteristic
p, and we denote by F the eth iteration of F, so that F¢(r) = r%. If R is a reduced
ring of characteristc p, we write R'/9 for the ring obtained by adjoining gth roots
of all elements of R. The inclusion map R — R'/? is isomorphic with F¢: R — R.

We write R*° for Uqu/ 2. Note that R®° is almost never Noetherian.
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If I C R and ¢ = p°, then I'9 denotes the ideal (i? : i € I)R, which is also the
expansion F(I)R of I under the Frobenius map F : R — R. Note that if 7" denotes
a set of generators for R, then {t9:t € T} generates 19

In any commutative ring R, R° denotes the complement of the union of the set

of minimal primes. Thus, if R is a domain, R° = R\{0}.

(2.1.1) Definition. An injection of R-modules M — N is called pureif MQrW —
N®grW is an injection for all R-modules W. An extension of rings R C S is pure

if it is pure as an extension of R-modules.

(2.1.2) Definition. A local ring (R, m, k) of dimension d is Gorenstein if it
is Cohen-Macaulay and for some (equivalently every) system of parameters, if [
denotes the ideal generated by the parameters, then dimy(Anng,;m) = 1. The
module (Anng,;m) is called the socle of R/I, and its dimension as a k-vector space

is called the type of R.

Hence Gorenstein rings are precisely those Cohen-Macaulay rings of type 1. In
the global case, R is called Gorenstein if and only if for each maximal ideal m, the
localized ring R,, is Gorenstein. Gorenstein local rings can also be characterized as
those Noetherian rings having finite injective dimension when viewed as modules

over themselves [Mat].

2.2 Tight Closure

(2.2.1) Definition. Let R be a ring of characteristic p and I an ideal of R. We
say that « € I*, the tight closure of I, if there exists ¢ € R° such that cz? € I for

all g > 0. If I = I'*, we say that I is tightly closed.
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(2.2.2) Discussion. Let R be a ring of characteristic p and N C M finitely gen-
erated R-modules. We can map a finitely generated free module G onto M, say
fiR" - M. Let H= f~Y(N) and let v € R" map to u € M. Then u € N}, the
tight closure of N in M, if and only if v € Hy,,. In the free case, the definition of
tight closure is exactly the same as for ideals. We set (r;,...,rp)9 = (r{,...,r})
and let H9 be the R-span in M of the elements h? for h € N. A more functorial

approach to tight closure in modules is given in [HH1]|, for example.
We now outline some basic properties of tight closure.

(2.2.3) Proposition. Let R be a Noetherian ring of characteristic p, and let I,.J

be ideals of R.

(a) I* is an ideal of R containing I.

(b) (I7)" =17,

(c) If I C J, then I* C J*.

(d) If I has positive height or if R is reduced, then x € I* if and only if there
exists ¢ € R° such that cx9 € I'9 for all ¢ = p°.

(e) For any I C R, I* is the inverse image in R of (I Ryeq)™.

(f) If I is tightly closed, then I:J is tightly closed for any ideal J.

(g) I*C I

(h) An element x € R is in I* if and only if the image of x in R/P is in the

tight closure of (I + P)/P for every minimal prime P of R.

Proof. See [HH1]. (a)-(f) can be found in Proposition 4.1. (g) is Theorem 5.2, and

(h) is Proposition 6.25(a).



(2.2.4) Remark. Virtually all of the theory of tight closure reduces to the case where
R is a reduced ring. If N denotes the nilradical of R and I C R, then u € I'* if and
only if w € (I/N)* where @ is the image of v in I/N. Also note that Proposition

2.2.3 (h) means that we can reduce to the domain case.

2.3 Test Elements

In many applications one would like to be able to choose the element ¢ in the
definition of tight closure independent of x or I. It is very useful when a single
choice of ¢, a test element, can be used for all tight closure tests in a given ring.

The theory of test elements has turned out to be very important in tight closure
theory. For example, the existence of test elements is used to prove that tight closure
persists under homomorphisms, i.e., given I C R and z € I*, then ¢(z) € (IS)*,
where ¢ : R — S is a homomorphism. Also, from a computational point of view,
test elements make it easier to show that an element is not in the tight closure of a

given ideal. If ¢ is a test element and cu? ¢ I for one ¢, then u ¢ I*.

(2.3.1) Definition. An element ¢ € R° is a test element for R if for all ideals
I C Rand all u € R, if u € I*, then cu? € I'9 for all ¢ (equivalently cu € I). We
say that an element of R is a completely stable test element if its image in every
local ring of R is a test element and its image in the completion of every local ring

of R is a test element.
Fortunately, completely stable test elements exist for the rings we will consider.

(2.3.2) Theorem. Let R be a reduced excellent local ring. If ¢ € R° has the

property that R. is reqular, then ¢ has a power which is a completely stable test
9



element for R. In particular, completely stable test elements always exist for reduced

excellent local rings.
Proof. [HH5, Theorem 6.2]

When R has a test element, the ideal 7(R) generated by the test elements is an
interesting invariant of R. All the elements of 7(R) not in a minimal prime are test
elements. One can define 7(R) in a way that makes sense whether R has a test
element or not [HH1, Definition 8.22]. However, since the rings we are interested in

all have test elements, we will make the following intuitive definition.

(2.3.3) Definition. The ideal of all ¢ € R such that for any ideal I C R, we have
cu? € I'9 for all ¢ whenever u € I'* is called the test ideal for R, denoted 7(R). The
ideal of all ¢ € R such that for all parameter ideals (see (2.4.2)) I C R, we have

cud € Il for all ¢ whenever u € I* is called the parameter test ideal for R.

2.4 F-regular and F-rational Rings
Rings in which all ideals or all parameter ideals are tightly closed have many

interesting properties.

(2.4.1) Definition. A commutative Noetherian ring of prime characteristic is said
to be weakly F-regular if all ideals are tightly closed. A Noetherian ring R such that

W~1R is weakly F-regular for every multiplicative system W is called F-regular.

It is awkward to have the terminology “weakly” F-regular. If tight closure com-
mutes with localization, then these two definitions are equivalent.

We know that weakly F-regular implies F-regular for Gorenstein rings [HH5], for
10



algebras finitely generated over an uncountable field of characteristic p [HH5], and,

with mild assumptions, for rings of dimension at most 3 [W].

(2.4.2) Definition. A commutative Noetherian ring of prime characteristic is said
to be F-rational if all parameter ideals are tightly closed. (An ideal generated by i

elements is said to be a parameter ideal if it has height at least i.)
We now summarize a few useful facts about F-regular and F-rational rings.

(2.4.3) Proposition.

(a) A regular ring of characteristic p is F-regular.

(b) R is weakly F-regular if and only if R,, is weakly F-reqular for all maximal
ideals m of R.

(¢) If Ry, is F-rational for all mazimal ideals of R, then R is F-rational.

(d) An excellent local ring (R, m) is F-rational if and only if some ideal generated
by some (full) system of parameters is tightly closed.

(e) If a locally excellent ring R is F-rational, then so is W 1R, where W is any
multiplicative system in R.

(f) A Gorenstein ring is weakly F-reqular if and only if it is F-rational.

Proof. (a) Theorem 4.4 of [HH1].

(b) Corollary 4.15 of [HH1].

(c), (d) and (e) Proposition 1.4.3(ii), (v) and (vii) of [S1]. See also Theorem
4.2(c), (d) and (f) of [HH5] for the case when R is a homomorphic image of a
Cohen-Macaulay ring.

(f) Theorem 4.2(g) of [HH5]. O
11



We will have reason to study yet another class of rings in Chapter 3. This
property, strong F-regularity, is only defined for reduced rings R such that R'/? is
module-finite over R. However, finitely generated algebras over a perfect field K
and complete local rings R with a perfect residue class field K both satisfy this
condition, so it is not particularly limiting. Again, it may be true that strong F-
regularity is the same as F-regularity for rings in which both are defined. This is

not known in general, but there is evidence of this in low dimension in [W].

(2.4.4) Definition. A Noetherian domain R of characteristic p is strongly F-
reqular if RV/? is a finite R-module and if for every nonzero d € R, there exists

a ¢ such that the map R — R'/? sending 1 to d'/9 splits as a map of R-modules.
We now summarize a few useful facts about strongly F-regular rings.

(2.4.5) Proposition. Let R be a reduced Noetherian ring of characteristic p such

that RY? is module-finite over R.

(a) R is strongly F-regular if and only if Rp is strongly F-regular for every prime
(respectively, for every maximal) ideal P of R. Hence, if R is strongly F-
reqular, so is W 'R for every multiplicative system W.

(b) If R is regular, then R is strongly F-regqular.

(¢) If R is strongly F-regular, then R is F-regular.

(d) If R is weakly F-regular and Gorenstein, then R is strongly F-reqular.

Proof. See [HH5, Theorem 5.5]

2.5 Localization
12



We do not know, in general, how tight closure behaves under localization. In
particular, we would like to know the answer to the following question: given an
ideal, I, of a ring, R, and an arbitrary multiplicative system W, is it true that

I*WLR = (IW=1R)*? The localization problem has been solved in a number of

special cases. For example, localization at a maximal ideal behaves as desired.

(2.5.1) Proposition. Let R be a Noetherian ring of characteristic p, and let I be
an ideal primary to a maximal ideal m. Then (IR,,)* = I*(R,,). Hence, if I is

tightly closed, so is IR,,. Moreover, I* is the contraction of (IR,,)*.
Proof. See Proposition 4.14 of [HH1]

Also, if I is generated by parameters in a locally excellent locally equidimensional
ring R, then I*W 'R = (IW~1R)* for any multiplicative system W of R [AHH].
In addition, we also know that tight closure commutes with localization for N C M

modules such that M /N has a finite phantom projective resolution [AHH].

13



CHAPTER 3

MAPPING PROPERTIES AND LOCALIZATION

In this chapter, we examine certain mapping properties of rings of characteristic
p. On the face of it, in order to check whether an element is contained in the tight
closure of an ideal, we must check whether a certain condition holds for possibly
infinitely many powers of p. We would like to know whether we can check this
condition for only finitely many values of ¢ where ¢ = p°®. The existence of such
a bound is one of many conditions that implies that tight closure commutes with
localization. Here, we shall study a mapping property that implies the existence of
such a bound.

The main result in this chapter is Theorem 3.3.4 which establishes that the
mapping property holds for one-dimensional F-finite domains. It seems doubtful
that these maps exist in higher dimensions in general as that would imply the
existence of certain differential operators which do not seem to exist. But the
question remains quite open. Moreover, there is some evidence, particularly in
K|[z,y,2]]/(z® + y> + 23) when the characteristic of K is two, that a bound exists
on the power of p needed to test for tight closure. Thus, it may be that there is a
weaker property which holds in general and implies the existence of a bound.

The mapping property we will be discussing is the following: given a test element
14



¢, we call R strongly bounded relative to c if there exists an R-linear map 0 : RY/4 —
RY/P4 taking ¢'/? to ¢'/P9 for some ¢, and we call ¢ the bounding exponent. Note
that the map # and the exponent ¢ both depend on c.

First we will show that if a ring is strongly bounded relative to a test element,
then tight closure commutes with localization in that ring. We will then show
that in certain rings there are test elements such that the ring is strongly bounded

relative to those test elements.

3.1 Localization

Before proving that the mapping property implies that tight closure commutes

with localization, we need the following lemma.

(3.1.1) Lemma. Let R be a reduced ring of characteristic p > 0 and ¢ € R°.
Suppose that R is strongly bounded relative to ¢ with bounding exponent q for some

q. Then R is strongly bounded relative to ¢ with bounding exponent ¢’ for all ¢ > q.

Proof. Suppose there exists a map 0: R'/?9 — RYP4 taking ¢'/? to ¢/P7. We
can define a map 0: RY/r4 — R/P’4 with the desired properties. Let é(rl/pq) =

[0(r/9)]V/P. First we check that f(c!/P9) = c'/P*4_ By construction

é(cl/pq) _ [g(cl/q>]1/p _ (Cl/pq)l/p — /e

Next we check that 6 is R-linear. Let z'/? € R'/?. Then 6(z'/?) = [f(x)]'/?. But
z € Rand 0 is R-linear, so 0(z) = « and hence §(z'/?) = z/P. Thus 6 is R*/?-linear

and hence R-linear. [
15



We can now prove that the existence of these maps implies that tight closure

commutes with localization.

(3.1.2) Proposition. (a) Let R be a reduced Noetherian ring of characteristic p
such that R s strongly bounded relative to a test element ¢ with bounding exponent
q. Let I C R be an ideal and v € R. Then u € I* if and only if cu? € I'9),

(b) Let R be a reduced Noetherian ring of characteristic p and let ¢ be a test
element. Suppose there exists ¢ and an R-linear map 0: R4 — RYP4 such that
0(ct/9) = /P4, Let T be an ideal of R and W a multiplicative system. Then

(WD) = W'T.

Proof. In the proof of (a), = is clear. For the other direction, if cu? € I L]
taking gth roots gives ¢'/9u € IRY4. Apply the map 6: RY/9 — RYP4 to get
c'/Piy ¢ TRY/P4. This implies that cu?? € I'P7. Repeating the argument using
Lemma 3.1.1 shows that cud € I19] all ¢ > q. Hence u € I*.

To prove (b), first note that it suffices to see that (W~—1I)* C W~1I*. Pick
w e (W-ID* So cud € (WD)ld = W-11ld, We can pick f € W so that
feud € I9), This implies that fecu? € I'9. So c¢(fu)? € 119, By part (a), fu € I*,

and sou e W=ir*. O

3.2 Some Reductions

Before proving the main result in this chapter, we will discuss several reductions
in the problem. The following two lemmas establish that the issue of giving a map

R4 — R/ is local and unaffected by completion.
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(3.2.1) Lemma. (a) Let R be a Noetherian ring. Let M and N be R-modules with
M finitely presented, v € M and w € N. Suppose for all P € Spec R there erists
a map ¢p: Mp — Np (R-linear or Rp-linear) with ¢p(v/1) = w/1. Then there
exists an R-linear map ¢: M — N such that ¢(v) = w.

(b) Let R be a reduced F-finite Noetherian ring. Let ¢ be a stable test element for

R. Suppose Rp is strongly bounded relative to ¢ with bounding exponent q for all

P € Spec(R). Then R is strongly bounded relative to ¢ with bounding exponent q.

Proof. (a) Let J = {¢(v) : ¥ € Homr(M,N)} C N. If w ¢ J, we can choose
P such that P O J:w. Then w/1 ¢ Jp. Since M is finitely presented, Hom
commutes with localization. So Jp = {¢(v/1):¢ € Homp,(Mp,Np)}. Thus
w/l ¢ {é(v/1):¢ € Homp,(Mp,Np) }.

(b) Since R is F-finite, R'/? is module-finite over R. So R'/9 is Noetherian and

thus finitely presented as an R-module. The result now follows from (a). O

(3.2.2) Lemma. Let R be a local ring, M and N finitely generated R-modules,
v €M and w € N. Suppose there exists a map ¢: M — N such that (5(17) =W
where v and W are the images of v and w in R. Then there exists a map ¢: M — N

such that ¢p(v) = w.

In particular, if R is a reduced local F-finite ring and c is a stable test element
for R, then R is strongly bounded relative to ¢ if and only if R is strongly bounded

relative to ¢ where ¢ is the image of ¢ in R.

Proof. Let J = {¢(v):¢ € Hom(M,N)}. If w ¢ J, then there exists ¢ such that
17



w ¢ J+m'N. Since R is Noetherian and M and N are finitely generated, we have

HomR(M,N) ~ R@rHompg (M, N) = Homm, N).
If we think of ¢ € Homﬁ, N), then we can find § € Homg (M, N) such that 6,
the image of 6 in Hom;i]\\f, N), is within m! of ¢. Then ¢(¢) — 0(¢) € m' N, which
implies that @ € 0() + m'N. So @ € J +m!N, and hence w € J +m!N, which is
a contradiction.

— N

To see the last statement in the lemma, we first show that F¢(R) = F°(R). We

—

know that F¢(R) = R, so it follows that Fe(R) = R. Also, F¢(R) = R. Hence
F/Q(E) >~ F¢(R) since both are isomorphic to R.

Since R is reduced, we know that F¢(R) = R4 and hence F/e(\R) ~ R4, As
R is F-finite, R is excellent and hence R is reduced. Thus F¢(R) = RY¢. Com-
bining the previous results we see that R/ = RY/3. Thus HomR(Rl/q,Rl/pq) =

Hom (R4, RY/r4). As R is F-finite, R'/9 is module-finite over R, and the result

now follows from the first part of the lemma. [J

3.3 Strongly Bounded Rings

Our first example of strongly bounded rings is strongly F-regular rings.

(3.3.1) Proposition. Let R be a strongly F-regular ring and let ¢ be a test element.
Then there exists an R-linear map RY? — RY/P1 taking ¢/ to ¢'/P4 for some q.
In other words, a strongly F-reqular ring is strongly bounded relative to every test

element c.
18



Proof. Since R is strongly F-regular, we know that the R-linear map R — R'/¢
that sends 1 to ¢!/9 splits as a map of R-modules. Let 6 be the splitting map. Then

if we compose 6 with multiplication by ¢!/, we have

0 cl/ra

RY/4 R RY/Pa

cl/a 1 cl/ra

and the composition is R-linear. [J

It is also quite easy to see that the desired maps exist for a one-dimensional

domain R when the integral closure of R is contained in R'/9 for some q.

(3.3.2) Proposition. Let R be a one-dimensional F-finite domain and let S be the
integral closure of R in its fraction field. Let ¢ be a completely stable test element for
R. Suppose, for large g, S C R'/9. Then there exists a q and a map 0: R*/9 — R/P4

taking '/ to ¢'/P4,

Proof. We may pass to the local case by Lemma 3.2.1. By assumption we have
that S C R'Y4 for ¢ > 0. Since normal implies regular in dimension one and
a one-dimensional regular domain is a principal ideal domain, S is a PID. As R
is a domain, R'/9 is torsion-free as an S-module. Finitely generated torsion-free
modules over a PID are free, so R/ is free as an S-module. We can give an S-
linear map RY4 — R/P? taking ¢'/? wherever we like if ¢'/? is part of an S-free
basis for R'/4. In the local case a free basis is just a minimal basis, so ¢'/? is
part of an S-free basis if and only if ¢'/? ¢ mgR'/9, and this is true if and only if
cé mgl9R. Since R is one-dimensional, mp contains some power of mgR. To see
this, note that since S is an integral extension of R in its fraction field, we can pick

b € R\{0} such that bS C R. In fact, bS C mpg. The ideal bS is a nonzero ideal
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of R and since R is one-dimensional, mp is the radical of bS. We can pick gy such
that mgl?! C bS C mp. Pick ¢; so large that ¢ ¢ mpl1) and let ¢ = gog;. Then
c ¢ mgldR = mglooalR since mgloonl R C (mglewol)lal € mylal and ¢; was chosen

precisely so that ¢ ¢ mplal. O

Next we give an example of a simple case when the integral closure of R is not

contained in R'/?, and we show that R is strongly bounded.

(3.3.3) Example. Let R = K + K(\)z + K(\)2? + K(\)23 + -+, where X is
separable over K. Then there exists an R-linear map RY1 — RYP1 taking x/7 to

x1/pa

Proof. Let S be the integral closure of R, so S = K(\) + K(A\)x + K(A\)x? + - -.
R C S extends to injective R-linear maps i'/9: RY/9 — §1/4 and i'/P4: RY/Pa —
S1/Pa. Since S is integrally closed, we can apply (3.3.2) to get an S-linear map
6: S1/1 — §1/Pq taking x'/7 to x1/P4. We will construct @ explicitly later. So far we
have the following maps:

RY/4 _it gl/a 9 . gi/pq

Til/zﬂq

RY/Pa
Let ¢ = 6 0i'/9. Tt is enough to show that ¢(R'/9) C i'/P4(RY/P4), for then the
desired map is ¢ followed by restriction to R/74.
Let 1 = pig, fi1,- .. , i be a basis for K/ over K. Since K (\)/K is separable

and K'/9/K is purely inseparable, the two extensions are linearly disjoint. So

1,1, .., 0 is a basis for K(X\)'/9 over K()\). Thus {,uixj/q}gézfg is a free basis
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for S1/% over S. Define an S-linear map S'/7 — S/74 by:

1 _ _
O’/ ) = { /v, =0 a'nd 7=1
0, otherwise
R'Y4 is generated over R by {u;\/9x5/9: 0<i<h,0<t<q,0<s<q}. We can find ¢(RY9)
by looking at what # does to the generators of R/4.

Since ;A7 € K(\)'/? we can express it in terms of the basis for K (\)'/4.

h
,ui)\t/qazs/q = Z Vitjujxs/q where v;; € K()\)
§=0

Since (p;2%/7) =0 for j # 0, and vy; € K(A\) C S,

o,/ _
e(ﬂi)\t/qxs/q) _ { Vito pq, s=1 .
0, otherwise

Recall that
gl/pa — K()\)l/pq + K()\)l/pqxl/pq 4 K()\)l/pqqu—l/pq + K()\)l/pqx I
So vioxs/P4 € S1/P4 since vy € K(N\) € K(\)/P4. Then §(RY/9) C i'/Pa(R'/Pa)
as required. [

We now prove the main result of this chapter.

(3.3.4) Theorem. Let R be a one-dimensional F-finite domain and let S be the
integral closure of R. For all ¢ € R\{0} such that ¢S C R, there exists ¢ = p°® and

a map 0: RY4 — RYP9 taking ¢'/9 to ¢'/P4,

Proof. We may reduce to the complete local case by Lemmas 3.2.1 and 3.2.2. So

we are done by the following Proposition. [

21



(3.3.5) Proposition. Let R be a one-dimensional complete local domain. Let S
be the integral closure of R. For any ¢ € R\{0} such that ¢S C R, there exists a q

and an R-linear map RY9 — RYP4 taking ¢'/7 to ¢'/P4,

Proof. R C S extends to an injective R-linear map i'/%: RY/¢ — S'/4. Let i be the
inclusion map. Then i'/9(r/9) = (i(r))*/9.

For large enough ¢, ¢'/9 is part of a free S-basis for S'/4. Since S is regular, the
Frobenius endomorphism is flat and so S'/77 is §1/4-free. Hence there is an S-linear
map 0: /4 — S1/P4 taking ¢!/ to 1.

Multiplication by ¢'/P? gives a map S'/P? — RY/P4. Composing i'/9, 6, and
multiplication by ¢!/P9 gives the required map.

RY/4 _il gl/a 9 . g1/pq et RY/Pa

e e 1 ., l/pq

Note that ¢S C R implies ¢'/P1§1/Pa C RY/P4 50 ¢'/P19i1/1 is a map R'/? — R/P4
taking ¢'/7 to ¢!/P4. The map i'/? is R-linear, 6 is S-linear, and multiplication by

c/P4 is S1/P4 linear, so the composition is at least R-linear. O

(8.3.6) Remark. Let R be a domain and S the integral closure of R in its fraction
field. Let J ={j € R:jS C R}, the conductor of S into R. J is an ideal of R, and
if R is one-dimensional, any non-zero, non-unital element of R has a power in J. In
particular, any test element for R has a power in J. A power of a test element is
still a test element, so we can always pick ¢ in Theorem 3.3.4 to be a test element.
In other words, if R is a one-dimensional F-finite domain and c is a test element,
then there exists an integer N such that R is strongly bounded relative to ¢”.

Next we show that Proposition 3.3.5 holds for reduced rings.
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(3.3.7) Proposition. Let R be a one-dimensional complete local reduced ring, and
let S be the integral closure of R in its total quotient ring. For any ¢ € R\{0} such

that ¢S C R, there exists ¢ and an R-linear map RY9 — RY/P1 taking '/ to ¢/P4.

Proof. Let p1,...,pxr be the minimal primes of R. Since R is reduced, the integral
closure of R in its total quotient ring is just Hle(R/ pi)', where (R/p;)" denotes
the normalization of R/p;. Note that ¢(R/p;)’ C R/p; for all i. Since each (R/p;)’
is a one-dimensional normal domain, there exists ¢; such that ¢'/% is part of a free
(R/p;)"/%-basis. Let ¢ = max{q;}. So we have maps 6;: (R/p;)'/? — (R/p;)*/?4

taking ¢/ to 1. We construct 0: [[(R/p;)*/? — [[(R/p;)*/P4 componentwise:

9((7“,‘,. .. ,Tk>) = (01(7“1),. .. ,Qk(Tk>)

Multiplication by c'/P4 gives a map S'/?4 = (T](R/p;))*/P? — R4, thus we have

the following maps:

([T R/p)"1 —— TI(R/pi)"/* —— TI(R/p:)"/** —— (I1R/p:)"/"

| e

R/a R1/Pa
The composition of these maps takes ¢/ to ¢!'/P? and is R-linear. O
We can also show that polynomial rings over strongly bounded rings are strongly

bounded.

(3.3.8) Proposition. Let R be a Noetherian ring of characteristic p, and let ¢ be
a test element for both R and R[z1,...,x,]|. If R is strongly bounded relative to c,
then R[xy, ... ,x,] is strongly bounded relative to c.

In particular, let R be a local ring such that R — R has reqular fibers, and let

d € R° be any element such that (Ryeq)aq 1S regular. Then d has a power, d, which
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is a completely stable test element for both R and R|x1,...,xy,]|. If R is strongly

bounded relative to dY , then so is R[xy, ..., x,].

Proof. Let ¢ be the R-linear map that makes R strongly bounded relative to ¢ with
bounding exponent ¢. Recall that (R[zy,...,z,])"9 = Rl/q[aji/q, . ,x}/q]. We

can define a map
0: (R, ..., xn))" = (Rlzy, ... ) /70

by Q(Tl/q) = QS(rl/q) and 9(3;}/") = Hfi/q. So Q(Cl/q) = ¢(Cl/q) = ¢!/P4. To see that

0 is R[zq, ... ,x,]-linear, just note that

For the last statement, note that since (Ryeq)q is regular, some power of d, say
d*, is a test element for R [HH5, Theorem 6.1]. The map R — R[z1,...,x,] is
smooth, so R[z1, ... ,x,| localized at the image of d is also regular. Hence there is
a power of the image of d, say d*" which is a test element for R[z1,...,2,]. So d¥

is a test element for both rings where N = max{k,k’'}. O

We now show that a seemingly weaker condition than was necessary in Proposi-

tion 3.1.2 is sufficient to have tight closure commute with localization.

(3.3.9) Proposition. Let R be a complete local domain of characteristic p. Sup-
pose R has the following property:

There exists a finite dimensional vector space, V', of R-forms that are
(%)  test elements and qo such that there is an R%°-linear map 0: R — R
taking c® — d € V\{0} for all c € V\{0}.
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Then W—LI* = (W—LI)* where I is an ideal of R and W is a multiplicative system

in R.

Proof. Tt suffices to see that (W~1I)* C W—1I*. Pick u € (W—1I)*. Set ¢ = qo/p.
We have cud € (W-iI)ld = w=11ld so we can pick f € W such that fcu? €
T4, This implies that ficud € I'9. So ¢(fu)? € Il9. Taking pth powers gives
P (fu)P? € IPdl. Applying 6 gives d(fu)?? € IP4, Note that we get a different
d for each Q > qo. So I'@l: fu® meets V\{0} for all @ > go. This means that
d:cl,g/ @ fu € ITR*> for all ). To obtain a notion of order, we shall fix an arbitrary
valuation with values in Z, which we denote ord, which is nonnegative on R and
positive on m. For example, the usual monomial degree works. We extend the
order to R™ so that it takes values in Q. Specifically, if u € R'/9, then ord(u) =
ord(u?)/q. So ord(d'/®?) = ord((d"/?)?)/Q = ord(d)/Q. Next we claim that V
cannot have elements of arbitrarily large order. Let Vi = {v € V:ord(v) > k}.
The Vis are a decreasing sequence of subspaces, and since V' is finite dimensional,
they necessarily stabilize. Hence, the elements of V' have bounded order. So,
ord(de) = ord(dg)/Q — 0 as 1/Q — 0. This is sufficient to guarantee fu € I*R

[HH2, Theorem 3.1]. But then u € W~1I* as desired. O
We can also show that it is sufficient for the integral closure to have this property.

(3.3.10) Proposition. Let R be a domain and let S be the integral closure of R
in its fraction field. Suppose S has property (x) from Proposition 3.3.9. Then R

has property (*).

Proof. Pick b € R such that bS C R. Suppose V, qo, and 8 are the vector space
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and maps that make S satisfy property (x). Let Vg = {b%v:v € V' }. Define
0: Vi’ — V by

9((bCI0v)p> — bPQoe(vp> — bPQoqu.

Then ((b%v)®) = b%v% since R C S% and 6 is S%-linear. Thus § is R%-

linear. O
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CHAPTER 4

CUBICAL CONES

In this chapter we discuss the conjecture that I* = IRT™ N R, where R™ denotes
the integral closure of a domain R in an algebraic closure of its fraction field. The
ring RT is characterized by the property that it is a domain integral over R and
every monic polynomial with coefficients in R™ factors into monic linear factors.
This characterization can be used to prove the following property of RT: If W is a
multiplicatively closed set of R, then (W ~1R)* = W~1R*. Aside from providing a
much more concrete description of tight closure, proving that I* = IRT™ N R would
solve the localization problem for tight closure. It is known that I* = IRT N R for
parameter ideals [S2] and for rings in which every ideal of the normalization is tightly
closed. Also, for those ideals I of an excellent local domain R such that R/I has
finite phantom projective dimension, it is known that I* = IR*T N R [Ab]. However,
the conjecture is open even for two-dimensional normal Gorenstein domains. In
particular, the conjecture is open for the cubical cone K[[z,y,2]]/(x® + y® + 23),
where K is a field of characteristic p and p # 3, and more generally for rings of the
form K{[z,y, z]]/(F(z,y, z)) where F is a homogeneous polynomial.

In this chapter we describe a Zsz-grading on K|[[z,y, 2]]/ (23 +y> + 23) which will

allow us to show that I* = TRTNR in many cases. We will also discuss tight closure
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and Frobenius closure in these rings before proving the main results, Theorem 4.5.1

and Theorem 6.3.1.

4.1 Zs-grading

n

First we describe a Z,-grading of rings of the form R = A[[z]]/(2" — a) where

a € A. The ring R has the following decomposition as an A-module:

R=A+Az+ .- -+ A" L.

This is true because every element of R can be uniquely expressed as an element of
A+ Az + .-+ Az" ! by replacing every occurrence of 2" by a. R is Z,-graded,
where the ith piece of R is Az%, 0 < i < n, since Az*Az) C Az*t7 if i + j < n and
AZPAZ C AZ I~ if i 4§ > n.

We can use this idea to obtain a Zs-grading on R = K[z, y, 2]]/(2® + y3 + 23)
by letting A = K{[z,y]]. Let H, I, and J be ideals of K{[z,y]]. Suppose H C I C
J C H:(2® +y3). Then H + Iz + Jz? is an ideal of R. On the other hand, in
order for a Zs-graded ideal to be closed under multiplication by z, it must have
this form. Thus, it is easy to see that the ideals of R homogeneous with respect
to the Zs-grading are precisely the ideals of this form. We can study the ideal
H +1z+ J2% by considering (H, I, J), a triple of ideals in K[[x,y]]. Indeed, we will
use the notation (H,I,.J) to denote the ideal H + Iz + Jz2, and it is understood
that H, I, and J are ideals of K{[z,y]]. One of the advantages of looking at triples
of ideals in K{[x,y]] instead of ideals in K{[x,v, z]]/(x> + y> + 23) is that K[|z, y]]
is a regular ring, and the Frobenius endomorphism is flat on regular rings, among

other things.
28



Next we observe that the Zs-grading on R extends to R*°. It is enough to show
that the grading on R extends to R'/9. If u € R;, then the image of u is in R;/q
where ¢i = j mod 3.

We now show that if I is a graded ideal, then so is I*. First note that R is

invariant under the following transformations:

T T =T
y—y and y—y
Z oz z+— Bz

where o and 3 are cube roots of unity.

In general, if M is a Z,-graded R-module and R contains all of the nth roots
of unity, then we have the following automorphisms: ¢;:m; — o{;mi where {«a;} is
the set of nth roots of unity. We first note that any submodule stable under these

maps is graded.

(4.1.1) Proposition. Let M be a Z,-graded module and W C M a submodule.
Suppose ¢;(W) C W where ¢; are the automorphisms of M that map m; — a}mi

where {a;} is the set of nth roots of unity. Then W is a graded submodule.

Proof. Pick wo + -+ + wy,—1 € W. Then we know that ¢;(wo + -+ + wp—1) =

wo + - -+ a" tw,_; € W. Writing this in matrix form gives:

n—1 /
1 o -+ o X wo wy
1 o -+ aj” w1 w)
— /

1 a, - av! Wp—1 Wy, 1

or Aw = w' where w;,w’; € W. But A is just a Vandermonde matrix, so det A =

[To<i<j<n(ai — aj). This determinant is nonzero as long as all the roots of unity
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are in K. To see that w; € W it is enough to write w; as a linear combination of
elements of W. We can write w; as a linear combination of wg by using the inverse

of A. O

Next we note that if an ideal I is invariant under the automorphisms mentioned

in (4.1.1), then I* is graded.

(4.1.2) Lemma. Let R be a Z,,-graded ring and I an ideal of R. Suppose ¢;(I) C I
where ¢; are the automorphisms of R that map r; — a%ri where {a;} is the set of

nth roots of unity. Then I* is a graded ideal of R.

Proof. Let u € I*. Then ¢(u) € ¢(I)*. Since I is stable under ¢, we know that
¢(u) € I*. In other words, I* is stable under ¢ and therefore I* is graded by

Proposition 4.1.1. [

4.2 Frobenius Closure
In order to show that I* = IRT N R for certain classes of ideals, we will make
use of another closure operation, Frobenius closure. Recall that I = {u € R : u? €
19 for some q}. We can also think of I as IR® N R, so I C IRT N R, since

R C RT. In addition, we know that TR™ N R C I* [HH6]. Hence
I" CIRTNRCI*

So, if I = I'*, then that implies that I* = IRt N R.
There is an interesting bifurcation of this question in R = K{[x, y, z]]/(x3+y3+23)
depending on the characteristic of K. If K has characteristic p and p =1 mod 3,

then R is F-pure (Lemma 4.3.2) and I'*" = I. We know that I* # I for some ideals
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of R, so I'" cannot equal I*, although it is still possible that I* = IRT N R. If
p=2 mod 3, then R is not F-pure and it is conjectured that I* = I'* and hence
that I* = IRt N R.

The goal of this chapter is to show that I* = I, and hence I* = IRT N R, for

many graded ideals of R when the characteristic of K is congruent to 2 mod 3.

4.3 Test Elements in Cubical Cones
We begin by establishing some useful results about test elements and some techni-

cal lemmas. The following proposition is proved for char K # 2, 3 using a somewhat

different method in [S3].

(4.3.1) Proposition. Let R = K|[z,y,z2]]/(z3 + y> + 23), where K is a field of

characteristic p and p # 3. Then the mazximal ideal, m, is the test ideal.

Proof. First note that we can reduce to the case where K is algebraically closed.
Enlarging K to an algebraic closure is an integral extension and will not affect tight
closure.

Let 7 be the parameter test ideal for R. By Proposition 4.4(iii) of [S3], we know
that 7 = { ¢ € R such that ¢(z%,y")* C (a%,y") all t € N}. Since R is Gorenstein,
the test ideal is the same as the parameter test ideal [S3, Proposition 4.4].

We will show that (xf,y")* = (zf,9", 2!~ y'=122). Then it is clear that 7 =

(z,y,2) since (2',y): (a',y", a1y 7122) = (2,9,2). Let I = (z%,y") and J =

t—2,t—1,2

t=1yt=122). The socle mod J is generated by u; = at2yt=122 wuy =

(zf, yt, at Ytz

t_2Z2

1y and uz = xt~ly!~lz. To see that I* = .J, it suffices to show that

S>> Ku; N I* =0, since if J C I'*, then I* has nonzero intersection with J: m.
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We would like to see that

)\1.’Et 2yt 12+)\£Ct 1 t 22—|—)\£Ct 1t 12¢($t,yt)*.

Using the Zs-grading, it is enough to check that Asz'~ly!=lz ¢ (2% ¢%)* and
Mzt 72yt 7122 4 Mty =222 ¢ (2t y")*. Using the Zs-grading again, but now
letting = play the role of 2 (R = A[[x]]/(z® — a), A = K|[y, 2]]), we can reduce
the problem to checking \jzf~2yt=122 ¢ (2f,9%)*, Nz~ 1y!=222 ¢ (2% 9*)* and
Aazt Lyt 1z ¢ (2t yh)*.

Suppose z!71yt7lz € (2t y")*. Then z € (xf,y')*: 2t~ 1y*~t. We claim that
(2", y")":
rlyt=t C (z,y)*. Let u € (zf,yt)*: a1yt so uxt~ty!~! € (z%,9%)*. Then
there exists ¢ such that cudz(®=Vay(t-1a ¢ (z! 4*), This implies that cu? €
(29, yt9): 2= Day(t=Da Byt (24, 4*): x(t-Day(t=1)a C (39, 49)* by a colon captur-
ing argument [HH1, Theorem 7.15a]. So cuf € (z9,y?)*, and we can find a test
element d such that cdu? € (x%,y?) for all q. In other words, u € (z,y)*. Thus

xt—lyt—lz c (

2, y%)* implies z € (z,y)*, but we know that z ¢ (z,y)* by a degree
argument [S4, Theorem 2.2].

Now suppose z'~2yt=122 € (2!, y’)*. This implies that 22 € (zf,y")*: 2! =2yt~ L.
Using the same argument as before, we can show that (z?, y?)*: 2t=2yt =1 C (22, y)*.
By symmetry, we must also have 22 € (z,y%)*. So 22 € (22,y)* N (x,y?)* which is
contained in (2%, zy,y?)* by Theorem 7.12 of [HH1]. Again, 22 ¢ (22, zy,y?)* by

degree arguments [S4, Theorem 2.2]. O

There is also a simple proof that 7 = m in K|[[z,y,2]]/(z3 +y® + 23) if K is a
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field of characteristic p and p =1 mod 3.

First we prove the following lemma:

(4.3.2) Lemma. Let R = K[[z,y,z]]/(x® + 3> + 23). Let K be a field of charac-

teristic p with p =1 mod 3. Then R is F-pure.

Proof. R is F-pure if and only if the obvious map E — E ® R/? is injective where
E = E(R/m) [HR]. Since Soc E < E is an essential extension, £ — E ® RY? is
injective if and only if the socle generator gets mapped to a non-zero element in

E ® RY?. Here

E(R/m) = lz_mﬁ

A generator of the socle is [22 + (x,y)]. Thus R is not F-pure if and only if 2% €
(z,y)R'P N R. This is true if and only if (22)? € (2P,y?). If p = 1 mod 3, say

p = 3h + 1, then 2p = 6h + 2. Using the basic relation in R we see that

2h
(22) = (23)2h22 = (2 4 y3)2h 22 = Z (2?)1,3(2h—i)y3iz2.
i=0

Since 2h < p, (zg)xg’hyg’hzz # 0 mod p and also is not contained in (z?,yP). So

(22)P ¢ (2P, yP) and R is F-pure in this case. O

(4.3.3) Lemma. Let R be a Noetherian ring of characteristic p. If R is F-pure,

then the test ideal is radical.

Proof. This is Proposition 2.5 of [FeW]. Suppose ¢% is a test element. uw € I*
implies that cfou?% ¢ 9% for all q. So (cu?)% € (Il9)lo] for all ¢. Since R is
F-pure, I = It for any ideal I of R where I¥ denotes the Frobenius closure of I.

Thus cu? € I'9 for all ¢, and so ¢ is a test element. O
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(4.3.4) Proposition. Let R = K|[x,vy,2]]/(z® + y3 + 23) with K a field of char-
acteristic p, and let m be the mazximal ideal in R. Suppose p =1 mod 3. Then m

1s the test ideal.

Proof. This Corollary 2.6 of [FeW]. If R, is regular, then ¢" is a test element for R
for some n [HH5]. Since R is an isolated singularity, R, is regular for any element
c € m. Som" C 7 for some N. We also know by the previous lemma that if
R is F-pure, then the test ideal is radical. Since m”™ C 7 and 7 is radical, we
conclude that m C 7. Since R is not F-regular, the test ideal is a proper ideal and

som=7. U

The fact that m is the test ideal provides quite a lot of information. For example,
using the fact that m is the test ideal, we may conclude that if u € I*\I, then w is

in the socle mod I.

(4.3.5) Proposition. Let (R,m) be a local ring. Suppose m is the test ideal. If

u € I*\I, then u is in the socle mod I.

Proof. Let u € I*\I. Then mu? C Il for all ¢. In particular, mu C I. This says

exactly that u is in the socle mod I. [

(4.3.6) Remark. Although determining whether an element is in the tight closure
or Frobenius closure of an ideal involves checking certain conditions for infinitely
many values of ¢ = p®, there are some instances where one ¢ is enough. If ¢ is a
test element and cud ¢ I for some ¢, then u ¢ I*. Similarly, if u? € Il9 for some
q, then u? e 114 for all ¢’ > ¢ and hence u € IF.

In either situation, since we only need one ¢ that works, we can pick whichever
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value of ¢ is most helpful. For example, when p = 2 mod 3, p?>* = 1 mod 3

2¢e+1 =2 mod 3. It is often easier to work with powers of p with a particular

and p
residue mod 3 and so we may choose ¢ accordingly. In Chapters 4 and 6 we routinely
pick whichever element of the test ideal, m, is most useful as a test element and
whichever value of ¢ is most helpful.
4.4 Applications of the Zs-grading to Tight Closure
Next we will show how to use the Zs-grading to answer questions about tight

closure and Frobenius closure. When trying to determine I* and I for a given

ideal I, we are interested in calculating I'? and I:m. We will first calculate I: m.

(4.4.1) Lemma. Let R = K[[z,y, 2]]/(x®> + v + 23), and let H + 1z + J2* be a

Zs-graded ideal in R. Then (H + Iz + Jz?): (z,y,2) =
(H: (z,y))NI) + ((L: (z,9)NJT) 2+ ((J: (z,y) N (H: (2° +¢°))) 2>

Proof. Write R = Ro+R1+ Ra. Supposer € Rgandr € (H+1z+Jz2): (z,y, 2). So
we must have r(z,y) € H and rz € Iz. In other words, r € (H: (z,y))NI. Similarly,
if rz € Ry and rz € (H + Iz + J2%): (x,y,2), we must have r € (I: (z,y)) N J. Let
rz%2 € Ry and suppose r € (H +1z+ J2%): (z,y, z). Again, we see that r € J: (z,y).
We also know that (r22)z = r(23 +5y?®) € (H+1z+ Jz?). Since r(z3 +y3) € Ry, we
must have (2% + y*) € H. In other words, r € H: (z* + y*). Sor € ((J: (z,y)) N

((H: (5®+9%)). O
Next we will determine 7% when ¢ = 2 mod 3.

(4.4.2) Lemma. Let R = K|[x,vy, 2]]/(x® + y> + 23), where K is a field of char-

acteristic p and p = 2 mod 3. Let ¢ = p**t! = 3h +2 and let f = 23 +1y3. Let
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H + 1z + J2? be a Zs-graded ideal in R. Then

(H + Iz + J22)ld = (1 4 Jld phtl 4 gla] g2h+2)
+ (H[‘I] + [lal phtt +J[Q]f2h+1)z+ (H[q] _,_I[q]fh_i_J[q]fzhH)Zg
Let u = ug + u12z + us22. Then the question of whether u? € (H + Iz + JzQ)[q] in
R reduces to the following three inclusions in K|z, y]|:
ug? € (H9 4 [l phtt y glal p2h2y
u 1f" e (H 4 plalph o glal p2hety

u2qf2h+1 c (H[Q] + [[q]fh+1 + J[Q]th—l-l)'

Proof. We start by noting that (H+1z+J22)!9 is generated by H4 41191294 jlal 524,
Rewriting this using ¢ = 3h + 2 and the basic relation in R, 23 = — (22 +y3), yields
Hlal 4 plalghy2 o glal f2h 41, We will first consider (H + Iz + Jz2)ld N Ry. If
we multiply 19 f"22 by z, we get I'dfhz3 = [ld {241 which is in Ro. Similarly,

multiplying JI9 20412 by 22 gives Jl4l f2h+1,3 — jlal $2h+2 Thyg,
(H41z+J22) N Ry = (H 4 plalghtt o jla] p2h+2)
Similar arguments show that
(H41z+J2) N R, = (H 4 plagh o jlad g2h+1)

and

(H+ 1z + J2H) N Ry = (H 4 [0 phtt . glal g2ty
The last statement in the lemma is now clear. [J

Next we determine 717 when ¢ =1 mod 3.
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(4.4.3) Lemma. Let R = K|[x,y,2]]/(z3 + v + 23), where K is a field of char-
acteristic p and p = 2 mod 3. Let ¢ = p?>* = 3h + 1 and let f = 23 + y>. Let

H + Iz + J2? be a Zs-graded ideal in R. Then

(H + Iz + J22)ld = (gla 4 flal ght1 4 jla] p2h+1y
+ (H[q] —i—I[‘I]fh + J[Q]f2h+1)z+ (H[q] +I[q]fh n J[q]th)ZQ.
Let u = ug 4 u1z + upz®. Then the question of whether u? € (H + Iz + J2?)ldl in

R reduces to the following three inclusions in K|[z,y]]:

up? € (H[q] + [[q]fh+1 + J[q]f2h+1)
uquh e (H[q] + I[a]fh + J[q]f2h+1>

w2 e (H[q] + rld gy J[q]f%)

Proof. The proof is identical to the proof of Lemma 4.4.2 except we use ¢ = 3h +

1. 0O

Using the above information we can see that f? = (23 + y3)" appears often in
the inclusions. It turns out that the question of whether a given element is in the
tight closure of an ideal often comes down to whether or not a certain power of f
is contained in (x?,y?). To this end, we establish the following lemmas which will

be useful in showing that I* = I'f.

(4.4.4) Lemma. Let A = K|[z,y]], where K is a field of characteristic p and
p=2 mod3. Letp=3h+2andlet f=2x3+1y> Then f?h ¢ (2P, yP). Let

q = p*® =3k + 1, then f2k € (29, y9).
37



Proof. Expanding f2" using the binomial theorem gives
2h Y
F2h = (23 1 y%)2h = sum?h()( Z )x3(2h—z)y32.

Since (% ) 3hy3h is a term in the expansion and z3My3h ¢ (3042, ¢3h+2) = (2P yP),
it suffices to see that ( ) % 0 mod p. But 2h < p, so p does not divide ( )

As in the above case, f?* € (z9,y9) if and only if (Zkk) = 0 mod p. To prove
the second claim, we will make use of a Frobenius closure argument in K{[z,y, z|]/
(22 +y3 + 23). Let R = K[z, v, 2]]/(x® + vy + 23). Suppose we know that 229 €

(x7,y9)R where ¢ = 3k + 1. Using the basic relation in R we see that
2ORH2 0k (g3 4y BY2Ra2 o (g (2) g8y Bh )2

So 224 € (29,y?)R if and only if (--- + ( ) Skydk 1 ..)22 € (29,97 R. Using
the Zs-grading we see that this is equivalent to having (- -- 4 ( ) BkyBk L) €
(x?,y?)A. This, in turn, is equivalent to having (2:) = 0 mod p. In other words,
(Qkk) = 0 mod p if and only if 229 € (29,y9)R where ¢ = 3k + 1. We know that
2?P € (2P, yP)R when p = 2 mod 3 by the proof of Proposition 6.1.3. This implies
that 229 € (29,y7) for all ¢ = p°. In particular, 229 € (z9,y?) when ¢ = 3k + 1. So
we have 227 € (29, y9) when ¢ = 3k + 1 which implies ( ) =0 mod p, and this in

turn implies 2% € (29,y%). O

We will use the following result about calculating binomial coefficients mod p in

Lemma 4.4.6.

(4.4.5) Lucas’s Theorem. Let p be a prime and let n = > a;p’, 0 < a; < p,
38



m =3 obip;, 0 < by <p. Then
n _ ap a1 o Qg mod
m) = \bo ) \ by b p-

Proof. See [Fi, Theorem 1] or [L, p230]. O

(4.4.6) Lemma. Let A = Kl[z,y|], where K be a field of characteristic p and
p=2 mod 3. Let ¢ =p?** =3h+1 and f = 23 +y>. Then (3:__12) #% 0 mod p and

f2h=2 ¢ (29,y%) except when q = 25.

Proof. Since p*¢ = 3h + 1, we can write 3h — 2 = p?® — 3. So

<3h—2) _ @ =3)p* —4)---(p* —(h+1))
h—1 1-2--(h—1) '

We know that p* divides (p?® — n) if and only if p* divides n for & < 2e. If we

match up terms in the numerator and denominator, it is clear that

L =3)p* -4 - (@p*—(h-1) @*-hp*-(h+1))

1-2 3---(h—1) 1

is divisible by p if and only if ((p?¢ — h)(p?*¢ — (h + 1))/2 is divisible by p.

If p # 2, then ((p?¢ — h)(p** — (h + 1))/2 is divisible by p if and only if p
divides h(h + 1). Suppose p divides h, say h = phg. Then p?® = 3phg + 1, which
implies that p divides 1. Similarly, if p divides (h + 1), say h + 1 = phg. Then
p?¢ = 3(phg — 1) + 1 = 3phy — 2, which implies p divides 2.

If p = 2, then we have 2 divides (3;1__12) if and only if 2 divides (p?¢ — h)(p?¢ —

(h+1))/2. This is true if and only if 4 divides (p?¢ — h)(p?® — (h+1)). If 4 divides

22¢ — h, then 4 divides h, or h =0 mod 4. Similarly, if 4 divides 22¢ — (h+1), then
39



4 divides (h + 1) which implies that h = —1 mod 4. However, 22¢ = 3h + 1 implies
that h =1 mod 4.
To see that f2"=2 € (29, y9), we expand f2"~2 using the binomial theorem. This

gives

f2h—2

(. cot (2}?_—32)x3h+3y3h—9 + (2}?_—22)(%3hy3h—6 + (2}?_—12)(%3h—3y3h—3

+ (2hh—2)x3h—6y3h + (2:;12)333h_9y3h+3 + ).

Only the middle three terms pose any potential problem, so it is sufficient to show

that (2;‘__22), (2}?__12) and (zhh_ 2) are all congruent to zero mod p. Since (zhh_ 2) =

(2:__22)7 we need only consider (th_ ) and (2’1]1—_12)'

To see that (2}‘}:2) =0 mod p and (2}51__12) =0 mod p, first note that (zhh_Q) =

(h—1) (2h—2

(1 ) We know that p does not divide h as that would imply that p divides

1. Similarly, if p divides h — 1, then p divides 4. So if p # 2, then p divides (zhh_ 2)

2h—2) )

if and only if p divides ( he1

We can also show that (2:) = 2(271_1) (2:__12). If p # 2, we know that p does not

divide h, and if p divides 2h — 1, then p divides 5. So if p # 2,5, then p divides (2:)
if and only if p divides (2,11__12).

We know from Proposition 4.4.4 that p divides (2}?) for the values of h we are
considering, so if p # 2,5, we know that p also divides (th__f) and (th_ 2).

If p = 2, using Lucas’ Theorem (4.4.5) to compute binomial coefficients in char-
acteristic p, we can show that

even\)
(odd) =0 mod 2.

40



Since ¢ = 3h + 1 is even, h must be odd. This implies that 2h — 2 is even. Thus
2h — 2 even
( b )_<odd)zo mod 2.

<2k) =0 mod 2 for any k.

It is also known that

k

Using this we see that

2h — 2 2(h—1)
(h—l) (h—l) 0 mo
It remains to see that (2h_2) =0 mod 5 and (2h__12) =0 mod 5. We know that

h h

if p # 2, then p divides (2hh_ 2) if and only if p divides (2}?__12), so it is enough to show

that (th_Q) = 0 mod 5. Write 52¢ = 3h + 1. We claim that h has the following

5-ary expansion:
h=>5%"143.5%72 5273 3,524 ... 4 543.50

In other words, h = Zfigl a;5" where a; = 1 if i is odd and a; = 3 if i is even. To
see this, write h = 3 a;p’. We are assuming that 3h + 1 = 3(> a;p’) + 1 = 5.
This implies that 3ag+1 =0 mod 5 with 0 < ag < 5. Hence we must have ag = 3
and we will carry a 2 to the next place. Thus 3a; +2 =0 mod 5 with 0 < a; < 5.
Hence a; = 1 and we will carry a 1 to the next term. So 3a3+1 =0 mod 5 and the
pattern continues. In other words, 3a; +1 =0 mod 5 if ¢ is even and 3a; + 2 =0
mod 5 if i is odd. Since h = 52¢~1 +3.52¢72 4 52673 1 3.52¢4 1 ... 1 54 3.50 we

can compute 2h —2 = 3-52¢71 4+ 5272 ... 4+ 2.544-59 Using Lucas’ Theorem,

000 OG>
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as long as 52¢ > 25. O

At times, we will be able to make use of the fact that we are working over a
regular ring or that K{[x,v, z]]/(z® + y3 + 23) is flat as a K[[z,y]]-module. The

following lemma and corollary provide useful information in these situations.

(4.4.7) Lemma. Let R, S be arbitrary Noetherian rings such that S is a flat R-
algebra, and let I, J be ideals of R. Then IS:sJS = (I:rJ)S, where I:'pJ =

{reR:rJC1I}.
Proof. See [N, Theorem 18.1, part 2].

(4.4.8) Corollary. In a regular ring R of characteristic p, for any two ideals I, J

we have 1'% : g J19 = (I N4 for all q. In particular, I9: 27 = (I: z)19) for all q.

Proof. See Corollary 4.3 of [HH1]|. The statement follows from Lemma 4.4.7, since
the iterated Frobenius endomorphism F° R — R is flat when R is regular [K,

Theorem 2.1] and 19 = F¢(I)R.

4.5 Tight Closure and Frobenius Closure in Cubical Cones
We can now show that I* = I for some not necessarily irreducible ideals. We

will discuss irreducible ideals in Chapter 6.

(4.5.1) Proposition. Let I be a Z3-graded ideal of K[z, vy, 2]] /(23 +y3+23), where
K is a field of characteristic p and p=2 mod 3. Let f = 23+ y3. If I has any of

the following forms, then I* = I,

(1) (H,H, H)

(2) (H,H,H: (J:,y))
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(3) (H,H: (x,y),H:f)
(4) (H,H: (z,y), H: (:E,y))

(5) (H,H,H: (J:Q,y))

In fact, in (2)-(5), I is tightly closed, i.e. I = 1*.

Proof. We know that if uw € I*\I, then u is in the socle mod I (Proposition 4.3.5),
so it is sufficient to check whether elements of the socle are in I* and I

Proof of (1). Let ¢ = 3h + 2. Using the Zs-grading (Lemma 4.4.1) we know that
I'(z,y,z) =H+Hz+ (H: (z, y))zQ. So the socle mod I is in R», the second graded
piece of R. Let u € (H:(x,y))\H. Then uz? represents an element of the socle in
Ry. We know that the test ideal is (x,y, z) by Proposition 4.3.1. If uz? € I'*, then,
using z as a test element, we must have zu?z2¢ € I'9 for all ¢. Using the grading

(Lemma 4.4.2), we see that this is equivalent to having

uqf2h+1 c gl 4 H[q}fh + H[q]f2h+1

in K[[z,y]], which implies that

qu2h+1 c H[Q]

This, however, is exactly what is needed to have (uz?)? € I'9 (Lemma 4.4.2) and

hence uz? € IF.

2

We can also show that I* # I in this case, in other words, uz* is always in I*.

In fact we can show show that uz? € I¥. If uz? € I'", then we must have

4,29 ¢ gl
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This is equivalent to having

2% ¢ [l g,
Since R is a flat K[[z, y]]-algebra,
[[q}:R ul = (I[Q]iK[[x,y}] u)R

(Lemma 4.4.7). Since K[[z,y]] is a regular local ring, we may move the gth powers

outside of the colon to get
(1o g u") R = (Lo ) O R
(Corollary 4.4.8). Since [ is just the expansion of H to R,
(I W R = (o) )R = (2, 9) R = (27,y")R.

Thus, uz? € I if and only if 229 € (29, y?), which it is by the proof of Proposition
6.1.3.

Proof of (2). In this case I = (H, H, H: (m,y)). Let ¢ be an even power of
p. Then ¢ = 1 mod 3, so let ¢ = 3h + 1. Using the Zs-grading we know that
I:(z,y,2) = H+ (H: (z,y))z+ (H: (2% 2y, y?))2? (Lemma 4.4.1). So the socle has
components in Ry and Ry. Let u € (H :(z, y))\H . Then uz represents an element
of the socle mod I and uz is in Ry. If uz € I'*, then, using = as a test element, we

must have

zud fh e gl 4 gladh 4 (H: (3{:,y))[(ﬂf2hle

in K[[z,y]] (Lemma 4.4.3). Using the fact that we are working over a regular ring,

we can write this as

:L'uqfh e Hld + H[q}fh + (H[Q]: (z, y)[q})f2h+1
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(Corollary 4.4.8), or
au? f* e HA 4 gla fh 4 (Hl: (29, 4)) 200
Since f2'*1! € (z4,y7) (Lemma 4.4.4), we know that
aul f e g 4 gla gh 4 gld,

which certainly implies that zu?f® € H9. This, in turn, implies that zf" €
HI9: 49, Again, using the fact that we are working over a regular ring, we see
that zf* € (H:u)l (Corollary 4.4.8). Now (z,y) C H:u, and since u ¢ H,
H:u must be a proper ideal. In other words, H:u = (z,y). So now we have
that zf* € (z,y)l9 = (29,99). But zf* ¢ (29,y9). To see this just expand
=23 ...+ 93" and see that zf" = (- + xy3h) ¢ (230+1 43+ Thus
uz ¢ I*.

Let u € (H: (:I:Q,asy,yz))\(H: (:r:,y)). Then uz? represents an element of the
socle mod I and uz? is in Ry. If uz? € I'*, then, using x as a test element, we must

have

zud f2h e gla 4 gl gh 4 (H: (a:,y))[q}fzh

in K[[z,y]] (Lemma 4.4.3). Using the fact that we are working over a regular ring,

we can write this as
zud f2h e gld 4 gl iy (H[‘I]: (z, y)[q})f%
(Corollary 4.4.8), or

l’uquh c H[Q] + H[q]fh + (H[q} (xqv yq))f2h'
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Since f2" € (x4,y?) (Lemma 4.4.4), we know that

zud f2h e gla 4 glagh 4 plal,

which certainly implies that zuff2" € HI4. This, in turn, implies that zf2" €
y 1unp

HI9): 49, Again, using the fact that we are working over a regular ring, we see
that 2 f?" € (H:u)l9 (Corollary 4.4.8). Now (22, 2y,y?) C H:u, and since u ¢
H:(z,y), H:u # (z,y). In other words, (22, zy,y?) € H:u C (x,y). Since

Klz,y]/ (22, 2y, %) = K + Kz + Ky, we know that H:u = (22, 2y, y?) or (z,y?) or

(x2,y) or (z2,zy,y% = + \y) where A € K. By expanding f2" we can see that

foh — l’(l’6h 4. +y6h> — (x2q—1 4. +xy2q—2>’

which is certainly not contained in (z29,z9y? ¢y%9) = (22, zy,y>)l4. Similarly,
zf?" ¢ (29,9%9) since x(--- + yh) ¢ (231,907 +2) Also, zf?" ¢ (229, y9) since
z(x8h4. ) ¢ (x87+2 430+ Now suppose 2 f2" € (229, 29y?, ¢4, 29+ \1y?). Make

a change of variables and replace x by = — Ay. Now it is sufficient to show that

(x = M)z — 2)® + ¥°1°" € ((x — M), (z = My)Ty?, y°9, 29).

This is equivalent to having

(z — Ay)(z® — Az?y + Nay® — N3y® + y°)2" € (227 4+ N20y2, ply? — N9y, y?d, 19),

This implies that

(z — )\y)(:):3 — M2y + N2ay? — N33 + y3)2h € (29, yzq).
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But

(CL‘— )\y)(x?’ —/\J:2y+)\23:y2 . )\3y3 +y3>2h — (CL'— )\y)( . +)\4h$2hy4h 4. )

— ( -~-—|—)\4hx2h+1y4h—|—«-« ),

which is clearly not contained in (29, y29) = (231, y%"+2). Thus uz? ¢ I*.
Proof of (3). In this case I = (H, H:(z,y), H: f). Assume ¢ = 3h + 1. Using the

Zs3-grading (Lemma 4.4.1) we know that
I (z,y,2) = (H: (a:,y)) + (H: (J:Q,xy,yQ))z + (H: f)zQ.

So the socle has components in Ry and Ry. Let u € (H:(z,y))\H. Then u
represents an element of the socle mod I and w is in Ry. If w € I*, then, using x as

a test element, we must have
wut € HW + (H: (2,y)) " 740 4 (H: flal 2ot
in K|[[z,y]] (Lemma 4.4.3). Multiplying by f" gives
zulf' € HIUf" 4 (H: (w,y))" £+ (H: £) 0 1.
Using the fact that we are working over a regular ring, we can write this as
wut f* € HWf* 4+ (H: (2,)) £200 + (HU: ) f0
(Corollary 4.4.8), or

a:uqfh e H[a]fh + (H[q}: (29, yq))f2h+1 + Hld
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Since f2h*+1 ¢ (29, y9) (Lemma 4.4.4), we know that
zud fhe gldh 4 gld 4 pld,

which certainly implies that zu?f" € H9. This, in turn, implies that xf" €
HI9: 49, Again, using the fact that we are working over a regular ring, we see
that zf* € (H:u)l (Corollary 4.4.8). Now (z,y) C H:u, and since u ¢ H,
H:u must be a proper ideal. In other words, H:u = (z,y). So now we know
that zf* € (z,y)l9 = (29,99). But zf* ¢ (29,y9). To see this just expand
fl=a3h + ... 4 93" and see that zf" = (--- + zy3h) ¢ (3h+1, 930+ = (29, y9).
Thus u ¢ I*.

Let u € (H: (2?, zy,y*))\(H: (z,y)). Then uz represents an element of the socle

mod I and uz is in Ry. If uz € I*, then, using x as a test element, we must have
zulf' € HIY + (H: (2,)) " f* + (H: )l f2+0
in K|[[r,y]] (Lemma 4.4.3). Multiplying by f" gives
zut {2 € B 4 (H:(2,) " £ + (H: .
Using the fact that we are working over a regular ring, we can write this as
wul f2 € U+ (HU: (2, y)!0) f21 + (HY9: f7) 1
(Corollary 4.4.8), or
zul f2 e gl fh 4 (H[Q]: (29, yq))f2h + Hldl,
Since f2" € (29,y?) (Lemma 4.4.4), we know that

zud f2h e glagh 4 gld 4 glal,
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which certainly implies that zu?f?" € HI4. This, in turn, implies that zf2" €
HI9): 49, Again, using the fact that we are working over a regular ring, we see that
rf?h € (H:u)!9 (Corollary 4.4.8). But this cannot happen by the second part of
case (2). Thus uz ¢ I*.

Proof of (4). In this case I = (H, H:(x,y), H: (x,y)) Let ¢ = 3h + 1. Using the

Zs-grading we know that

I (z,y,2) = (H: (, y)) + (H: (, y))z + (H: (22, 2y, y2))z2

(Lemma 4.4.1). So the socle has components in Ry and Ry. Let u € (H: (z,y))\H.
Then w represents an element of the socle mod I and u is in Rg. If u € I, then,

using = as a test element, we must have
zud € H9 4 (H: (x,y))[q}fh*'1 + (H: (x,y))[q}fthrl
in K|[[r,y]] (Lemma 4.4.3). Multiplying by f" gives
zud fhe Hld 4 (H: (z, y))[q]f2h+1 + (H: (x,y))[q}fq.

Using the fact that we are working over a regular ring, we can write this as

zudfh e gld 4 (H[‘I]: (z, y)[q})f2h+1 + (H[‘I]: (z, y)[q})fq
(Corollary 4.4.8), or

zulft e H[‘ﬂfh + (H[q}: (29, yq))f2h+1 + (H[Q]: (x4, yq))fq.
Since f2*1 € (29,y%) (Lemma 4.4.4), we know that

zud fh e gl 4 fgld 4 pld,
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which certainly implies that zu?f" € H9. This, in turn, implies that xf" €
HI9): 49, Again, using the fact that we are working over a regular ring, we see that
zfh e (H:u)l9. Now (x,y) C H:u, and since v ¢ H, H:u must be a proper ideal.
In other words, H:u = (z,%). So now we know that zf" € (z,y)ld = (29, y9).
But zf" ¢ (29,y?). To see this just expand f"* = 3" + ... + 43" and see that
ofh = (- +ay3h) ¢ (231 y3h ). Thus u ¢ I*.

Let u € (H: (:I:Q,asy,yz))\(H: (:r:,y)). Then uz? represents an element of the
socle mod I and uz? is in Ry. If uz? € I'*, then, using x as a test element, we must

have

l’uquh e H[q} + (H (x,y))[q}fh + (H (x,y))[q}f%

in K[[r,y]] (Lemma 4.4.3). Multiplying by f"~2 gives
cud f3h=2 ¢ H[q]fh—z n (H: (x,y))[q}fzh—z n (H: (a:,y))[Q]f3h_2.

Using the fact that we are working over a regular ring, we can write this as

cud f3h=2 ¢ Fld phe2 o (g1, (g, y)la)) £20-2 4 (H19): (g, q)la)) 302
(Corollary 4.4.8), or

cud 302 ¢ gla ph=2 (H[q]: (:L,q,yq))th—2 1 (H[q}: (29, yq>)f3h—2.
Since f2h=2 ¢ (29,y9) (Lemma 4.4.6), we know that

zud f3h=2 ¢ gld =24 gl 4 gla

which certainly implies that zud f3"=2 € Hl4. This, in turn, implies that z f3"~2 ¢

Hldl: 49, Again, using the fact that we are working over a regular ring, we see
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that zf3"=2 € (H:u)l9 (Corollary 4.4.8). Now (22, zy,y?) C H:u, and since u ¢
H:(z,y), H:u # (x,y). In other words, (22, zy,y?) C H:u C (x,y). As in the proof
of (2), we know that H:u = (22, zy,y?) or (z,vy?) or (22,y) or (22, 2y, 3% 2 + \y)

where \ € K. By expanding f3"~2 we can see that
ef3h2 = g (3hh_—12)x3(h—1)y3(2h—1) b= (et (3}?_—12)wq—3y2q—5 T
We know that (3,1}‘__12) % 0 mod p by Proposition 4.4.6, so
(- + (3:__12).75‘1_33/2‘1_5 ) ¢ (229, 299, y?) = (22, 2y, y?) .
Similarly, zf3"=2 ¢ (29, y7) since
2( o+ (3:_—12)333(h—1)y3(2h—1) o) ¢ (23D SRty

Also, xf3"=2 ¢ (229, 49) since

z(-+ (§Z:§)x3(2h—l)y3(h—l) 4+ ¢ (x6h+2,y3h+1)‘

Now suppose z f3"=2 € (229, 2999, 3?9, 29 + \1y9). Make a change of variables and

replace x by x — Ay. Now it is sufficient to show that
(@ = My)[(@ = xy)* + g2 € (2 = M)*, (& = Ay) Ty, 27, 29).
This is equivalent to having
(z — My) (23 — Ay + N2ay? — N33 +3)3" 72 € (227 + N2y29 ply9 — \Ty24 29 29),
which implies that

(x — )\y)(:ﬁ?’ — A2y + N2ay? — N33 + y3)3h_2 € (29, yzq).
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But

(JJ o )\y)(x?’ . )\.’1722/ + )\nyQ . )\32/3 +y3)3h—2 — (.’E o )\y)( C )\6h—4x3h—2y6h—4)

= (- 4 ABh—43h—1, 6h—d)

)

which is clearly not contained in (2371, 3%"+2) = (249, 429). Thus uz? ¢ I*.
Proof of (5). In this case I = (H, H H: (xz,y)). Let p = 3h + 2. Using the

Zs3-grading (Lemma 4.4.1) we know that
I:(z,y,2) = H+ (H: (2,9))2 + (H: (2%, 2y,9%)) 2*.

So the socle has components in Ry and R,. Let u € (H:(x,y))\H. Then uz
represents an element of the socle mod I and wz is in Ry. If uz € I*, then, using x

as a test element, we must have

zuP f* e HP 4 gl fh 4 (H: (x2,y))[p}f2h+1
in K[[z,y]] (Lemma 4.4.2). Let A = K[[z,y]]. Taking pth roots of both sides yields
(%) xl/pufh/p c HAYP 4+ Hfh/pAl/p + (H: ($2’y))f(2h+l)/pAl/p'

Next we want to see that z'/? f/P is part of a free basis for A'/? over A. This
is equivalent to showing that z " is part of a free basis for A over AP = K|[zP, yP]].
For this it is sufficient to see that zf" is not in the expansion of the maximal ideal
of A to AP. If we expand f" = 23" + ... 4 93" it is clear that z(23" + - +3") ¢
(zP,yP) as xy>" ¢ (xP,yP). Since x'/PfP/P is part of a free basis for A/P over A,

we have an A-linear map 0: AY? — A, sending z'/Pf"/? to 1. Tt is clear that
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O(f1/PAV/P) C A. If we expand fP+1D/P and write it in terms of the basis, we see

that §(f(2r+1/PAV/P) C (22, xy, y?)A. Thus applying 6 to (*) gives
uweH+H+ (H: (:r:z,y))(:r:Q,a:y,yQ).

Since (2%, 2y, y?) C (22, y), this implies that u € H which is a contradiction. Hence
uz ¢ I*.

Now let u € (H: (2%, zy,y?))\(H: (2%, y)). So uz? represents an element of the
socle mod I and uz? is in Rs. If uz? € I*, then, using y as a test element, we must

have

yuprh e H[p] + H[p]fh + (H ($2,y>)[p}f2h

in K[[z,y]] (Lemma 4.4.2). Taking pth roots of both sides yields
() Yty fPhir e gAY 4 H P AP 4 (H: (22, y>)f2h/pA1/p.

Next we want to see that y/? f21/? is part of a free basis for A'/? over A. As before,
it is sufficient to see that yf2" is not in the expansion of the maximal ideal of A
to AP. First, expand f2" = 2% 4+ ... + y5% The middle term of the expansion is
(2:) a3y If p = 3h + 2, then (2:) # 0 mod p (see the proof of Lemma 4.4.4). So
y(xOh 4 yOh) & (2P, yP) as (3)ahyPh L ¢ (2P, yP). Since y'/P f21/P is part of a
free basis for A'/P over A, we have an A-linear map 6: A'/? — A, sending y'/? f2h/»
to 1. It is clear that A(f"/PAY/P) C A. If we expand f2*/P and write it in terms of
the basis, we see that 6(f2*/PAY/P) C (22, y)A. Thus applying 6 to (x*) gives

yu € H+ H + (H: (2%,y)) (2%, y).
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This implies that yu € H or u € (H:y) C H: (22, y) which is a contradiction. Hence
uz? ¢ I*. O
In addition, in the following cases we can prove that if v € I*, then u € I for

some but not all elements of the socle.

(4.5.2) Proposition. Let I be a Z3-graded ideal of K[z, vy, 2]] /(23 +y3+23), where
K is a field of characteristic p and p =2 mod 3.

(1) IfI = (H,H, H: (2% zy,y?)), then uz ¢ I* where u € H: (z,y).

(2) If I = (H,J,J), then u € I* implies u € I¥ where u € (H: (z,y))\H.

(3) If I = (H,H,J), then uz? € I* implies uz* € I where u € H: (z,y).

Proof. Proof of (1). Let p = 3h + 2. Using the Zs-grading (Lemma 4.4.1) we know
that

I (z,y,2) = H+ (H: (z,y))2 + (H: (z,y)*) 2>

So the socle has components in Ry and Ry. Let u € (H:(x,y))\H. Then uz
represents an element of the socle mod I and uz is in Ry. If uz € I*, then, using =

as a test element, we must have
zuP f* e HPL 4 glPlh 4 (H: (x,y)Q) [p}fzhﬂ
in K[[z,y]] (Lemma 4.4.2). Taking pth roots yields
(%) 2 Py fh/r e HRY? 4 HE'RYP 4 (H: (x,y)?) fEITD/PRYP,
Let A = K[[z,y]]. We know from Proposition 4.5.1 (5) that we have an A-linear

map 6: AY/P — A, sending z'/Pf*/P to 1. It is clear that §(f"/PAV/P) C A. If we
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expand f2"*1/P and write it in terms of the basis, we see that 0(f2h+1/PAV/P) C

(22, 2y, y?)A. Thus applying 6 to (*) gives
we H+H+ (H:(z,9)%) (z,)%

or u € H, which is a contradiction. Hence uz ¢ I*.
A similar technique does not work when trying to determine whether a socle
element in Ry isin I*.

Proof of (2). Let ¢ = 3h + 2. Using the Zs-grading (Lemma 4.4.1) we know that
Ii(z,y,2) = (H: (z,y))NJ) + Tz + ((J: (z,y)) N (H: (23 + y3)))22.

Let u € ((H:(x,y)) N J)\H, so u represents an element of the socle mod I and
uw € Ry. If uw € I'*, then, using z as a test element, zu¢ € I'9. Using the grading

(Lemma 4.4.2), we determine that this is equivalent to having
uwl e H[Q} + J[Q}fh-l-l + J[q]f2h—|—1,

which certainly implies that u? € H4 + Jld f2+1 Tn order to have u € I, we need

ud € Il for g > 0, or equivalently,

wl € gla 1 gla ght1 o glal p2n+2
(Lemma 4.4.2). But u? € H!9 + Jld fA+1 implies that

wl ¢ gl o gl gh+1 o jlal p2h+2

so if u € I*, then u € I¥. The other contribution to the socle mod I is uz? where
u € ((J: (z,y)) N (H: f))\J. Unfortunately, this technique provides no information

in this case.
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Proof of (3). Let ¢ = 3h + 2. Using the Zs-grading (Lemma 4.4.1) we know that
I:(2,y,2) = H+ ((H: (2,9) N J)z+ ((J: (2,9) 0 (H: (27 + 7)) 2%

Let u € ((J: (z,y)) N (H: (2% +y*)))\H, so uz? represents the socle mod I and uz?
is in Ry. If uz? € I*, then, using z as a test element, we must have z(uz?) € Il9,
This implies that

2
Julz24 e I[Q],

or

uqf2h+1z2 c 1l

Using the grading we see that this is equivalent to showing that
ud F2h+1 ¢ K4 +H[q]fh 4 J[q}fghﬂ
in K[[z,y]] (Lemma 4.4.2). This certainly implies that
uchQh—l—l e Hldl +J[q]f2h+1.

In order to have uz? € I, we need (uz?)? € Il9. Using the grading (Lemma, 4.4.2)

we see that this is equivalent to having
wl f2+1 ¢ glal 4 pglal pht1 o gla] g2h+1

If waf2htl ¢ gld 4 gld f2h41 then o4 f2h+1 ¢ gld 4 fld phtl 4 gld £2h+1 0 1y

2

other words, if uz? € I*, then uz? € I¥. As before, this technique provides no

information about the contribution to the socle from R;. O
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CHAPTER 5

LARGE INJECTIVES

We can study the question of whether I* = I¥ in a ring R from another
point of view. The problem can be approached by looking at injective modules
over R>. For example, if it were true that one could write the injective hull
of K over R*® as a direct limit of cyclic modules, R*/I,, then we could reduce
the problem for modules to studying the ideals I,,. Ultimately, we would like
to determine the injective hull of the residue field over R for R = K|[z,y, z]]/
(22 4+ y2 + 23). At this point we can find a Zs-graded injective R°°-module that
contains a copy of K. This is enough to give certain reductions in the problem of
whether tight closure is the same as plus closure.

We begin by determining the injective hull for K[z]|>.

(5.1.1) Proposition. Let K be a field of characteristic p and let E = { > A\px™:
a € Z[1/pl,a <0,y € K, the set of all o occuring is well-ordered under < }. Then

E is the injective hull of K over K[z]*.

Proof. First note that K[z]5¢ = U,K[x/9],, and K[z'/9],, is a valuation ring over
Z[1/p] for all ¢. K|[x'/9],, has two kinds of ideals. One class of ideals is of the
form (z°) = (x*:a > B,8 € Z[1/p]). The other type of ideal is of the form

Ip=(x*:a>p,€R>0).
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By requiring that exponents of monomials in £ be negative, we can keep track
of the module structure. We multiply in the obvious way and kill any terms that
arise involving positive powers of x.

Suppose we have a map ¢ : I — FE for some ideal I. We need to show that this
extends to a map K|[z|>* — E. To do this we need to specify where 1 is mapped.
Suppose I = (2#) and 2 + v. In order to extend the map, we need to find u such
that %u = v and then we let u be the image of 1. If v = 3. A\ 2, we may take
u=> Az 5,

Suppose I = Ig and %0 — ey, 271 — ey, etc., where {8y, B1,...} is sequence
in R > 0 approaching 3. Again, in order to extend the map, we must determine
the image of 1. Since z%~Pi+1 . ghit1 = B we must have xP B+t . €it1 = €.
Multiplying by 2% ~Pi+1 shifts the exponents of e;; and kills any term that involves
a positive exponent after the multiplication. We can write e;11 = a;41+ b;+1 where
a;y1 = a;/xP~Pi+1 and xPiFi+1.b, 1 = 0. Then we will map 1 to eg/z +by /2P +
by/x%2 + ... This construction ensures that ¢(z%) = z8¢(1). It remains to show
that the image of 1 is in E. To do this we must show that the set of exponents

occuring is a well-ordered set. The support of the image of 1 is

Supp(eo/x7) U Supp (by /") U Supp(by/z™) U -+ = AgU A3 U---

where the support of eg/z%, for example, is just {a — Bo:ar € Supp(eg) }. All
elements of A;;;1 exceed all elements of A;, and each A; is well-ordered, so the
support of the image of 1 is well-ordered. Hence the image of 1 is contained in FE.

It is easy to see that K — E is an essential extension. Suppose e = > \,z2¢ € E
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and aq is the least o occuring. Then = -e € K. [

Next we will consider injectives over K|[x,y|*°. Unfortunately, we cannot yet

determine the injective hull in this case.

(5.1.2) Discussion. The obvious analogue of the of construction in Proposition 5.1.1
for K|z,y]*> does not yield the injective hull of the residue field. In (5.1.1) we
considered formal sums of monomials such that the exponents occuring are well-
ordered. For the two-variable case, we will consider formal sums of monomials such
that the exponents occuring, considered as a subset of Q x Q, are well-founded. We
call a partially ordered set well founded (or Artinian) if every non-empty subset has
a minimal element. This means exactly that every strictly decreasing sequence is
finite. We take the partial order on Qx@Q to be coordinatewise: (a,b) < (¢,d)ifa <c
and b < d. We can show that E = { Y A\, s2%y°: a, B € Z[1/p],, 3 < 0, Ao s € K,
the set of all («, 3) occuring is well-founded } is an essential extension of K over
K(z,y]*. In fact, F is also a module over K[z, y]]> (it suffices to check that re has
only finitely many terms in any degree where r € K[[x,y]]* and e € E ). However,
E admits an essential extension and so it is not injective.

Next we will consider injectives over K|[[z,y, z]]/(23+y>+23). Again, we cannot
yet determine the injective hull, but we can find a Zs-graded injective containing a

copy of K. We will use the following general lemma.

(5.1.3) Lemma. If R is an A-algebra and E is injective over A, then Hom 4 (R, E)

1$ an injective R-module.

Proof. See [E, Lemma A3.8].
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(5.1.4) Comment. With R = K{[z,y, 2]]/(z*+y>+23), A= K and E = K, we see
that Ege = Homg (R, K) is an injective R*°-module.
In order to use this injective to reduce the problem of whether I* = I to the

graded irreducible case, we will show that it contains a copy of K and that it is

Zs-graded.

(5.1.5) Lemma. Let R = K|[z,y,z2]]/(z® +y® + 2%) and Er~ = Homg (R>®, K).

Then K «— Fgro.

Proof. Let ¢ € Homg (R, K) be the map ¢: R — R*>/mp=~ <— K. Then

R>¢ = K, since mped(x) = ¢(mgox) =0. O
Next we would like to see that Fre is Zg-graded.

(5.1.6) Lemma. Let R = K{[z,y,z2]]/(2®+ y* + 2%) and Egr~ = Homg (R>, K).

Then Ers is Zs-graded.

Proof. Recall that the grading on R extends to R (see Section 4.1). Next, to see

that Fr~ is graded, write R = Ry + Ry1 + R2. Then

Homg (R, K) =
Hompg (Ro, K) ® Homg (R1, K) ® Homg (Re, K).
Let Eree = Wo+W7+ W5 where W; = Homg (Rs;, K). Any subscripts that indicate
a graded piece of a module or ring, e.g. 2i, will be reduced mod 3. If ¢, € W, and
ri € Ry, then ¢;(r;) € K and ¢;(r;) = 0 when i # j.
Let f; € R; and ¢; € W;. We want to see that fi¢; € Wi,;. Recall that

Wit; = Hompg (Ry(;4j), K), so we need to show that f;¢; € Homg (Roit ), K).
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Since fi9;(T2(i+5)) = ¢ (fir2(i+5)) and fira(its) € Riyo@ivj) = R3irj = Rj, we know
that fi¢;(r2(i4+5)) € Wiyj as required. Similarly, if k # 2(i 4 j), then fid;(ry) =0

and hence fip; € W;y;. 0O

(5.1.7) Theorem (Reduction to Zs-graded module case). Let R =
K|z, y, 2]]/(x® + y3 + 23), where K is a field of characteristic p. Let I C R be
an m-primary ideal such that I* # I*". Then there exists a Z3-graded R-module M

and an irreducible Zsz-graded submodule N such that N* # N¥'.

Proof. Suppose I C R is an m-primary ideal such that I* # I'*". Then there exists
u € I"R®°\IR>. Expand IR> to an ideal of R*® maximal with respect to not
containing u. Then u is the socle mod IR* and IR is irreducible. To see that
umpe~ = 0, note that mpre = Umpi/e. Also, u € (I N RY9)* for some q. This
implies that mpi/qu C I N RY4, Thus mpre~u C TR.

Let Fr~ be a Zs-graded injective R°°-module that contains a copy of K. We
know one exists by Lemmas 5.1.5 and 5.1.6. We have the following inclusion

R>®/IR*® — FEpg
1 — o

We can find a finitely generated ideal Iy C R'/4 such that u € Igfg. Let u be the
image of u in Rl/q/IO. Let M be the submodule of Fr~ generated by a. Then we
have a map

RY4/Ty — M.

M is a finitely generated R'/?-module that contains the image of R'/4 /Iy and is

graded. Tt is still true that @ € I in M since u € 0% in Ege. If u € 0¥ in M, then
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we would have u € 0F in Fpe and an element is in 0 in an R*°-module if and

only if it is zero. Thus u ¢ 0F in M. O

The existence of injective R°°-modules with other gradings would give similar
reductions. For example, it would be very helpful to find an N-graded injective as

a reduction to the N-graded case would simplify the problem greatly.
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CHAPTER 6

IRREDUCIBLE GRADED IDEALS

As we saw in Chapter 5, we can reduce the question of whether I* = I in
R = K|[x,vy, 2]]/ (23 + vy + 23) to the graded irreducible module case. Given this
reduction, it seems likely that understanding the graded irreducible ideal case will
be helpful. In this chapter we will show that I* = I'f' for most Zs-graded irreducible
ideals in R when K has characteristic p and p = 2 mod 3. We will make use of the
Zs-grading and many of the techniques introduced in Chapter 4.

In the course of proving the main result, Theorem 6.3.1, we develop a number
of techniques for determining when an element of the socle is in the tight closure
or the Frobenius closure of a given ideal. Given the difficulty of calculating tight

closure in general, these techniques provide potentially useful concrete information.

6.1 Preliminary Techniques
The following proposition provides a useful tool for determining whether or not a
given irreducible m-primary ideal, I, is tightly closed. If we can find an irreducible
ideal contained in I which is tightly closed, then we know that I is also tightly closed.
Similarly, if we can find an irreducible ideal containing I which is not tightly closed,

then we know that I is not tightly closed.
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(6.1.1) Proposition. Let R be a local Gorenstein ring. Let m be the mazimal
ideal of R and let J and I be irreducible m-primary ideals of R with J C I. Then

R/I — R/J, and if I* # I, then J* # J. Also, if I # I, then J¥ # J.

Proof. Since I and J are m-primary, R/I and R/J are zero-dimensional. As [
and J are irreducible and m-primary, dimg Soc R/J = 1 and R/J is Gorenstein,
and similarly for R/I. So R/J is a zero-dimensional Gorenstein local ring, which
implies that R/.J is injective as a module over itself and R/J = Egr/;(K). Similarly,

R/IgER/[(K) SO
Anng); I = Amng, )1 = Eryyyr(K) = Ery(K) = R/,

and thus Annr, ;) I = R/I. Composing this isomorphism with the natural inclu-
sion Ann(g/ I — R/J gives the inclusion ¢: R/I — R/J. We also know that
¢((O)*R/I) - (O)E/J. If I* # I, then (O)E/I = I*/I # 0, and so (O)E/J # 0. Then
J*/J # 0 and J* # J as required. The same argument applies for I*" and J*" since

¢((0)z/1) € (0)5,;- O

In fact, even if one or both of I and J is not irreducible, if we can show that we
have an injection R/I — R/J, then J* = J implies that I* = I. The following

lemma gives a criterion for when such an injections exists.

(6.1.2) Lemma. Let R be a Noetherian ring. Let I and J be ideals of R with
J C I, I irreducible and let u be the socle mod I. Then R/I — (R/J)" if and only
if there exists v € R such that vI C J and vu ¢ J. If, in addition, J = J*, then

I=1".
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Proof. Let uy,...,up generate J: I. Let uq,...,up be the images of the generators
in R/J. Then ui,...,uy, generate (J:I)/J = Anng,;I. We have a map R —
(R/J)" taking 7 to (ruy,...,rus). Now 7 gets mapped to 0 if and only if r(J: I) C
J. This is equivalent to having r € J:(J:I). So the map is injective if and only if
I = J:(J:I). This is equivalent to having u ¢ J: (J:I) or w(J:I) € J. Finally, this
is true if and only if there exists v € J: I such that uv ¢ J.

Suppose u € 07%/1' Then the image of u is contained in OE/J. Thus if J is tightly

closed, sois I. [J

(6.1.3) Proposition. Let R = K|[z,y,2]]/(z3 + y> + 23), where K is a field of
characteristic p and p = 2 mod 3. Let I be an irreducible m-primary ideal of R

and let u represent the socle mod I. If I C (z,y), then u € IF.

Proof. Since I and (x,y) are both irreducible m-primary ideals, we have an injection
R/(x,y) — R/I sending 22, the socle in R/(x,y), to u (Proposition 6.1.1). It is
enough to see that 22 € (z,y), for then u € I'". For this it is sufficient to show
that 2%P is contained in (zP,yP). Let p = 3h + 2. Using the basic relation in R
we obtain 2684 = (23 + y3)2"+12. Using the Zsz-grading we conclude that it is
sufficient to show that (3 + ¢y3)2"*1 € (2P, yP) (Lemma 4.4.2). Expand using the

binomial theorem to see

2h+1
(% 4+ %)t — Z (2h1) iy 3@+,
i=0
The middle terms of the expansion are z3?y3"*+3 and 23/ 3y3" or 2P~2yP*! and

xPH1yP=2 These are certainly in the ideal (zP,yP), regardless of the coefficients.

Thus 22 € (x,y)f. O
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We have a similar result for an ideal generated by arbitrary parameters.

(6.1.4) Proposition. Let R = K|[z,y,2]]/(z3 + y> + 23), where K is a field of
characteristic p and p =2 mod 3. Let I be an irreducible m-primary ideal of R and
let v represent the socle in R/I. Let (f,qg) be generated by a system of parameters.

If I C(f,g), thenv € I,

Proof. Let u represent the socle in R/(f,g). Since I and (f, g) are both irreducible
m-primary ideals, we have an injection R/(f,g) — R/I sending u to v (Proposition
6.1.1). It is enough to see that u € (x,y)¥, for then v € I*. We know that
(f2,99) C (z,y) for some q. The socle mod (f9,g?) is f¢~1g? tu. Since (£, g9) is an
m-primary irreducible ideal contained in (z,y), we know that f9= g9ty € (f9,g9)"

(Proposition 6.1.3). This implies that

FlamDRa=1)QyQ ¢ (FIQ 49Q)

for some @ = p°. Dividing by powers of f and g yields u® € (f<, ¢?), and hence

ue (f,g)f. O

6.2 Classification of Irreducibles
The Zs-grading on R makes it fairly easy to characterize the irreducible ideals.
The irreducible Zs-graded ideals of K[[z,y,2]]/(x® + y3 + 23) can be classified as

follows:

(6.2.1) Proposition. Let I be an irreducible m-primary Zs-graded ideal of
K|z, y, 2]]/(x® + y3 + 23), where K is a field of characteristic p. Then I corre-

sponds to one of the following triples of ideals in K[z, y]] where H is an irreducible
66



m-primary ideal of K[[z,y]] and f = 23 + y3:
(1) (H,H,H)
(2) (H,H:f,H:f)

(3) (H,H, H:[)

Proof. We know that (Hg + Hyz + H2?%): (z,y, 2) can be decomposed into graded

pieces as follows:
((Ho: (z,y)) N Ha) + ((Hy: (x,y)) N Ha)z 4+ ((Ha: (z,y)) N (Ho: (z3 + y?’)))z2

(Lemma 4.4.1). Suppose u, the socle mod I, is contained in Ry, the zero graded
piece of R. Then in order for I to have a one-dimensional socle, there must be
no contribution from R; or Rs. This requires that (H1: (aj,y)) N Hy = Hy{ and
(Hg: (z, y)) N(Hy: f) = Ha. These conditions imply that H; = Hy and Hy = Hy: f,
respectively. To see this, just note that if H; were strictly contained in Hs, since
Hi: (x,y) is strictly larger than H;, their intersection would strictly contain H;.
In other words, I corresponds to the triple (Hy, Ho: f, Ho: f). The annihilator of
(z,y, z) is now (Ho: (z,y))N(Ho: f). Since (f) C (x,y), we know that (Ho: (z,y)) C
(Ho: f), and so the intersection is just Ho: (z,y). The socle is then (Ho: (z,y))\Ho
or just the socle mod Hy in K|[[x,y]]. Thus, if Hy is an irreducible ideal of K[z, y]],
then I has a one-dimensional socle and is irreducible.

Next we suppose the socle mod [ is contained in R;. Again, this requires that
there be no contribution from Ry or from R;. The conditions for this are that
(Ho: (z,y)) N Hy = Hy and (Ha: (z,y)) N (Ho: f) = Ha. These, in turn, imply

that Hy = Hy and Hy = Hy: f. Now I corresponds to the triple (Hy, Ho, Ho: f).
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This time the socle is ((Ho: (z,y))\Ho)z, and as before, if Hy is irreducible, then
so is I. Similarly, if the socle mod [ is contained in Ry, we need (HO: (a:,y)) N
H, = Hy and (Hl: (x,y)) N Hy = Hy. These conditions imply that Hy = H; and
Hy = Hs. Now I corresponds to the triple (Ho, Hy, Hp) and the socle is given by

((HO: (z, y))\HO)zz. O

6.3 Tight Closure and Frobenius Closure of Irreducible Ideals
Now we can prove the main result of this chapter: In most cases, if [ is an

irreducible Z3-graded ideal of K[[z,y, 2]]/(z3 + y3 + 23), then I* = I,

(6.3.1) Theorem. Let I be an irreducible m-primary Zs-graded ideal of
Kl[z,y,2]]/ (23 + y3 + 23), where K is a field of characteristic p and p =2 mod 3.
Let f = (3 +y3). If I has any of the following forms, then I* = I,

(1) (H,H, H)

(2) (H,H:f, H:f)

(3) (HH,H:f) and f ¢ H

(4) (H,H,H: f) and f € H and H contains an element with a linear form

Proof of (1)-(3). First observe that (H, H, H) C (z,y). The ideals (H,H: f,H: f)
and (H,H, H: f) are also contained in (z,y) so long as f ¢ H. If f € H, then
H:f = K[[z,y]] = A. In that case, (H,H: f H:f) = (H,A,A) = H + Az and
(HH,H:f) = (H,H,A) = H + A22. When the ideals are contained in (x,y) we
know that I* = I'f' by Proposition 6.1.3. In fact, we know that I* # I in those
cases. Also, see Proposition 6.3.12 for an alternate proof in the case (H, H, H).

We will now consider the case [ = (H, H: f, H: f) where f € H. As noted before,
68



I = H + Az in this case. Let ¢ = 3h + 1. Suppose u € I*. Then, using z as a test
element, we must have zu¢ € I'9. Using the grading (Lemma 4.4.3), we see that

this is equivalent to having

wl e Hld + (fh+1) + (f2h+1)

in K[[z,y]] which implies that

uwl e gl 4 (fih.

This, however, is exactly what is needed to have u? € I'9 (Lemma 4.4.3). Thus

welf. O

The proof of (4) requires several different techniques. We begin with an analysis

of the possible forms for H.

(6.3.2) Lemma. Let R = K|[x,vy, 2]]/(x® + y> + 23), where K is a field of char-
acteristic p and p = 2 mod 3. Let I be a Zsz-graded irreducible ideal of the form
(H,H,H: f) with f = (23 +y3) € H. If H contains an element with a linear form,
then H has one of the following forms:

1) (z,y)

(2) (2%,y —cx), c € K\{0}

(3) (=" y+a), k=3

(4) (2% y+z—dzb 1), k>3, dec K\{0}

Proof. Let ¢ = 3h + 1. We can assume that H ¢ (z,y?) in K[[z,y]], otherwise I

would be contained in a parameter ideal of R and we would done by Proposition
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6.1.4. Suppose an element of H has a term ay + - - - with « # 0. Using Weierstrass
preparation, we can find a unique monic associate u = y — g(x). Now K[z, y]]/u =
K|[z]], a principal ideal domain. H/(u) is an ideal of K|[z]], and since K|[[z]] is a
PID, H/(u) = x* for some k. Lifting back to K|[z, y]] we see that H = (2*,y—g(x)).
We can also assume that z* ¢ (y — g(z), z), otherwise I would be contained in the

ideal (y — g(x), z) which is a parameter ideal. Suppose

a* ¢ (y— glx), 2)

in R. Using the Zs-grading (Lemma 4.4.2) we see that this is equivalent to having

ot ¢ (y—g(z),2° +y°)

in K[|z, y]], which is equivalent to having

2t ¢ (2% + g(x)’)

in K[[z,y]] modulo u = y — g(x). In order to have x* ¢ (23, g(x)3), we need the
order of z3 + g(x)3 to be greater than k. Assume ord,g(x) > 2 or ¢ # —1 where
g(z) = cx+---. If k =1, then H = (z,y — g(z)) = (x,y). If & = 2, then
H = (2%y - g(x)) = (a%,y — cx).

Now suppose that k& > 2. We still need the order of 23 + g(z)3 to be greater than

k. We can assume that ord,g(x) = 1 and g(x) = —x + dz" +---. Then

3+ g(x)® = 2% — 2% + 32%da + -
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So we need h +2 > k. If k < h + 1, then (2%,y — g(z)) = (2F,y +z). f k = h + 1,

then (z*,y — g(z)) = (2%, y + x — dz¥~1). In each case k > 3. O
We can now deal with these cases separately.

(6.3.3) Remark. Let R be a Noetherian ring and m a maximal ideal. If I is an
m-primary ideal of R, then R/I = R/IR. If we are interested in whether u € IR, it
is sufficient to check whether v € I. We will make use of this idea in several of the
following propositions by reducing questions about ideal membership in K{[z, y]] to

the polynomial ring K|z, y]|.

(6.3.4) Proposition. Let R = K|[z,y,z2]]/(23 + y> + 23), where K is a field of

characteristic p and p =2 mod 3. Let I = (x,y,2%). Then I* =1 =1,

Proof. The socle mod I is z. Using z as a test element, it suffices to see that
22P ¢ (2P, yP,2%P). Let p = 3h + 2 and f = 23 + y>. Suppose 22P € (aP,yP, 2°P).
This is equivalent to having 2373 € (2P, yP, 2504) or (23)"+1 € (2P, yP, (23)2"H12).

Using the basic relation in R, we see that this equivalent to having
e (P, P, f2 ).

Using the Zs-grading (Lemma 4.4.2), we see that this is equivalent to having
e (P, yP, 2112

in K[[x,y]]. The degree of f2"*2 is greater than the degree of f"*!. Since we are

in the homogeneous case, we may conclude that

fh""1 = Ax? + By?
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where A, B € K|x,y] (6.3.3). The degree of f"*!is p+1, so we actually know that

= (a1 + azy)a? + (bix + bay)y?

.TSh 3

where ay, ag, by, by € K. This equality cannot hold since the term (h 4 1)x°"y

occurs on the left-hand side, but there is no term containing y* on the right-hand

side. O

(6.3.5) Proposition. Let R = K|[z,y,z2]]/(z3 + y> + 23), where K is a field of
characteristic p and p = 2 mod 3. Let I = (2%,y — cx,2?), ¢ € K\{0}. Then

I"=I1"=1.

Proof. The socle mod [ is xz. Using z as a test element, it suffices to see that
2(x2)P ¢ (22P,yP — cPaP, 2?P). Let p = 3h + 2 and f = 23 + y3. Suppose z(z2)P €

(2P, yP — cPxP, 22P). This is equivalent to having

$p23h+3 c (anp,yp _ cpxp’ 26h+4)

or

aP (23T € (2P, yP — cPaP, (23)%" ).

Using the basic relation in R we see that this is equivalent to having

P I e (@7, yP — Par, [ ).

Next we use the Zs-grading (Lemma 4.4.2) to see that this is equivalent to having

xpfh""l c ($2p,yp _ Cpxp’ f2h+2)
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in K[[x,y]]. The degree of P f"*1 is 2p + 1, while the degree of f2"*2 is 2p + 2.

Since we are in the homogeneous case, we may conclude that
2P [l = (a1 + azy)z® + B(y? — cPaP)

where aj, az € K and B € K[r,y] (6.3.3). Since x?f"*! has no term with the
degree of z less than p, we can conclude that B = (byaPt + byxPy), by, by € K,
and thus
2P {1 = (a12 + agy) 2 4 (byaP T + byaPy) (yP — cPaP).
Expanding 2P f*1 gives
(o4 (b4 D22y ) = (a1 + agy)a®™ + (2Pt + byaPy)(yP — cPaP).
Now it is clear that nothing cancels the term (h + 1)z?’~2y3 on the left-hand side

of the equation, so the equality cannot hold. [

(6.3.6) Proposition. Let R = K|[z,y,2]]/(z® + v + 23), where K is a field of
characteristic p and p = 2 mod 3. Let I = (2%, y + x,2%) with k > 3. Then

I"=I1"=1.

Proof. The socle mod I is z*~'z. Using z as a test element, it suffices to see
that z(x*~12)P ¢ (2%, yP + 2P, 2?P). Let p = 3h + 2 and f = 23 + y>. Suppose

2(xF12)P € (2FP yP + 2P, 22P). Then
x(k—l)pz3h—|—3 € (xk:p’yp + mp’ 26h+4),
which implies that

x(k—l)p(z3)h+1 e (xkp,yp + pr, (Z3>2h+12).
73



Using the basic relation in R we see that
pB=0p phtl o (ko yp 4 gp f2hHL )
Now we use the Zs-grading (Lemma 4.4.2) to see that this is equivalent to
2B=1p phl ¢ (ke yp o b f2h+2)
Since we are in the homogeneous case, we may conclude that
pB7IP fRL — (012 + agy)a®? + B(a? +yP) + Cf21 2

where a1,a2 € K and B, C € K[z,y] (6.3.3). Let 2® + ¢3 = (z + y)Q, where Q is

2

the quadratic form 22 — xy + y2. It is clear that a; = as since (z + y) must divide

the term (a1 + asy)z*?. So
0P (34 )" QM = a(x + y)a*? + Bz + y)” + C(z + y)*" Q.
Dividing by (x 4 y) yields
2FDP (5 £ QM = 4z 4 B(x +y)P + Oz + y) P TIQH,

This implies that (x + y)" divides az*? which is clearly false. O

(6.3.7) Proposition. Let R = K|[x,y, 2]]/(z3+y3+23), where K is a field of char-
acteristicp andp =2 mod 3. Let [ = (¥, 2 +y—daz*1 22), k>3,d € K \{0}.

Then I* =17 =1.

Proof. The socle mod I is 2¥71z. Using 2 as a test element, it suffices to show

that za(F=VP2P ¢ (kP P 4 yP — @Px(k=DP 22P) We will reduce to the case d = 1.
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Apply the following map to R: z — Az, y — Ay, and 2z — Az, where A € K.
Then zxF~1z € (2%, 2 +y — dx*~1, 22)* if and only if \FzaF~1 € (\Fak Az + My —
Ne=ldgh=1 \222)*, By factoring out the \s, we are left with zz*~! € (2%, o+ y —
Ne=2dgk=1 22y If d # 0, let A = d=/+=2), So if 2F~12 is in the tight closure
of the ideal for one value of d # 0, then it is in for all d # 0. We have reduced
to the case where I = (2%, +y — 2¥71,22). By Lemma 6.1.2 it is enough to
find an ideal J C I such that J is tightly closed and R/I — R/J. Let Jy =
(z+y)?, 22872 (2 +y)z", 22F71 (x4 y)22, 28 7122). The desired J is Jp*. In order
to show that R/I — R/Jj, it is sufficient to find v € J§: I such that vu ¢ J§ where

v is the socle mod I (Lemma 6.1.2).

First we want to see that Jo* C I. Let J; = (y(z +v),z(z + y), 2", 2?). The
socle mod J; is generated by (z + y)z and z¥~1z. We would like to show that
J1 = J1*. We know that (x 4+ y)z ¢ J1™ by a degree argument [S4, Theorem 2.2].
To show that 2*~1z ¢ J;* we will consider the ideal J, = (z + y,z*, 2%). We
know that zF71z ¢ Jo* and Jo = Jo* by a previous case (Proposition 6.3.6). As
Ji C Jy and 271z ¢ Jy*, we may conclude that ¢~ 'z ¢ J;*. Thus J; = J;".

We also know that Jy C J; implies Jo* C J;* (Proposition 2.2.3(c)). Now we have

Jo* C Ji*¥ = J; C I, which guarantees that Jy* C I.

Next we would like to show that x4y + 2*~! € Jy*: I. First we note that

(r+y+ a:k_l)I C ((z+ y)xk, 2kt (x + y)2 — p2k=2, (z+ y)zQ, xk_lzz).



Certainly

(z+y)z®, 2271 (z +y)? — 2272 (x4 y)22, 2P 122)
C (& +y)% 2252, (x + y)ab, 2251 (2 + y)22, 2P 122) = Jy C T
Recall that 2*~12 is the socle mod I. We want to show that (z+y+zF~1)aF~12 ¢
Jo*. Since Jy and hence J is homogeneous, it is enough to show that (z+y)z* 1z ¢
Jo*. Using z as a test element, it suffices to see that z(x + y)Px(F=1PzP ¢ JolP!.

Suppose z(z + y)Pz =122 € JoPl. Then
2(x +y)Pr*TIPP € (2 + y)Pa™, 2P DP (14 4)?P, (x + y)P?P, o DP2P)
and

(x + y)px(k—l)p(z3)h+1

e ((CE + y)pxkp, x(?k—Q)p’ (QZ + y)2p, (CL’ + y)p(z?,)h-l-lz, x(k_l)p(z3)h+1z).

Using the basic relation in R we see that

(@ +y)PaB VP € ((@4y)Pa? aCF2P (a4y)P, (w4y)P T2, 27 DP fhF12),
Using the Zs-grading (Lemma 4.4.2) we see that this is equivalent to having
(z+y)PeFVPFY € (24 y)Pat? 2720 (@ 4 y)P, (o4 y)P 12, 207D p12),

The degree of (x + y)PzF=1P fh+1 45 (k 4 1)p 4 1, while the degree of z(*~1p fh+2
is (k + 1)p 4 2. Also, the degree of 2(2#=2)P is greater than (k + 1)p + 1 as long as

k > 3. Since we are in the homogeneous case, we may conclude that

(z +y)PaF=IP L e (2 4 y)PabP (x4 y)?P, (x + y)P f172).
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Dividing by (x + y)? yields
gL (@, (@ y)P, f1H2).

But this is equivalent to having

= (ask, (z+vy), zz)*.

We know that 28712 ¢ (2%, x 4+ y, 22)* by a previous result (Proposition 6.3.6).

Let k = 3 and suppose that
(@ +y)P e [ € ((z+y)Pa™, 2, (x + ), (z + )P [, 2 f172).

The degree of (x +y)Px?P f"*1 is 4p+ 1. Since we are in the homogeneous case, this

implies that

(@ +y)Pa® [ = Az + y)"2P + (Brz + Fay)a'?
+C(z+y)" + D(x +y)P f*72 + Ba [+
where 81,02 € K and A, C, D and E € K|z,y| (6.3.3). But this implies that
(z +y)"*2 divides (B1x + B2y)*? which is impossible.
So with v = (z +y + 2*1), we have v € J¢: I and z*~!2v ¢ J&. This is enough
to show R/I — R/J§ by Lemma 6.1.2. Since Jjj is tightly closed, we know that I

is tightly closed, also by Lemma 6.1.2. [

In addition to the cases where I C (z,y), we can determine whether or not an

irreducible ideal is tightly closed, not just that I* = I'"', in the following cases.

(6.3.8) Proposition. Let R = K|[z,y,z2]]/(z3 + y> + 23), where K is a field of

characteristic p. Let I be an irreducible Zs-graded ideal of the form (H,H: f, H: f),
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where f = x3 +y> € H, and H is generated by elements whose leading forms are

relatively prime quadratic forms. Then I = I*.

Proof. I is of the form (@1 + C1,Q2 + C2,z). Here we mean the ideal generated
by @1 4+ C1, Q2 + Cs, and z, not a triple of ideals. Let Q3 be the third inde-
pendent quadratic form. By considering the associated graded ring we can see
that K[[z,y]]/(Q1 + C1,Q2 + C2) has dimension four over K, and it follows that
1,z,y,Q3 give a basis. Everything of degree three or more will be in H and (3
will represent the socle mod I. This also guarantees that f € H. We would like to
show that Q3 ¢ (Q1 + C1, Q2 + Co, 2)*. Using the grading and z as a test element,
it is sufficient to show that zQ% ¢ (QF,Q%, f"1). This is equivalent to showing
that zQ% + L1QY + L2@5 is not divisible by f"*! where L; and Lo are linear forms.

We will dehomogenize the equation by setting y = 1. If Q% + L1Q} + L2Q% is

divisible by f"*! then Q3" + L1Q1" + L2Qs is divisible by f"*!. This implies
the derivative with respect to z is divisible by f*. Using the fact that we are in
characteristic p, we see that the derivative is @p + L_llap + E/@p. So we need

that
(@3 + (L)VPQ1 + (L) /7P Qy)?

is divisible by f". If we rewrite f" as (z — 1)"(xz — w)"(z — @)", we conclude that

all three linear factors of f divide

Qs+ (T)YPQ1 + (I2)M7Qy).

Since @ and Q- are still independent over K, this cannot happen. O
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(6.3.9) Comment. Let (H,z) and (H,z?) be two irreducible m-primary ideals of
Kz, y,z]l/

(23 + y3 + 23). Since (H,2?) C (H,z), we know that if (H,2?) is tightly closed,
then so is (H, z) (Proposition 6.1.1). In particular, if I = (z,y, 2?), (2%,y — cz, 22),
(xF,y + ,22), or (2%, x4+ y — 2¥71,2%), we know that I = I*. So if I = (x,v, 2),

k

(22, y —cx, 2), (2%, y+ 2,2), or (2%, +y — 2%~ 2), we know that I = I'* also.

The following lemma is used to prove a proposition which gives a useful way to
write m-primary ideals in a Gorenstein local ring with a given socle dimension. We
will use this characterization to give an alternate proof that I* ## I in the case

where [ is expanded from K{[z,y]].

(6.3.10) Lemma. Let (R, m,k) be a Noetherian local ring and M a finite length

R-module. Let uy, ... ,u, generate the maximal ideal of R. Then the dimension of

\4

the socle in M is equal to the minimal number of generators of M. (= Hom( , E)

where E is an injective hull of k.)
Proof. We have the following map:

0 — Soc M —M M)

z (U2, ..., up2).

Dualizing gives

0— (SocM) «— M "7 (M)

Zuizi — (21, ,2r)
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So (Soc M)’ = M’ /mM" . The dimension of M /mM  is exactly the minimal
number of generators of M. We also know that the dimension of (Soc M )v equals

the dimension of Soc M, since preserves length. [J

(6.3.11) Proposition. Let R be a Gorenstein local ring and x4, . .. ,xq a system of
parameters. Suppose I is an m-primary ideal and the dimension of the socle mod I

isk. Then I = (z%,...,24):(f1,..., fx) for some t and some f; € R/(zt, ... x}).

Proof. The dimension of the socle mod I is k, so (R/I)" = (Rfi+- - -+Rf)) (Lemma
6.3.10). Let E be an injective hull of the residue field for R. Since (R/I) =
Hom(R/I,FE) = Anngl C E, we have that (Rf1 +---+ Rfix) C E. As R is
Gorenstein, we have that F = lim,R/(z%,... ,2). Thus (Rfi + -+ Rfx) C
R/(zY,... 2%) for some t. Since R/I is Artin local and hence complete, we know

that (R/I)"" = R/I. Thus

R/T= (Rfi+---+Rfi)

= Hompg((Rf1 + -+ Rfx), E),
which implies that

I=Amg(Rfi +---+ Rfx)
= Annp)t Lt (R + -+ Rfk)

=~ (b, o) (f, ., fk). O

(6.3.12) Proposition. Let R = K|[x,vy, z]]/(x® + y3 + 23), where K is a field of

characteristic p and p = 2 mod 3. Let I be a Zs-graded irreducible ideal in R of
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the form (H, H, H), and let u represent the socle mod H in K[[z,y]]. Then I* = IF

and uz? € IF.

Proof. We know that H is an irreducible m-primary ideal in K [[x,y]]. Using Propo-

sition 6.3.11, we can write H = (z%, y%): g, where gu = 2t~ 1y'~! mod (2?, y?). Using

the Zs-grading (Lemma 4.4.1), we know that uz? is the socle mod I. Since I is just
H expanded to R, uz? € I if and only if uz? € H¥. This is equivalent to having

uiz2? ¢ Hl9, Using our characterization of H, we see this is equivalent to
ulz2d ¢ ((mt,yt):g)[q].

We can use the basic relation in R and the Z3-grading to see that this is equivalent

to having
e ((at,4): g)"

in K[[z,y]]. Now we are working over a regular ring and this is equivalent to
ul {2 e (7, y): g
by Corollary 4.4.8. This is true if and only if
ulg?f** = (ug)?f*" € (x4, y*).
Since g9ud = 2=V ya(t=1) mod (29, y9"), we can write
xq(t—l)yQ(t—l)f% e (xqt’yqt)'
Dividing by the appropriate powers of z and y gives

e (z9,y9),
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which we know is true by Lemma 4.4.4. [

Next we classify the cases of m-primary irreducible Zs-graded ideals not included
in Theorem 6.3.1. To do this we need the following proposition which gives a

characterization of the m-primary irreducible ideals in K[|z, y]].

(6.3.13) Lemma. Let A = Kl[z,y]]. Let I be an irreducible m-primary ideal in

A. Then I is generated by parameters.

Proof. First note that I is a height two ideal and the quotient, A/I, is Cohen-
Macaulay and has finite projective dimension. This means that A/I must have a

resolution that looks like

0 A"t - A" - A— A/l -0

where the entries of the matrix of the map from A" to A can be taken to be minimal
generators of I. Then I must be the ideal generated by the r — 1 size minors of
of the second matrix. This implies that the type of A/I is one smaller than the

number of generators of I. Since A/I has type one, we must have r = 2. [
We are now able to classify the remaining cases.

(6.3.14) Proposition. Let R = K|[[z,y, 2]]/(23+y>+23) and A = K|[[z,y]], where
K is a field of characteristic p # 3. Let I be an m-primary irreducible Zs-graded
ideal of R corresponding to the triple of ideals (H, H, H: f), where f = x®>+vy3 € H.
Suppose H does not contain an element with a linear leading form. Then I has one

of the following forms:

(1) I=(Q1,Q2,2%) where Q1 and Qo are relatively prime quadratic forms in A
82



(2) I =(L>+C,LiLy+ D, 2%) where Ly and Ly are independent linear forms,
Ly divides f, and C and D have cubic or higher leading forms

(3) I = (L1Ls+ C,D,2%) where Ly, Ly, C and D are as in (2)

Proof. We know that I = H + Az? where H is an m-primary irreducible ideal of

A. Also, we know that H is generated by two parameters by Lemma 6.3.13.

Suppose H = (Q1+C1, Q2+C5) where Q1 and Q5 are quadratic forms and Cy and
(5 are higher order terms. If ()1 and )2 are relatively prime, then by considering
the associated graded ring, we can see that everything of degree three or higher is
contained in H. Thus H = (Q1,}Q2) and the third independent quadratic form will

be the socle mod H.

If Q1 and Q5 are not relatively prime, we can write H = (LL1+Cy, LLs+C5). If L
and L are independent over K, then they span the space of linear forms and we can
write Ly = aL + bL;. This implies that LLy = aL? + bLL,. Hence we may rewrite
H as (LL, +Cy,L?>+C5’'). A similar argument applies if L and L, are independent.
If L, Ly and Lo are all dependent, then H = (L% + Cy, L? + C3) = (L? + C4, Cy).

If H= (LL;+Cy,L*+ Cy'), since we must have f € H, either LL; divides f or
L? divides f. Suppose L does not divide f. Then the associated graded ring must
contain everything of order three or higher and f = (L + D2)(LLy + C1) — (L1 +
D1)(L? + C%). But everything on the right hand side has order three or higher,

hence L divides f.

If H=(L?+(C4,Cy), then L? must divide f. To see this, note that if Cy divides

f, then f will be a minimal generator of H. Since 22 € I and z® = —f, if f is
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a minimal generator of H, then I will be generated by z? and the other minimal
generator of H, L? 4 C;. In other words, I will be generated by parameters and we

know that the socle mod I is contained in I by Proposition 6.1.4. [

(6.3.15) Comment. The remaining cases have proved to be very difficult. In par-
ticular, even the question of whether zyz € (z2,y?,2%)* remains open. We can
show that zyz € (22,92, 2%)* for p < 200 and zyz € (z2,9?, 2?)F for p =2 mod 3,
p < 200, but a proof for all p eludes us.

6.4 Generalizations to Other Elliptic Curves

Many of the results in this chapter can be generalized to the elliptic curves

K[z, y, 2]/

(23 — F(x,y)) where F(z,y) is a homogeneous polynomial of degree three.

(6.4.1) Proposition. Let R = K|[x,y,2]]/(z®> — F(z,y)), where K is a field of
characteristic p, p =2 mod 3, and F(z,y) is a homogeneous polynomial of degree
three. Let I be an irreducible m-primary ideal of R with I C (x,y). Suppose u

represents the socle mod I. Then u € I,

Proof. We know that there is an injection R/(x,y) — R/I (Proposition 6.1.1). It
suffices to see that 2?? € (2P,yP). Suppose p = 3h + 2. Then 2P = z6ht+4 =
(23)2M+1y = F2?htl; Now it is enough to see that F?h+l € (2P, yP) in K[[z,y]].
The degree of F2'*1is 6h + 3 = 2p — 1, so every term of F'?"*+1 has a factor of xP
or yP. In other words, F2"*! ¢ (xP,yP). Again, 2% € (z,y)¥ implies that u € I

(6.1.1). O
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CHAPTER 7

REGULAR CLOSURE

In this chapter we discuss regular closure. One of our main motivations for
studying regular closure is that it is defined in all characteristics, including mixed
characteristic. Also, when an element is in the tight closure of a certain submodule
or ideal it is also in the corresponding regular closure. The regular closure contains
the tight closure when both are defined, but in general, the regular closure is strictly
larger. So, if we could prove that regular closure “captures colons,” then we would
be able to prove theorems about maps of Tor vanishing in mixed characteristic.

Initially, two different notions of regular closure were discussed in the literature.
This was due, in part, to the lack of a good theory of test elements at that time.

We would like to determine when these two notions coincide, if at all.

(7.1.1) Definition. Let N C M be arbitrary modules over a Noetherian ring R.
We say that x € M is in the reqular closure of N in M, denoted NE[EG, if for every
homomorphism of R into a regular ring S which maps R° into S°, the image of z
in S®rM is in the image of S®grN in S®rM. If we consider all maps R — S
with S regular but without the requirement that R° maps into S°, then we say that

r € N2
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(7.1.2) Comment. Clearly I'*¢ C IRFG 1t is also true that I* C IRFS C [ when-
ever tight closure is defined. The first inclusion is immediate from the definition of
tight closure and the fact that every ideal in a regular ring is tightly closed. The
second inclusion follows from the fact that integral closure is tested by mapping
to DVR’s. It is also true that I* C I™8. We will show that it is sufficient to test
regular closure by considering maps to complete regular local rings. If h: R — S
is a homomorphism of Noetherian rings of characteristic p, then if S is a complete
local ring and = € R is in the tight closure of I C R, then h(x) € (I.5)* [HH5].

Since every ideal in a regular ring is tightly closed, we have [* C [*°&.

(7.1.8) Exzample. An example which shows that in characteristic p the tight closure
can be strictly smaller than the regular closure is R =K]|[z,y, 2]]/(z® + y® + 23).
One can show that z is in the regular closure of (x,y)R but not in the tight closure
[HH4].

We now discuss some reductions one can make in studying regular closure.

7.1.4) Proposition. In testing u € I8 /IREG it suffices to look at local homo-
g

morphisms into complete reqular local rings.

Proof. First, it is sufficient to look at maps into regular local rings. Suppose u ¢
I'*&. So we can give a map R — S with S regular and u ¢ IS. Let ) be a prime
containing .S : u. Then u ¢ ISq. To see this note that if u € 1.5¢, then u can be
written as is/r where i € I,s € S and r € S\Q. If u = is/r is in S¢, then there
exists d € S\Q with d(ur —is) = 0. But this implies that dur = dis and hence

dr € IS : u. But d and r are both in S\Q.
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Next we show that it is sufficient to consider only local homomorphisms into
regular local rings. Suppose S is local and u ¢ I*®8. So there is a map R — S,
not necessarily a local homomorphism, with u ¢ [.S. Again, localize at a prime
containing IS : u, say P. Then u ¢ ISp. I maps into mg, = PSp since I maps
to IS CIS : uCP. Let Q= P°. SolI C P°. The map Rpc — Sp is a local
homomorphism of local rings. As before, u/1 ¢ ISp.

Finally, it is sufficient to look at local homomorphisms into complete regular local
rings. Suppose u ¢ I*°8. So there is a map R — S with u ¢ IS. The map S — S
is flat and local and hence faithfully flat. So ISNS = 1. Let u € IS, then u € IS
which is a contradiction.

The property that R° maps into S° is preserved by composition. Also, the
property holds if R — S is flat. As localization and completion are both flat, we

can make the same reductions as above when testing u € IRFS. O

(7.1.5) Discussion. When R is essentially of finite type over a perfect field or when
R is a finitely generated algebra over a perfect field we can make further reductions
in testing regular closure. Let K be a field essentially of finite type over a perfect
field Ky. Let R be a Noetherian ring essentially of finite type over K. Let I C R
and u € R and suppose u ¢ ™. We can already reduce to the case where S is a
complete regular local ring by Proposition 7.1.4., so we have a map R — S with .S
complete regular local and u ¢ I.S. Since R is essentially of finite type over K, R
is also essentially of finite type over Ky. By this we mean that R is a localization
of a finitely generated Ky-algebra. As Ky is perfect, the image of Ky in S can be

enlarged to a coefficient field for S, say Ko C L. Then S = L[[z1, ..., z,]].
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Suppose R is a localization of K¢[f1,...,60,]. Then we have the following maps
K0[01, e ,Gn] — Ko[vl, . ,’Un] — L[Ul, . ,’Un] g L[[xl, . ,l’n]],

where v; is the image of 6; in S. By a theorem of Artin and Rotthaus [ArR], the
map Llvy,...,v,] — L[[z1,...,z,]] factors through L{z1,... , Zm,y1,. .. ,yn]é”m y)
where z,y are algebraically independent elements (over L) of the maximal ideal of

L[[z]] and " denotes Henselization. In addition, the map

Llzy, ..., %m,y1,--- ,yn]?x’y) — L[[z1, ..., z,]]

is local. If R is actually an affine Kjy-algebra, then instead of taking the entire
Henselization, we can take a pointed étale extension of L[z, ], ,), and, hence, an
étale extension of L[z, y], since a pointed étale extension is a direct limit of étale
extensions. By another direct limit argument we may also replace L by a regular
affine Ky-algebra, so one may test regular closure in this case by mapping only to

affine Ky-algebras.

Since the maximal ideal of L[x1,...,Zm,y1,... ,yn]?x ,) contracts to the max-
imal ideal of Ky[01,...,60,] and R is a localization of Kglfy,...,60,], the map

Kolf1,...,0,] = Liz1,...,Zm,y1,- .. ,yn]?x’y) factors through R. In other words,
we now have a map R — L[x1,... ,Zm, Y1, ... 7yn]?m,y) and this is a factorization of
the map R — L[[z1,...,z,]]. O

Next we show that we can test regular closure in K|[x,y, 2]]/(z3+ 33 + 23) using

maps to Z,[A, B, Clag[[V]]/(A3+B3+C?) where A, B, C and V are indeterminates.

(7.1.6) Proposition. Let R = K|[[z,y,z]]/(x*+y>+23) , u € R and I an ideal in
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R. Then u € I**8/IRES if and only if u € ITap where Tap = Z,[A, B, Clap[[V]]/

(4% + B3 + C3).

Proof. First note that there is a natural map R — Ty with z — AV, y — BV and
z — C'V. This map factors through any map R — S where S is a regular local ring.
To see this, we note that any map R — S must be of the form = — ad, y — (d,
and z — vd where d € S, o® + 3% +~3 = 0 and either at least two of o, 3,7 are
units or all three elements are 0 [HH4].

To see that T4 is regular, first note that

Z,[A, B,Cla/(A® + B® + C) = Z,[A, A~ BJA,C/A|/(1 + (BJA) + (C/A)")

= Zplr, s]/(1+1° + 5%),

which is certainly regular. So Z,[A, B,Clap/(A% + B3 + C3) is regular, as is

Zy|A, B,Clagl[V]]/(A>+ B3+ C3). O

Finally, we show that in certain rings, including K|[z,y, 2]/ (23 +y3 + 23), I**8 =

IREG for all T C R.

(7.1.7) Proposition. Let (R,m) be a local domain. Suppose the image of m in
any power series ring is principal and Bl,, R, the blowup of m in R, is reqular.

Then IT& = IREG for qll I C R.

Proof. Let m = (x1,...,2,). Suppose u ¢ I*°8. Then there exists a map R — S
with u ¢ I.S. As before, we can assume the map is local and S is a complete regular
local ring, i.e. S is a power series ring. Since m.S is principal, f(x;) divides f(z;) for

some ¢ and all j. Let f(x;) = a;f(x;). Next we would like to see that the following
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diagram commutes and h(u) ¢ IR[x;/x;]:

R L)

dl

Rlz;/xi]
The map h: R — Rx;/x;] is the obvious inclusion. Let g: R[x;/z;] — S be defined
as follows: g(r) = f(r) for r € R and g(x;/x;) = a;. Suppose h(u) € IR[x;/x;].

We can write h(u) = ) wyir where wy € R[z;/z;] and i, € I. Then

g(h(w)) = 9> _wrix) = > glwi)g(ir) =Y g(w) f(ir)

since 15, € R.
So g(h(u)) € IS. But g(h(u)) = f(u) and f(u) ¢ IS. This is a contradiction.

Since R[x;/x;] is regular, it is sufficient to test maps to these rings. [

(7.1.8) Remark. The rings R = K|[x,v, 2]]/ (23 + y> + 23), char K # 3, satisfy the

conditions of Proposition 7.1.7 and so I = I®FG for these rings.
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